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t>REFACE. 



The volume now laid before the public, is the first 
of a projected Course of Mathematical Science* 
Many compendiums or elementary treatises have 
appeared-^at different times, and of various merit ; 
but there was still wanting in our language, a work 
that should embrace the subject in its full extent, — 
that should unite theory with practice, and con- 
nect the ancient with the^wodern discbvories^ The 
magnitutle and difficulty of img^.$:^k;$3ight deter 
an individual from the attempt>-if Jip wetq tjipt deep- 
ly impressed with the importance of the underta- 
king, and felt his exertions to accomplish it anima- 
ted by zeal and supported by active perseverance. 

The study of Mathematics holds forth two ca- 
pital otyects :— While it traces the beautiful rela- 
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tions of figure and quantity, it likewise accustoms 
the mind to the invaluable exercise of patient at- 
tention and accurate reasoning. Of these distinct 
objects, the last is perhaps the most important in a 
course of liberal education. For this purpose, the 
geometry of the Greeks is the most powerfully re- 
commended> as bearing the stamp of that acute 
peopIe> and diaplayihg the finest specimens of lo* 
gicaJ deduction. Some of the propositions, indeed^ 
might be reached by a sort of calculation ; but 
3uch an artificial mode of procedure gives only an 
apparent facility, and leaves no clear or permanent 
impression on the mind. 

We should form a wrong estimate, however, 
did vi& boisidiv tlse/E&9<{ents of £uclid, with all 
its;*jp$ ^vG^isbed production. That admi- 
rable w^fk;jvas p^fs^sed at the period when geo* 
metry was making "its* ufost rapid advances, and new 
prospects were opening on every side. No won- 
der that its structure should now seem loose and 
defective. In adapting it to the actual state of 
the science, I have therefore endeavoured carefully 
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to retain the spirit of the original, but have sought 
to enlarge the basis, and to di9pose the accumula- 
ted materials into a regular and more compact sy s^ 
tern. By Amplifying the order of arrangement, I 
hope to have considerably smobthed the toil of the 
student. The numerous additions which are incor* 
porated in tfie text, so far from retarding, will ra« 
ther facilitate his progress, by rendering more con- 
tinuoua the chain of demonstration. To multiply 
the steps of ascent, is in general the most expedi^ 
tiou9 mode of gaining a summit. 

The view which I have given of the nature of 
Proportion, in the fifth Book, will, I flatter myself, 
be found to remove the chief difficulties attending 
that important subject The sixth Book, which 
exhibits the application of the doctrine of ratios^ 
contains a copious selection of propositions, not 
only beautiful in themselves, but that pave the way 
to the higher branches of Geometry, or lead im- 
mediately to valuable practical results. Yet the 
Appendix, without claiming the same degree of 
utility, will not be deemed the least interesting 
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portion of^ the volume^ since the ingenious resout-^ 
ces which it discovers are calculated to afford a very 
pleasing and instructive exercise. 

The part which has cosi me the greatest pains, 
is that devoted to Geometrical Analysis. The first 
Book consists of a series of the choicest problems, 
rising above each other in gradual succession. The 
second and third Books are almost wholly occu- 
pied with the researches of the Ancient Analysis. 
In framing them, I have consulted a great variety 
of authors, some of whom are of difficult access. 
The labour of condensing the scattered materials, 
will be duly estimated by those, who, taking de- 
light in such fine Sipeculations, are thus admitted at 
once to a rich and varied repast. The analytical 
investigations of the Greek geometers are indeed 
models of simplicity, clearness, and unrivalled ele- 
gance ; and though miserably defaced by the riot 
of time and barbarism, they will yet be regarded 
by every person capable of appreciating their beau- 
ties, as some of the noblest monuments of human 
genius. It is matter of deep regret, that Algebra, 



6t the Modern Analysis, from the mechanical faci« 
lity of its operations, lias contributed^ especially on 
the Continent, to vitiate the taste and destroy the 
proper relish for the strictness and purity so con- 
spicuous in the ancient method of demonstration. 
The study of geometrical analysis appears admira* 
bly fitted to improve the intellect, by training it to 
habits of precision, arrangement, and close applica- 
tion. If the taste thus acquired be not allowed to 
obtain undue ascendancy, it may be transferred with 
eminent utility to Algebra, which, having shot up 
prematurely, wants reform in almost every departs 
ment. 

The Elements of Trigonometry are as ample as 
my plan would allow. I have explained fully the 
properties of the lines about the circle, and the cal- 
culation of the trigonometrical tables ; nor have I 
omitted any proposition which has a distinct refe- 
rence to practice. The last problem is of essential 
consequence in marine surveying. 

Having already exceeded the ordinary limits, it 
perhaps unfortunately became requisite to curtail 
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the Notes and liluatratbnS) with which the volume 
concludes : Yet the more advanced student may 
peruse the few historical and critical remarks with 
considerable advantage. Some of the disquisitions^ 
and the solutions of certain more difficult problems 
relative to trigonometry and geodesiacal operations, 
in which the modern analysis is sparingly introdu* 
eed, are of a nature sufficiently interesting, I would 
presume, to daim the notice of proficients in sci* 
ence. 

The printing of Uiis Treatise has, owing to a 
combination of retarding circumstances, been at- 
tended with infinite trouble, vexation, and delay. 
The time consumed in urging the press would have 
been more agreeably employed in prosecuting phy« 
sical inquiries, and fulfilling the engagements already 
contracted with the public. But^ in making such 
a sacrifice, I should consider myself abundantly re- 
warded, if I could indulge the hope that my exer- 
tions may, in some degree, contribute to revive 
among us the passion for genuine science, which, 
at least in this northern part of the island, has 
been chilled by neglect, or suffered to languish 



thf otigh want of direct incitemenV Abstract pur* 
wita will be found ao wise unfriendly to the culti^ 
vation of elegant literature^ or incoraf>atible with 
the most vigorous play ^of imagination. Wh^ the 
connexion and mutual dependence of the several 
bcsMiches of knowledge are clearly understood, it 
may be expected that our academical institutiouii^ 
happily released from the trammels of antiquated 
ibrms, will hasten to show their liberality, in ex«* 
tending to the mathematical studies the same pro- 
tection which has hitherto been almost exclusively 
confined to the scholastic arrangements. 

It is the nature of mathematical science to ad- 
vance in continual progression. Each step carries 
it to others still higher. As its domain swells 
on the sight, new relations are descried, and the 
more distant objects seem gradually to approxi- 
mate. But, while science thus enlarges its bounds, 
it likewise tends uniformly to simplicity and con- 
centration. The discoveries of one age are, perhaps 
in the next, melted down into the mass of elemen- 
tary truths. What are deemed at first merely ob- 
jects of enlightened curiosity, become, in due time, 
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snbsetvient to the most important interests. The^ 
ory soon descends to guide and assist the operas 
tions of practice. To the geometrical speculations 
of the Greeks, we may distinctly, trace whatever 
progress the modems have been enabled to achieve 
in mechanics, navigation, and the various compli«* 
cated arts of life. A refined analysis has disclosed 
the harmony of the celestial motions, and con* 
ducted the philosopher, through a maze of intricate 
phasnomena, to the great laws appointed for the 
government of the Universe. 
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ELEMENTS 



or 



GEOMETRY. 



Geometry is that branch of natural science which 
treats of j^gured space. 

Our knowledge respecting external objects is 
grounded entirely on the information received 
through the medium of the senses. The science 
of physics considers bodies as they actually exist, 
invested at once with all their various qualities, 
and endued with their peculiar affections. Its re- 
searches are hence directed by that refined species 
of observation which is termed Experiment. Geo- 
metry takes a iQor^ limited view, and, selecting on- 
ly the generic property of magnitude, it <ian, from 
the extreme simplicity of its basis, safely pursue 
the most lengthened train of investigation, and ar- 
rive with perfect certainty at the remotest conclu- 
sion. It contemplates merely the forms which 
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bodies present, and the spaces which they occupy. 
Geometry is thus likewise founded on external ob- 
servation ; but such observation is so familiar and 
obvious, that the primary notions which it furnishes 
might seem intuitive, and h^ve often been regarded 
as innate. That science is, therefore, supereminent- 
ly distinguished by the luminous evidence which 

constantly attends every step of its march. 

- - ' f' 

PRINCIPLES. 

In contemplating an external object, we can, by 
successive acts of abstraction, reduce the complex: . 
idea which arises in the mind into others that are 
progressively simpler. Body, divested of its essential 
characters, presents the mere idea of surface; a sur- 
face, considered apart from its peculiar qualities, 
only exhibits linear boundaries ; and a line, abstract- 
ing its continuity, leaves nothing in the imagina- 
tion but the points which form its extremities. A 
solid is bounded by surfaces ; a surface is circunp- 
scribed by lines ; and a line is terminated by 
points. A point marks position ; a line measure3. 
distance ; and a surface represents extension, . A line 
has only length; a surface has both length and 
breadth ; and a solid combines all the three dimen- 

sions of length J breadth, and thickness. 

« ■ . • t ' 

The uniform description of a line which through . 
its whole extent stretches in the same direction. 
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gives the' idea *of a straight \mt: H^fafce; nb more 
thkn otre straight line call join t<vb given points. 

FVom' our idea of the straight line is derived that 
of a plane surface, M'^hich, though more complex, 
has a like uniformity of character. A straight line 
joining any two points situated in a plane, lies 
wholly on the surface ; and therefore planes admits 
in every way, a mutual and perfect application. 

Two points ascertain the position of a straight 
line ; for the line may continue to turn about one of 
the points till it falls upon the other. But to de- 
termine the position of a plane, it requires three 

■ 

points ; because a plane touching the straight line 
which joins two of the points, may be made to re- 
volve, till it meets the third point. 

The separation or opening of two straight lines 
at their point of intersection, constitutes an angle. 
If we obtain the idea of distance^ or linear extent, 
from progressive motion, we derive that of diver' 
gence^ ox angular magnitude, from revolving mo- 
tion. 



Geometrt is divided into Plane and Solid ; the 
former confining its views to the properties of space 
delineated on the same plane ; the latter embracing 
the relations of different planes or surfaces, and of 
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the solids which these describe or terminate^ In 
the following definitions, therefore, the points and 
lines are all considered as existing in the same 
plane. 
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I>EFINITIONS. 





1. A crooked line is that which consists 
of straight lines not continued in the 
same direction. 

2. A curved line is that of which no 
portion is a straight line. 

3. The straight lines which contain an angle are termed 
its sides, and their point of origin or intersection, its ver- 
tex. 

To abridge the reference, it is usual to denote an ^nglo by 
tracing over its sides ; the letter at the vertex, wbich is common 
to them both, being placed in the middle. 

Thqs the angle contained by the straight 
lines AB and BC, or the opening formed by 
t.he revolution of BA aU>ut tlie point B into* 
^e position BC, is named ABC or CBA. 

4. A right angle is the fourth part of an 
entire circuit or revolution. 




If a straight line CB stand at equal angles CBA and CBD on 

^-nothcr straight line AD, and if the surface ACD be i»id over 

^o^ards the opposite part, the point B and 

^e line AD remaining the same ; CB 

Will, in this new position £B, make an- 
gles £BA apd £BD equal to i^e former, 
^Ud therefore all of them equal to each 
other. But the four angles ABC, CBD, 



1 

A. 
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DBE and EBA constitute about the point D a complete revolu* 
tion; or the line BA in forming them, by its successive openings, 
would return into its original place, — and consequently each of 
those angles is a right angle. 

The angle contained by the opposite portions DA and DB of a 
straight line is hence equal to two right 
angles ; and for the same reason, all the 
angles ADC, CDE, EDF and FDB, for- 
med at the point D and on the same side 
of the straight line AB, are together equal 
to two right ani^les. 

It is manifest that all right angles, bc^jng derived from the same 
measure, must be equal to each other, 

5. The sides of a right angle are said to he perpendicular 
to each other, 

6. An acute angle is less than a right an- 
gle. 




7* An obttise angle is greater than a right 
angle. 

8, One side of an angle forms with 
the other produced a supplemental or er- 
terior atigte. "^ 



9« A vertical angle is formed by the 
production of both its sides. 



10. The retro-fleeted divergence of tlie two sides, or the 
defect of the angle from four right angles^ is named a re^ 
verse angle. 
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The angle QBE is vertical ifi ABQ, ABD is the supplemental 
or exterior angle, and the angle made up 
of ABD, DBE, and EBC, or the opening 

formed by the regression of AB through q "^^ ^ 

the points D and E into the position BC, 

is the reverse angle. . ^ 

It is apparent that vertical angles, or those formed by the same 
lines in opposite directions,, must, he: equal ;^fpi; the angles QB A 
atid ABD which stand on the straight line CD, being ecjual to 
two right angles, are equal to ABD and IJBE, and omitting {^e 
common angle ABD, there remains CBA equal to DBE. 

1 1. Two straight lines axe said to be 

. P i.j .: .li .)! ... -. :. .. 

inclined to each other, if they meet 
when produced ; and the angle so for- 
med is called their inclination. 

12. Straight lines which have no inch- — rrrrr 

nation are termed parcdleL — * 

IS. A Jigure is a plane surface included by a linear 
Doundary called its |>en»z€fer. 

14. Of rectilineal figures, the triangle is contained by 
^hrec straight lines. 

15. An equilateral triangle is that which has 
all its sides equal. • 

16. An isosceles triangle is that which has only 
two of its sides equal. 



17. A triangle whose sides are une« 
qiial is named scalene. 

It will be shown (I. 12.) that every triangle has at least two 
acute angles. The third angle may, therefore, Ij^y its ch^aracter 
serve to discriminate a triangle. 






« » 
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18* A right'4tnglfid triangle ia that which 
has a right angle. 



19* An obttae angled triangle is that 
which has an obtuse angle. 



20. An (tcute angled triangle is that which 
has all its angles acute. 

21. Two triangles which are both of them right angled^, 
or obtuse^ or acute^ are said to have the same affection* 

22. Any side of a triangle may be called its bate, and 
the opposite angular point its vertex. 

23. A quadrilateral figure is contained hy four straight 
lines. 




24. Of quadrilateral figures^ a square has one 
right angle^ and all its sides equal* 



25* An oblong has one right angle^ and 
its opposite sides equal* 




26. A rhombus has all its sides equal. 

27* A rhomboid has its opposite sides 
equaL 

28. A trapezium has two of its sides pa- 
rallel and the other two equal to each 
other 
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£9* A trapezoid has two parallel sides. 



/ 





SO. The straight line which joins ob- 
liquely the opposite angular points of a 
quadrilateral figure^ is aamed a diago* 
md. 

31. A rectilineal figure having more th^n four sides 
bears the geueral name of a polygon. 

52* If an £mgle of a polygon be less than two right an- 
gles^ it protrudes and is called salient ; if it be greater 
than two right angles^ it Qiakes a sinuosity and is termed 
re-entrant. ' 

Thus the an^ ABC is re-entrant, and the 
rest of the angles of the polygon ABCDEF ^3 
are salient at A, C, D, £ and F, 

-A. V 

33* A circle is a plane ^gure described by the revolution 

of a straight line about one of its extremi- 
ties. 

34. The fixed point is called the centre of 
the circle^ the describing line its radius, and 
the boundary traced by the remote end of 
that line its circumference. 

S5« The diameter of a circle is a straight line drawn 
through the centre^ and terminated both ways by the cir- 
cumference. 

It is obvious that all radii of the same circle are equal to each 
other and to a semidiameter. 

36. Figures are said to be equal, when applied to each 

ether they wholly coincide ; they are equivalent, if without 

superposition tliey yet contain the same measure equally. 
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A Proposition is a distinct undivided portion of ab* 
stract science. It is either £i problem or a theorem. 

A Problem proposes to effect some combination. 

A Theorem advances some truths which is to be esta- 
blished. 

A problem requires sohttion, a theorem wants demonkra" 
'Hon ; the formet implies an opeiation^ land the latter ge- 
^nerally needs a previous constriidtidn. 

A direct deihonstratidn proceeds from the premises bj 
a regular deduction. 

An indirect demonstration attains its object^ by showing 
that any other hypothesis than the one advanced involves 
a contradiction^ or leads to tin absurd condlusion. 

A subordinate property^ involved in a demonstration^ is 
iometimes^ for the ssflce of uhity^ detliched^ sidd tU^h it 
forms a Lemma. 

A Corollary is an obvious consequence that re^tb 
from a proportion. 

A Scholium is an excursive remark on the natttfe HiiA 
application of a train of reclsohing. 

The operations in Geometry suppose the drawing of straight 
Unes ar^ the description of circles, or thy teqidre in prdctOk 
the use of the rule and compasses. 
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PROPOSITION I, PRJOBLEM. 

To construct a triangle, of which the three sides 
are given. 

Let AB represent the base, and G, H two sides of the 
triangle^ which it is required to construct. 

From the centre A with the distance G describe a circk, 
and from the centre B with the distance H describe an- 
other circle meeting the former 
in the point C : ACB is the tii- 
angle required* 

Because all the radii of the 
same circle are equal, AC is 
equal to G ; and for the same 
reason, BC is equal to H« Con- 
sequently the triangle ACB answers the conditions of the 
{problem. 

Corollary. If the radii G and H be equal to each other, 
the triangle will evidently be isosceles ; and if those lines 
be likewise equal to the base AB^ the triangle must 4)e 
unilateral. 




PROP. IL THEOREM. 

Two triangles are equal, which have all the side* 
of the one equal to the corresponding sides of the 
other. 

Let the two triangles ABC and DFE have the side AB 
equal to DF, AC to DE, and BC to FE : These triangle* 
are equal. 
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For let the triangle ACB be applied to DEF, in the 
same position* The point A being laid on D^ and the side 
AC on DE, their other extremities C and £ must coin- 
cide^ since AC is equal to D£« And because ABis ei^ual 
to DF^ the point B must be found 
in the circumference of a circle de- 
scribed from D, with the distance 
DF^ and for the same reason^ B must 
also be found in the circumference 
of a circle described from E, with 
the distance EF: The vertex of the triangle ACB mustj 
therefore^ occur in a point which is common to botb' tbbse' 
circles, or in F the vertex of the triangle DFE» Conse- 
quently those two triaogles, being rectilineal, must entire- 
ly coincide. The angle CAB is equal to EOF, ACB to 
I>EF, and CBA to EFD ; the equal angles being thus al- 
ways opposite to the equal sides. 

PROP. in. THEOR. 

Two triangles are equal, if two sides and the an- 
gle contained by these in the one be respectively 
equal to two sides and the contained angle in the 
other. 

Let ABC and DEF be two triangles, of which the side 
AB is equal to DE, the side BC to EF, and the angle 
ABC contained by the former equal to DEF which is 
contained by the latter : These triangles are equal. 

For let the triangle ABC be applied to DEF : The ver- 
tex B being placed on E, and the side B A on ED, the extre«- 
mity A must fall upon D, 
since AB is equal to DE. 
And because the angle or 
divergence ABC is equal to 
DEF, and the side AB coin- 
cides with DE, the other side BC must lie in the same di- 
rection with EF, and being of the same length, must en- 
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tirely coincide with it ; uid conseqoently the points A 
and C resting on D and F, the strught lines AC and DF ' 
will 1^ coincide. Wherefore, the one triangle being thns 
perfectly adapted to the other, a general equality mtist ob- 
tain between them : The third sides AC and DF are equal, 
aad the angles BAC, BOA topposite to BC and BA are 
eqnal respectively to EDF and EFD^ which the corre- 
? sides £F and ED snbtend. 




PROP. IV. PROB. 
Ata point in a straight line, to make an angle 
equal to a given angle. 

At the point D in the given striught line DE to form an 
angle eqnal to the given angle BAC. 

In the ^des AB and AC of the given angle^ assume £he 
points G and H, join GH, 
from DE cut off DI equal to 
AG> and on DI constitute (I. 
1.) a triangle DKI, having 
the sides DK and IK equal 
toAHandGHiEDFisUie ' 
angle required. 

For all the sides of the triangles GAH and IDK being 
respectively equal, the angles opposite to the equal sides 
must be likewise equal (I. 2.), and consequently IDK is 
eqoattoGAH. 

Cor. If the segments AG, AH be taken equal, the con- 
Btmction will be rendered simpler and 
more conunodious. 

Scholivm. By the successive'applica- 
tioa of thb problem, an angle may be . 
Gontinu^ly multiplied. Two circles 
CEG and ADF being described from 
the vertex B of the given angle with 
lodii BC wd AB equal to its sides, and the base AC 
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being repeated between those circumferendeift; a'midti- 
tude of triangles are thus formed, all of thetn equal to the' 
original triangle ABC. Consequently the angle ABD is ' 
double, of ABC, ABE triple, ABF quadruple, ABG quin- 
tuple, &c. 

If the sides AB and BC of the given an- 
gle be supposed equal, only one circle will 
be required, a series of equal isosceles tri- 
angles being constituted about its centre. 
It is evident tliat this addition is without 
limits and that the angle so produced may 
continue to swell,, and its expanding side 
make repeated revolutions. 




PROP. V. PROS. 
To bisect a given anglef. 

Let ABC be an angle which it is required to bisect. 

In the^ide AB take any point D> and frontf. BG cut ofF ' 
BE equal to BD ; join DE, on which 
construct the isosceles triangle DEF^ 
(I. l.)> and draw the straight line BF : 
The angle ABC is bisected by BF. 

For th^. two triangles DBF and 
EBF, having the side DB equal to 
EB, th^ side DF to EF, and BF com- 
mon to both, are (I. 2.) equal, and 
consequently the angle DBF f s equal 
to EBF. 

Cor. 1. It is evident that BG, the production of BF, di-- 
vides the reversed angle ABC into- Iavo equal angles DBG 
andEBG.— The position of BG might also be detemiined, 
by the vertex of an isosceles- triangle erected above DE and- 
with sides greater than DB or EB..* 

Cor. 2. Hence the mode of drawing a perpendicular 
from a given point B in tlie straight iine AG 5 for the an- 
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gle ABC which the opposite seg^ 
ments BA and BC make with each 
other being equal to two right an- 
gles^ the straight ^liiie ths^t bj^ 
sects it must be the perpendicu- 
lar required. Talking BD, there- 
fore^ eqiial to B£^ and cpnstrii^ct<- 
uig Jthe isosceles triangle BFE,; the straight line BF which 
joins the vertex of the triangle is perpendicular to AC 




PROP. VI. PROB. 

To lei fall' a perpendicular upon a straight line, 
from a given point ^without it. 

From the point C to let fall a perpendicular upon a 
given straight line AB. 

In AB take the point D, and with the distance DC de- 
scribe a circle ; and in the same line take another point 
E, and with distance EfJ describe a gecond circle inter- 
secting the former in F; join CF, cross- 
ing the given line in G : CG is perpen- 
dicular to AB. 

For the triangles DCE and DFE a^ 
have the side DC equ^l to DE, CE to 
FE, and DE common to them both ; 
whence (I. 2.) the angle CDE or CDG 
is equal to FDE or FDG. And because in the triapgles 
DCG and DFG,,the ^ide DC.is.equ^I to DF, DG is com- 
mon^ and the cont^jne^l angles, CDG and FDG are proyed 
to be equal; these triangles are, (I. 3.) equal, anfl.cpnse- 
queptly the angle DGC is equal to DGF, and each pf 
them a right angle, or CG i^ perpendiculfir to, AB. ^ 
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PROP. VIL PROB. 
To bisect a given finite straight line. 

On the given straight line AB constftict two isosceles 
triangles (I. 1.) ACB and ADB, and join their vertices C 
and D hy a straight line cutting AB in the point E : AB 
is bisected in E. 

For the sides AC and AD of the triangle 
CAD being respectively equal to CB and 
BD of the trianglcf; CBP^^ and the side CD 
common to them botfe^tlieae triangles (1. 2.) jj^ 
are equals and the angle ACD or ACE is 
equal to BCD or BCE. Again^ the triangles 
ACE and BCE, having the side AC equal to BC, CE 
common^ and the contained angle ACE equal to BCE, 
are (I. 3.) equals and consequently the base AE is equal 
to BE* 



PROP VIII. THEOR. 

The angles at the base of an isosceles triangle are 
equal. 

The Singles BAC and BCA at the base of the isosceles 
triangle ABC are equal. 

For draw (L 5.) BD bisecting the vertical 
angle ABC. 

Because AB is equal to BC, the side BD 
common to the two triangles BDA and BDC, 
and the angles ABD and CBD contained by 
them are equal ; these triangles are equal (L 
S.) and consequently the angle BAD is equal to BCD. 

Cor. Every equilateral triangle is also equiangular. 

4 
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PROP. IX. THEOR. 

If two angles of a triangle be equals the sides op* 
posite to tfaem are likewise equaL 

Iiet the triangle ABC have two equal avgles BCA and 

BAG ; the opposite sides AB and 6C are also equal. 

For if AB be not equal to CB^ let it be equal to the part 

CD, and join AD. 
Comparing now the friangles BAC and 

DCA^ the side AB is by supposition equal to 
CD^ AC is common to both^ and the contain- 
ed angle BAC is equal to DCA ; the two tri- 
angles (I. 3.) are^ therefore^ equal. But this -^ 
conclusion is manifestly absurd. To suppose then the in-r 
equality of AB and BC^ involves a Contradiction ; and con- 
sequently those sides must be equal. 
Cor. Every equiangular triangle is also equilateral. 

PROP. X. THEOR. 

The exterior angle of a triangle is greater than 
either of the interior opposite angles. 

The exterior angle BCF^ formed by producing a side 
AC of the triangle ABC> is greater than either of the op 
posite and interior angles CAB and CBA. 

For bisect the side BC in D 
(I. 7.)# draw AD, and produce it 
until SB be equal to AD^ and 
join EC. 

The triangles ADB and CDE 
have by construction the side DA 
equal ta D^ the side DB to 
DC, and the vertical angle BDA \c 

is equal to CDE <Def. 10.) ; these triangles are, iheie?OT^, 

B 
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equal (I. S.), and the angle DCE is equal to DBA. But 
the angle BCF is evidently greater than DC£^ it is coni* 
sequently greater than DBA or ABC. 

In like manner^ it may be shown, that if BC be produced^ 
the exterior angle ACG is greater than CAB. But ACG 
is equal to its verticil angle BCF (Def. 10.), and hence 
BQF must be greater than either the angle CBA-or CAB, 



PROP. XL THEOR.. 

Any two angles of a triangle are together less 
than two right angles. 

The two angles BAG and BCA of the triangle ABC arc 
together less than two right angles. 

For produce the common side AC. 
And by the last proposition the ex- 
terior angle BCD is greater than 
CAB ; add BCA to each . and the two ^ 

-A 

angles BC D and BCA are greater than 

CAB and BCA, or CAB and BCA are together less than 

BCD and BCA, that is, less than two right angles (Def. 4). 




PROP. XII. THEOR. 
Every triangle has two acute angles. 

Let the triangle ABC have first a right angle at C. 
Then, by the last proposition, the angles .^ 

ACB and CAB are less than two right an- 
gles, and so are the angles ACB and ABC. 
Consequently the angles CAB and CBA A- 
are each of them less than one right angle, or they are 
i)0th f^cute. 
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Next let the triangle have isin obtuse angle ACB. The 
angles ACB and CAB, being less than two right an* 
gles^ and ACB being greater than one 
right angle^ CAB must be much less 
than a right angle. And the angles 
ACB and ABC being also less than two 
right angles, ABC must be much less 
than one right angle. Consequently the angles CAB and 
CBA are both of them acute. 

Lastly, let the triangle have the angle at C acute. If 
one of the remaining angles, such as BAC^ 
be likewise acute, the two angles ACB and 
BAC are both of them acute. But if the 
angle BAC be either obtuse or a right an- 
gle, it comes under the two former cases, "^ 
and the other angles ABC and ACB are^ therefore, acute. 




PROP. XIII. THEOR. 

If from a point without a straight line, two other 
straight lines be drawn to meiet it ; the nearer one 
will form on the same side a greater ^ngle than that 
which is more remote. 

If straight lines CD, CE be drawn from the point C to 
the straight line AB ; the angle ADC is greater than 
AEC. 

For ADC is the exterior angle 
of the triangle DCE, and is con- 
sequently (1. 10.) greater than the 
opposite interior angle CED. A. u a: ^ 

If the line CD be, therefore, supposed to turn ^bout the 
point C in the direction of AB, the angle which it makes 
with the intercepted part of the line from A will coxvlvo^i- 
ally diminish. 
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Cor. Hence from any point cmly one straight line can 
be drawn^ making a given angle on the same side with a 
given straight line ; and hence also no more than one per* 
pendicular can be let fall from a given point upon a given 
straight line. 

PROP. XIV. THEOR. 

In a triangle, that angle is the greater which liea 
opposite to a greater side. 

If a side BC of the triangle ABC be greater than BA ; 
the oppoute angle CAB is greater than -BCA. 

For make BD equal to BA^ and join 
AD. The angle CAB is greater than 
DAB ; but since BA is equal to BD^ the 
angle DAB (I. 8.) is equal to ADB^ and 
consequently CAB is greater than ADB. 
Again^ the angle ADB> being an exterior angle of the 
triangle CAD, is (L 10.) greater than ACD or ACB; 
wherefore the angle CAB is much greater than ACB. 

PROP. XY. THEOR. 

, Tha,t side of a triangle is the greater which sub* 
tends a greater angle. 

If in the triangle ABC, the angle CAB be greater than 
ACB ; its opposite side BC is greater than AB. 

Por if BC be not greater than AB, it must be either 
equal or less. But it cUnnot be equal, be- 
cause the angle CAB would then be equal 
to ACB (I* S ); nor can BC be less than 
AB, for then AB would be greater than 
BC, and consequently (L 14.) the angle 
ACB would be greater than CAB^ or CAB less than ACB^ 
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which is still more absurd. The side BC being thus nei- 
ther equal to AB^ nor less thau it^ must therefore be greater 
ihauAB. 



PROP. XVI. THEOR. 

Two sides of a triangle are together greater than 
the third side. 

The two sides AB and BC of the triangle ABC are to- 
gether greater than the third side AC. 

For produce AB until DB be equal to the side BC^ and 
join CD. 

Because BG is equal to BD> the 
angle BCD is equal to BDC (I. 8.) ; 
but the angle ACD is greater than 
BCD^ and therefore greater than BDC 
or ADC ; consequently the opposite jji C 

«ide ADis greater than AC (1. 1$«); and since AD is equal 
to AB and BD Gt to AB and BC^ the two sides AB and 
BC are together greater than th6 third AC. , 



PROP. XVII. THEOR. 

The difference between two sides of a triangle is 
less than the third side« 

Let the side AC be greater than AB^ and from it cut 
off a part AE equal to AB ; the remain-* 
der EC is less than the third side BC. 

Vot the two sides AB and BC are to- 
gether greater than AC (I. 16.); take 
away the equal lines AB and AE^ and 
there remains BC greater than £C^ or £C is less than 
BC. 
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PROP. XVm. THEOR. 

The shortest line that can be drawn between two 
given points, is a straight line. 

Let the points A and B be connected by straight lme» 
joining an intermediate point C ; and the two sides AC 
aiid BC of the triangle ACB are greater than AB (I. 16.) 
Now let a third point D be interposed between A and C ; 
and because AD and DC are together greater than AC, 
add BC to both, and the three lines AD, DC, and CB are 
greater than AC and BC, and consequently much greater 
than AB. Again suppose a fourth point E to connect B 
\eith C ; and the sides BE and CE G- 

of the triangle BCE being greater , 3D^ 

than BC, the four straight lines 
AD, DC, CE, and EB are toge- 
ther trebly greater than AB. ' By 
thusrepeatedly multiplying the in- ^ ? 

terjacent points, two sides of a triangle will at each succes- 
sive step come in place of a third side, and consequently 
the aggregate polygonal or crooked line AFDGCHEIB 
will acquire continually some farther extension. Nay, 
since there is no limit to the possible number of those 
connecting points, they may approach each other nearer 
than any assignable interval ; and consequently the pro- 
position is also true in that extreme case where the boun- 
dary is a curve line, or of which no portion can be deemed 
rectilineal. 

PROP. XIX. THEOR. 

Two straight lines drawn to a point within a 
trig-ngle from the extremities of its base, are toger 
ther less than the sides of the triangle, but contain 
a greater angle. 




BOOK X« 23 

The straight lines AD and CD, projected to a point D 
tvithin the triangle ADC from the extremities of the base 
ACj are together less than the sides AB and CB of the 
triangle, but contain a greater angle. 

For produce AD to meet CB in £. The two sides AB 
and BE of the triangle ABE are greater B 

than the third side AE (I. l6.) ; add EC to 
each, and AB, BE, EC, or AB and BC, are / 5 




greater than AE and EC. But the sides 
CE and ED of the triangle DEC are (I. JL " c 

16«) greater than DC, and consequently, CE, ED, together 
with DA, or CE and EA, are greater than CD and DA. 
.Wherefore the sides AB and BC, being greater than AE 
and EC, which are themselves greater than AD and DC^ 
must be much greater than AD and DC, or the lines 
AD and DC are much l6ss than AB and BC the sides of 
the triangle. 

Again, the angle ADC, being the exterior angle of the 
triangle DCE, is greater than DEC (I. 10.); and for the 
same reason, DEC is greater than ABE, the opposite in- 
terior angle of the triangle EAB. Consequendy ADC if 
much greater than ABE or ABC. 

PROP. XX. THEOR. 

If two sides of one triangle be respectively equal 
to those of another, Jbut contain a greater angle ; 
the base also of the former will be greater than that 
of the latter. 

In the triangles ABC and DEF,. let the sides AB and 
BC be equal to DE and EF, but the angle ABC greater 
than DEF ; then is the base AC greater than DF. 

For draw B6 equal to EF and making an angle ABG 
«qual to DEF (I. 4.), join AG and GC. 

Because AB and BG are equal to DE and EF, and the 

contained angle ABG is equal to DEF ; the triangles ABG 

1 
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and DEF (I. 3.) are equals and have equal bases AG radt 
DF. But BG, being made 
equal to EF or BC, the tri- 
angle G6C is isosceles, and 
its angles BGC and BCG (I. Xi 
8.) are equal* Consequent- 
ly the angle AGC, being 

greater than BGC or BCG, G C i 

which is greater than ACG^ must be much greater than AC6 ; 
and therefore the opposite side AC is (I. 15.) greater than 
AG or DF. 

PROP. XXI. THEOR. 

If two sides of one triangle be respectively equal 
to those of another, but stand on a greater base ; 
the angle contained by the former will be likewise 
greater than what is contained by the latter.' 

Let the triangles ABC and DEF have the sides AB and 
BC equal to DE and EF, but the base AC greater than 
PF ; the vertical angle ABC is greater than DEF. 

From AC cut off AG equal to 
DF, construct (1. 1.) the triangle 
AHG having the sides AH and 
GH equal to AB and BC or DE 
and EF, join HB, and produce 
HG to meet BC in I. 

Because HI is greater than HG, it is greater than the 
equal side BC, and therefore much greater than BI. Con-^ 
sequently the opposite angle IBH of the triangle BIJl is 
<[. 14.) greater than BHI. But AB being equal to AH 
th^ angle HBA is (I. 8.) equal to BHA, and therefore the 
two angles IBH and HBA are greater than IHB and 
BHA, th^t is, the whole angle CBA is greater than IHA 
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^ drH A. ' And since the sides of the triangle A6H ftre 
by construction equal to those of EDF, the corresponding 
angle AHG is equal to DEF (1. d.) ; and hence the angle 
ABC^ which is greater than AHG^ is likewise greater than 
DEF. 

PROR XXIL THEOIL 

If straight lines be drawn from the same point 
to another straight line, the perpendicular is the 
shortest of them all ; the lines equidistant from it 
on both sides are equal ; and those more remote are 
greater than such as are nearer. 

If the straight lines CG, CE, CD, and CF drawn from 
a given point C to the straight line AB, the perpendicu- 
lar CD is the least, the equidistant lines CE and CF are 
equal, but the remoter line C6 is greater than either of 
these two. 

For the angle CDE, which 
is equal to CDF, is (1. IS.) 
greater than CFD, and conse- 
quently the opposite side CF 
is (1. 15.) greater than CD, or -^ ^ ^ 
CD is less than CE. 

But a straight line drawn of a determinate length from 
C to AB, may haye two positious ; for if the line CE be 
supposed to turn about the point C, the angle CEA will 
continually decrease (I. 13.), till, passing from obtuse to 
acqte, it becomes equal to CEF, and then forms (1.9.) the 
isosceles triangle ECF. — Because ED is by hypothesis 
equal to FD, CD common to the two triangles ECD and 
FCD, and the contained angles CDE and CDF equal ; 
these triangles (I. S.) are equal, and consequently their 
bases CE and CF are equal. 

Again, because GCD is a right angled triangle, the an- 
gle CGD or CGE is acute (t. 12.), and for the same rea- 
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angle at F be either obtiise or acute^ the line £F^ which 
forms it^ can have only one corresponding position. — 
Whence^ in each of these three cases^ the triangle ABC 
admits of a perfect adaptation with DEF. 

PROP- XXV- THEOR. 

If a straight line fall upon two parallel straight 
lines^ it will make the alternate angles equal, the 
exterior angle equal to the interior opposite one^ 
and the two interior angles on the same side to«' 
gether equal to two right angles. 

Let the straight line EF6 fall upon the parallels AB 
and CD ; the alternate angles AGF and DFG are equa]> 
the exterior angle £FC is equal to the interior angle E6A> 
and the interior angles CFGand AGF are together equal 
to two right angles. 

For suppose the straight line EFG^ produced both ways 
from F to turn about that point in the direction BA ; it 
will first cut the extended line AB towards A^ and will in 
its progress afterwards meet the same line on the other 
side towards B- In the position IFH^ the angle EFH is 
the exterior angle of the triangle FHG, and therefore 
greater than FGH or EGA (1. 10.) But in the last posi- 
tion LFK^ the exterior angle £FL is equal to its vertical 
angle GFK in the triangle FKG, and 
to which the angle FGA is exterior; 
consequently (1. 10.) FGA is greater 
than EFL, or the angle EFL is less 
than FGA or EGA. When the in- 
cident line EFG, therefore, meets 
AB above the point G, it makes an 
angle EFH greater than EGA ; and 
when it meets AB below that point, 
it makes an angle EFL, which is less ®^ 
than the same angle. But in passing through all the dc>- 
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grees from greater to less^ a vaiying magnitude must evi- 
dently rencounter^ as it proceeds^ the single intermediate 
limit of equality. Wherefore, there is a certain position, 
CD, in which the line revolving about the point F makes 
the exterior angle EFC equal to the interior EGA, and at 
the same time meets A6 neither towards the one part nor 
the other, or is parallel to it. 

And now, since EFC is proved to be equal to EGA, and 
is also equal to the vertical angle GFD ; the alternate an- 
gles FGA and GFD are equal. Again, because GFD and 
FGA are equal, add the angle FGB to each, and the two 
angles GFD and FGB are equal to FGA and FGB; but 
die angles FGA and FGB, on the same side of AB, are 
equal to two right angles, and consequently the interior aa^ 
gles GFD and FGB are likewise equal to two right angles. 

Cor. Since the position CD is individual, or that only 
one straight line can be drawn through the point F paral-* 
lei to AB> it follows that the converse of the proposition is 
true> and that those three properties of parallel lines ar^ 
^Iso the criteria for distinguishing parallels. 



PROP.XXVI. PROR 

\ 
Through a given point, to draw a straight line 

parallel to a given straight line. 

To draw, through the point C,a straight line parallel to 

AB. , 

In AB take any point D, join CD, and ^ ^ 

at the point C make (L 4.) an angle 
DCE equal to CD A ; CE is parallel to j^ 
AB. 

For the angles CDA and DCE, thus formed equal, are 
the alternate angles which CD makes with the straiglit 
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is a rectaAgular parallelogram; for if the angle at A be 
rights the opposite angle at C is right, and the remaining 
angles at B and D, being equal to each other and to twa 
right angle3> must be right angled. 

PROP. XXX. THEOR. 

If the parallel sides of a trapezoid be equal, the 
other sides are likewise equal and parallel. 

Let the sides AB and DC be equal and parallel; the 
sides AD and DC are themselves equal and parallel. 

For join AC. Because AB is parallel to CD, the al- 
ternate angles CAB and ACD are (I. 25.) equal; and the 
triangles ABC and ADC, having the side AB equal to CD, 
AC common to both, and the contain- j^ 3 

ed angle CAB equal to ACD, are, 
therefore, equal (I. S.) Whence the 
side BC is equal to AD, and the angle 
ACB equal to CAD ; but these angles being alternate, BC 
must also be parallel to AD (Cor. I. 25.) 

PROP.XXXI. THEOR. 

The diagonals of a rhomboid mutually bisect each 
other. 

If the diagonals of the rhomboid ABCD intersect each 
other in E ; the part A£ is equal to CE, and DE to BE. 

For because a rhomboid is also a parallelogram (I. 2B.X 
the alternate angles BAC and ACD are equal (I. £5.), mA 

likewise ABD and BDC. The tri- j^ ^ 

angles AEB and CED, having thus 

th. angles BAE, ABE respectively 

equal to DCE and CED, and the in- S" 

terjacent sides AB and CD equal, are (U 23.) whoily cgaal 
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Wherefore A£ is equal to the corresponding side CE^ and 
BE to DE. 

Car. Hence the diagonals o£ a rectangle are equal to 
each other ; for if the angles at A and B were right an- 
gles^ the triangles DAB and CB A would be equal (1/ S,) 
and consequently the base DB equal to AC. 

PROP. XXXII. THEOR. 

lines parallel to the same straight line, are paral- 
lel to each other. 

If the straight line AB be parallel to CD, and CD pa- 
Tallel to EF ; then is AB parallel to EF. 

For let the straight line GH cut these (^ 
lines. j^ 

Because AB is parallel to CD, the ex- I" 
terior angle GIA is equal (I. 25.) to the "^ 
interior GKC ; and since CD is parallel 
to EF, this angle GKC is, for the same 
reason, equal to GLE. Therefore GIA is 
^€jual to . GLE, and consequently AB is parallel to EF 
CI. 25- Cor.) 

PROP XXXIIL THEOR. 

Straight lines drawn parallel to the sides of an 
^"Kigley contain an equal angle. 

If the straight lines AB, AC be paral- 
lel to DE, DF ; the angle BAC is equal 
to EDF. 

lor draw the straight line GAD through 
*^e vertices. And because AC is paral- j)^ 
^^ to DF, the exterior angle GAC is 
(!• £5.) equal to GDF ; and for the same 
^ason, GAB is equal to GDE; there consequently re- 
gains the angle BAC equal to EDF. 
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For each exterior angle DEF, with its adjacent i 
nor one AED, is equal to two 
right angles. All the exterior 
angles therefore^ added to the 
interior angles, are equal to 
twice as many right angles as 
the figure has sides. Conse* 
quendy the exterior angles are 
equal to the four right angles 
which, hy the last Proposition, 
were abated, to form the ag- 
gregate of the intefrior angles. 

Cor. If the figure has a re-entrant angle BCD, the a 
BCK which occurs in place of 
an exterior angle, must be ta- 
ken away in forming the a- 
mount ; for the corresponding 
interior angle BCD, in this 
case, exceeds two right angles 
by BCK. Hence the angles 
EFG, DEH, CDI, ABL, FAM 
diminished by BCK are eqyal 
to four right angles. ' 3a> 




PROP. XXXVII. THEOR. 



If the opposite angles of a quadrilateral figun 
equal, its opposite sides will be likewise equal i 
parallel. 

In the quadrilateral figtgre ABCD, let the angle at I 
equal tp the opposite one at D, and the angle at A e< 
to that at C ; the sides AB^ BC are equal and paralk 
DC and DA. 
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For all the angles of the figure being equal to four right^ 
angles^ (L 34. cor.) and the op- 
posite angles being mutually equal^ 
each pair of adjacent angles must 
be equal to two right angles. 
Wherefore ABC and BCD are 
equal to two right angles^ and the lines AB and CD (Cor^ 
1. 25.) parallel ; for the same reason^ ABC and BAD be- 
ing together equal to two right angles^ the sides BC and 
AD^ which limit them^ are parallel. 

Cor. Hence a rectangle, or right-angled quadrilateral 
figure^ has its opposite sides equal and parallel* 



PROP. XXXVm. PROB. 

To draw a perpendicular froin the extremity of a 
given straight line. 

From the point B, to draw a perpendicular to AB, with-* 
out producing that line. 
. In AB take any point C, and 
on BC (I. 1. cor.) describe an 
equilateral triangle CDB, on its 
side DB, another DEB ; and on 
DE the side of this, a third equi- 
lateral triangle DFE; join the 
last vertex F with the point B ; 
and BF is the perpendicular re- 
quired. 

Because the triangles CDB and DBE are equilateral, 
the angles CBD and DBE are each of them equal to 
two third parts of a right angle (I. 34. cor.) ; and the tri- 
angles BDF, BEF, having the sides BD, DF equal to BE, 
£F^ and the side BF common, are (I. 2.) equal, and con?? 
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sequently the angles FBD and FBE are equal, and each 
of them the half of DBE. The angle FBD, being there- 
fore one third part of a right angle^ and the angle DBA 
two third parts, the whole angle FBC must be an entire 
right angle, or the straight line BF is perpendicular t# 
AB. 

PROP. XXXIX. PROB. 

On a given finite straight line to construct a 
square. 

Let AB be the side of the square which it is required to 
construct. 

From the extremity B draw (1. 38.) 
BC perpendicular to BA and equal 
to it, and from the points A and C 
with the distance BA or BC describe 
two circles intersecting each other 
in the point D, join AD and CD; 
the quadrilateral figure ABCD is the 
square requijred. 

For, by this construction, the figure has all its sides 
equal, and one of its angles ABC a right angle ; which 
comprehends the whole of the definition of a square. 




PROP- XL. PROB. 

To divide a given straight line into any number 
of equal parts. 

Let it be required to divide the straight line AB into a 
given number of equal parts^ suppose five. 
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from the point A and at any oblique 
angle with AB draw a straight line AC 
in which take the portion AD, and 
repeat it five times from A to C, join 
CB^ and from the several points of 
section D, E, F, and G draw the pa- 
rallels DH, EI, FK, and GL, (I. 26.) 
cutting AB in H, I, K, and L: AB 
is divided in these points into five 
equal parts* 

For draw DM, EN, FO, and GP parallel to AB- And 
because DH is parallel to EM, the exterior angle ADH 
is equal to DEM (I, 25.); and for the same reason, since 
AH is parallel to DM, the angle DAH is equal to EDM. 
Wherefore the triangles ADH and DEM, having two 
angles respectively equal, and the interjacent sides AD, 
DE, are (1. 23.) equal, and Consequently AH is equal to 
DM. In the same manner, the triangle ADH is proved 
to be equal to EFN, FGO, and GCP, and therefore their 
bases EN, FO, and GP are all equal to AH. But these . 
lines are, equal to HI, IK, KL, and LB, for the opposite 
sides of parallelograms are equal (I. 29.)« Wherefore 
the several segments AH, HI, IK, KL, and LB^ into 
which the straight line AB is divided^ are all equal to each 
•ther. 
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DEFINITIONS. 

1. In a righl^angled triangle^ the side that suB tends the 
light angle is termed the hypotenuse; either of the sides 
which contain it^ the base; and the other side, thejperpefi* 
Ocular* 

2. The altitude of a triangle is 
a perpendicular let fall from its 
vertex upon the jextension of its 
l>ase. 

3* The altitude of a trapezoid is the 
perpendicular drawn from one of its pa- 
rallel sides to the other* 

4. The complements of rhomboids about 
the diagonal of a rhomboid^ annexed to 
either of them^ forms what is termed a 
gnomon. 

5. A rhomboid or rectangle is said to be contained by 
any two adjacent sides. 
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The Same mode of demonstration^ it is obvious^ will ap- 
ply in the case where the equivalent triangles stand on 
equal bases. 

Cor» Hence equivalent rhomboids on the same or equal 
bases^ have the same altitude* 



PROP. IV. THEOR. 

A straight line bisecting two sides of a triangley 
is parallel to the base. 

The straight line DE> which joins the middle points of 
the sides A6^ BC^ is parallel to the base AC of the tri* 
angle ABC. 

For join AE and CD. Because the triangles ACD^ BCD 
stand on equal bases AD^ DB^ and have the same vertex, 
or altitude^ they are (11. 2.) equivalent^ and^ therefore^ 
ACD is half of the whole triangle ABC. 
For the same reason^ since CE is equal 
to £B^ the triangle CAE is equivalent 
to EAB^ and is consequently half of the 
whole triangle ABC. Whence the tri- 
angles ADC and AEC are equal ; and 
they stand on the same base, and have^ 
therefore, the same altitude (II. S.)> or D£ is parallel to 
AC. 

Cor. Hence the triangle DBE cut off by the line DE is 
the fourth part of the original triangle. For bisect AC in 
G, and join DG, which is, therefore, parallel to BC. The 
triangle ADG is equivalent to GDC (11. 2.), atid GDC, 
being the half of the rhomboid GE, is equivalent to DEC, 
which again is (II. 2.) equivalent to DEB. The triangle 
ABC is thus divided into four equivalent triangles, of vdiich 
DBE is one. , Hence also the rhomboid GDEC is half of 
the original triangle. 
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PROP. V, THEOR. 

Straight lines joining the successive middle points 
of the sides of a quadrilateral figure^ form a rhom- 
boid. 

if the sides of the quadrilateral figure ABCD be bisected 
and the points of section joined in their order; EF6H is 
a rhomboid. 

For draw AC, BD. And be- 
cause FG bisects AB, BC, it is, 
by the last Proposition, parallel 
to AC; and for the same reason, 
EH, as it bisects AD and DC, is 
parallel to AC. Wherefore FG is 
parallel to EH (1. 32.). In like man- 
ner, it is proved that EF is parallel to HG ; and conse- 
quently the figure EFGH is a rhomboid or parallelogram. 

Cor. Hence the inscribed rhomboid is half of the qua- 
drilateral figure. For IG is half of the triangle ABC (n.4. 
cor.), and IH is half of the triangle ADC. Consequently 
the rhomboid EG is half of the whole quadrilateral figure 
ABCD. 

PROP. VI. PROB. 

To find a triangle equivalent to any rectilineal 
figure. 

Let it be required to reduce the five-sided figure ABCD 
to a triangle, or to find a triangle that shall contain an 
equal space. ' 

Join any two alternate points A, C, and through the in- 
termediate point B, draw BF parallel to AC, and meeting 
cither of the adjoming sides AE or CD in F; which point. 
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Let the rhomboids BD and FH have the angle BAD 
equal to FEH and the containing sides AB and AD equal 
respectively to FE and EH ; these rhomboids are equaL 

For if the rhomboid BD be applied to FH^ the angle 

BAD will adapt to FEH, and its ^ 

sides being equal, the points B /XT / /sT / 

and D must coincide with F and Z _!^ / , ^y 

H, consequently the diagonal 

BD will coincide with FH. Whence the two triangles 
BCD and F6H, having all their sides respectively equal, 
must also fit with each other. 

Cor. Hence the squares of equal straight lines are equal^i 
and conversely equal squares have equal bases. 



PROP. X. THEOR. 

The complements of the rhomboids about the 
diagonal of a rhomboid, are equivalent. 

Let E[ and H6 be rhomboids about the diagonal of the 
rhomboid BD; their complements BF and FD contain 
6qual spaces. 

Since the diagonal AF bisects the rhomboid £l (I. £9* 
cor.), the triangle AEF is equivalent to 
AIF; and for the same reason, the tri- 
angle FHC is equivalent to FGC. From 
the whole triangleABC on the one side ^ i xi 

of the diagonal, take away the two tri- 
angles AEF and FHC; and from the triangle ADC, which 
is equal to it, take away, on the other side, the two tri- 
angles AFI and FGC, and there remains the rhomboid 
BE equivalent to FD. 

PROP. XI. PROB. 

With a given straight line to construct a rhom- 
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boid equivalent to a given rectilineal figure, and ha- 
ving its angle equal to a given angle. 

Let it be required to construct^ with the straight liae L^ 
a ihomboidy containing a given space^ and having an angle 
equal to K. 

Construct (11. 7.) the rhomboid BF equivalent to the 
rectilineal figure^ and having an angle 6EF equal to K ; 
produce EF until FG be equal to 
L^ through G draw DGC parallel 
to £B and meeting the production 
of BH in C^ join CF and produce 
it to meet the production of BE in 
A; draw AD parallel to EF, meet- 
ing CG in D^ and produce HF to I : FD is the rhomboid 
required. 

For FD and FB are evidently complementary rhom-. 
boids^ and therefore (11. 90 equivalent ; and by reason of 
the parallels AE, IF, the angle FID is equal to EAI (L 34.)^ 
which again is equal to BEF or the given angle K. 

PROP. XII. THEOR. 

A trapezium is equivalent to the rectangle con- 
tained by its altitude and the pait of the base cut 
off by a perpendicular from its remoter summit. 

Let ABCD be a trapezium, and CE a perpendicular 
drawn from C to the base AD; the trapezium is equal to 
the rectangle contained by AE and CE. 

For complete the rectangle EF. The triangles ABF 
and CDE have, from the definition 
of the trapezium, the side AB equal 
to CD, AF to CE, and the right 
angle AFB equal to CED ; where- 
fore these triangles^ being also of the same affection^ are 




f»0 SLEMENT8 OF GEOMETRY^ 

equal (T. d4.)' To each of tliera^ add the quadrilateral 
space ABCE^ and the rectangle AFCE is equal to the tra« 
pezium ABCD. 



PROP. XIIL THEOR. 

A trapezoid is equivalent to the rectangle con- 
tained by its altitude and half the sum of its paral- 
lel sides. 

The trapezoid ABCD is equivalent to the rectangle con- 
tained hy its altitude and half the sum of the parallel ude? 
BC and AD. 

For draw CE parallel to AB (I. 26.), bisect ED (1. 7.) in 
Vf and draw FG parallel to AB, meeting the production of 
BC in G. 

Because BC is equal to AE (I. 29.), BC and AD are to- 
gether equal to AE and AD, or to twice AE and ED, or 
to twice AE and twice EF, that is, 

to twice AF; consequently AF is ^; ^ ^ 

half the sum of BC and AD. Where- / / /\ 

fore the rectangle contained by the aT^ e :f 1) 
altitude of the trapezoid and half 
the sum of its parallel sides, is equivalent to the rhomboid 
BF*(II. 1. cor.); but the rhomboid EG is equivalent to 
the triangle ECD (II. 7-)> add to each the rhomboid BE, 
and the rhomboid BF is equivalent to the trapezoid 
ABCD. 

Cor. Hence the greater of two lines is equal to half 
their sum and half their difference ; for AD is equal to 
AF joined to FD, which is half the difference ED. The 
smaller line AE again is formed by taking half the differ- 
ence from half the sum. 
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PROP. XIV. THEOR. 

The square described on the hypotenuse of a 
right-angled triangle^ is equivalent to the squares of 
the two sides. 



Let ACB be a triangle which is right-angled at B ; the 
square of the hypotenuse AC is equivalent to the twci 
squares of AB and BC. 

For prpduce the base BA until AD he equal to the per- 
pendicular BC^ and on .DB describe (I. 39.) the square 
DEFB, make GE and FH equal to AD or BC, join AG, 
GH, and HC^ and through the points A and C (L £&) 
draw AL and CI parallel to BF and BD. 

Because the whole line BD is equal to D£^ and a part of 
it AB equal to G£^ the remainder AB is equal to D6 ; 
wherefore the triangles ACB and AGD are equal (I. S.)> 
since they have the sides AB^ BC equal to DG^ AD^ and 
the contained angle ABC equal to ADG^both of these being 
right angles. In the same manner^ 
it is proved^ that the triangle ACB 
is equal to GEH^ and to HFC. 
Consequently the sides AC, AG, 
GH, and HC are all equal. But 
the angle CAB, being equal to 
AGD, is equal to the alternate 
angle GAL (I. 29) ; add LAC to 
each, and the whole angle LAB or 
EDB (1. 290 is equal to GAC, which is, therefore^ a right 
angle. Hence the figure AGHC, having all its sides equal 
and one angle right, is a square^ 

Again, the parallelograms KB and KE are evidently 
rectangular; they are also equal, being contained by equal 
sides 5 and each of ihem being double of the original tri- 
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angle ACB^ they are together equal to the four triangles 
ACB, AGD, EHG, and HCF. The other inscribed figures 
LC and lA are obviously the squares of KC and AD^ 
Tfrhich arc equal to the base and perpendicular of the tri- 
angle ABC. From the whole square DEFB, therefore, 
take away separately those four encompassing triangles, 
and the two interjacent rectangles KB and K£, and the 
remainders must be equal ; that is the square AGHC is 
equal in space to both the squares ADIK and KLFC. 



Otherwise thus. 

Let the triangle ABC be right-angled at B ; the square 
described on the hypotenuse AC is equivalent to BF and 
BI the squares of the sides AB and BC» 

For produce DA to K, and through B draw MBL pa- 
rallel to DA (I. £6.) and meeting FG produced in L. 

Because the angle CAK, adjacent to CAD, is a right 
angle, it is equal to BAF ; from each take away the angle 
BAK, and there remains the 
angle BAC equal to FAK. 
But the angle ABC is equal 
to AFK, both being right 
angles. Wherefore the tri- 
angles ABC and AFK, ha- 
ving thus two angles of the 
one respectively equal to 
those of the other, and the 
interjacent side AF equal to 
AB, are equal (I. 23.), and 
consequently the side AC is 
equal to AK. Hence the 
rectangle or rhomboid AM 

is equivalent to ABLK (II. 2. cor.), since they stand oh 
equal bases AD and AK, and between the same parallels 
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' DK and ML. Bat ABLE is equivalent to the square or 
rhomboid BF (II. 1. cor.)j for it stands on the same base 
AB and between the same parallels FL and AH* Where- 
fore the rectangle AM is equivalent to the square of AB. 
And in like manner^ by drawing MB to meet the produc- 
tion of HI^ it may be proved^ that the rectangle CM is 
equivalent to the square of BC. - Consequently the whole 
square^ ADEC^ of the hypotenuse, contains the same space 
as both together of the squares described on the two sides 
AB and BC. 

PROP. XV. THEOR. 

If the square of a side of a triangle be equiva- 
lent to the squares of both the other sides> that side 
is the hypotenuse of a right-angled triangle. 

Let the square described on AC be equivalent to the 
two squares of AB and BC ; the triangle ABC is right- 
angled at B. 

For draw BD perpendicular to AB (I. 38) and equal to 

BC, and join AD. 

Because BC is equal to BD, the square of BC is (II. 9. 
cor.) equal to the square of BD, and consequently the 
squares of AB and BC are equal to the squares of AB and 

BD. But the squares of AB and BC are by 
hypothesis equivalent to the square of AC ; 
and since ABD is, by construction, a right 
angle, the squares of AB and BD are (II. 
liS.) equivalent to the square ofAD. Whence 
the square of AC is equivalent to that of AD, 
and (II. g. cor.) the straight line AC equal 

to CD. The two triangles ACB and ADB, Having all the 
sides in the one respectively equal to those in the other, are, 
therefore, equal (1. 2.); ^^d consequently the angle ABC 
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is equal to the corresponding ang^ ABD^ that b^ to a 
right angle* 

PROP. XVI. PROB. 

To find the side of a square equivalent to any 
number of given squares. 

Let A, B, and C be the sides of the squares^ to which it 
is required to find an equivalent square. 

Draw D£ equal to A^ and from its extremity E erect 
(I. 38.) the perpendicular £F equal to B, join DF^ an4 
perpendicular to this draw F6 equal to C^ and join 
DG: DG is the side of the square which was requi« 
red. 

For because DBF is a right-angled tri- 
angle^ the square of DF is equivalent to the 
squares of D£ and £F (11. 14.)^ or of A and 
B. Add the square of FG or C, and the 
squares of DF and FG^ which are equivalent 
to the square of DG (IL 14.)> are equivalent to 
the aggregate squares of A^ B^ and C. And 
by thus repeating the process^ it may be extended to any 
number of squares. 




PROP. XVII. PROB. 

To find the side of a square equivalent to the difr 
ference between two given squares. 

Let A and B be the sides of two squares ; it is required 
to find a square equivalent to their difference. 
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Draw CD equal to the smalkr line B^ from its exlr&>- 
mity erect (I 88 ) the indefinite per- 
pendicular D£^ and about the centre 
C with a distance equal to the greater 
line A describe a circle cutting DE 
in F : FD is the side of the square 
required. 

For join CF. The triangle CDF 
being right-angled^ the square of the 
hypotenuse CF is equivalent to the 
squares of CD and DF(IL 14), and 
consequently, taking the square of DF from both, the ex- 
cess of the square of CF above that' of DF is equivalent to 
the square of CD, or the square of CD is equivalent to the 
excess of the square of A above that of B. 




PROP. XVIII. THEOR. 

In any triangle, the rhomboids described on two 
sides, are together equivalent to a rhomboid descri- 
bed on the base, and limited by these and by parallels 
to the line which joins the vertex with their point 
of concourse. 

Let ADEB and B6FC be rhomboids described on the 
two sides AB and BC of the triangle ABC ; produce the 
summits DE and F6 to meet in H, join this point with 
the vertex B, draw the parallels AK, CL, and join KL. It 
is obvious that AK, CL, being equal and parallel to BH^ 
are likewise equal and parallel to each other, and that 
the figure AKLC is a parallelogram or rhomboid. — ^This 
rhomboid is equivalent to the two rhomboids BD and 

BF. 

* ^or produce HB to meet the base AC in I. And be« 
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cause the rhomboids KI 
and AH stand on the same 
base AK and between the 
'same parallels^ they are 
equivalent (II. l,cor.); but 
the rhomboids AH and 
BD^ standing on the same 
base AB and between the same parallels^ are also equiva- 
lent. Whence KI is equivalent to BD. And in the same 
manner it may be proved that LI is equivalent to BF. 
Consequently the whole rhomboid KC is equivalent to the 
two rhomboids BD and BF* 




PROP. XIX. THEOR. 

In any triangle, the square described on the base^ 
is equivalent to the rectangles contained by the two 
sides, and their segments intercepted from the base 
by perpendiculars let fall upon them from its oppo- 
site extremities. 

Let the perpendiculars AP, CN be let fall from the 
points Aj C upon the Opposite sides BC and AB of the tri- 
angle ABC ; the square of AC is equivalent to the rect- 
angles contained by AB, AN and by BC, CP. 

For complete the rhomboids ADHB and CFHB, and 
let fall the perpendiculars BR and BS upon DH and 
FH. 

It is manifest, from the last Proposition, that the rhom- 
boids AH and CH are equivalent to the square 'of AC. 
But the rhomboid AH is equivalent to the rectangle con- 
tained by AB and BR (II. 1. cor.)* Comparing the tri- 
angles BHR andACN; the angle BRH, being a right 
angle^^ is ec][ual to ANC; and the two acute angles BHR 




sod RBHi being together equ&l to a right angle, are equ&l 
to DAN and NAC ; but DAB is equal 
to DHB (I. 29.'), whence: the angle 
RBH 13 equal to NAC. These tri- 
angles BHR and ACN, having thus 
two angles respectively equal, and the 
corresponding side BH in the one 
eqnal to AD or AC in the other, are, 
therefore, equal (I. OS.), and conse- 
qneotly the side BR is equal to AN: The rectangle AB and 
BR, which is equivalent to the rhomboid AH, is hence equi- 
- Talent to the rectangle contained by AB and AN (II. 9.). 

In the same manner, it may be demonstrated, by com- 
paring the triangles BHS and PAC, that, the rectangle 
onder BC and BS, which is equivalent to the rhomboid 
CH, is equivalent to the rectangle contained by BC and 
CP. Wherefore the two rectangles of AB, AN and BC, CP 
are together equivalent to the square described on AC. 

Cor. If the triangle ABC be right-angled at the vertex 
B, the perpendiculars CN and AP will evidently meet at 
the vertex, and consequently the rectangles AB, AN and 
BC, CP will become the squares of AB and BC. And 
hence the beautiful Proposition II. 14. is derived, being 
only a remarkable cas? of a mnch more general proper^. 



PROP. XX. THEOR. 

The rectangle contained by two straight lines, is 
equivalent to the rectangles cont^ned under one of 
tbem and the several segments into which the other 
is divided. 

' The rectangle onder AC and AB, is equivalent to the . 
rectangles contained by AC and the segments AD, DC, 
and BB. 



JL U H 


B 










C 3 


F d- 


H 



36 SLEMENT8 OF O^IOMSTBT. 

For through the pomts D and E draw DF and EG pa^ 
rallel to AC (I. 26.). 

The figures AF^ D6^ and EH are evidently rhom- 
boidal; they are also rectangular^ for 
the angles ADF, AEG^ and ABH are 
equal to the opposite angle CAD (I. 
29*)* And the opposite sides DF^ £G^ 
and BH^ heing equal to AC^ — the spaces 
into which the rectangle BC is resolved^ are equal to the 
rectangles contained hy AC and AD^ DE, and EB. 



PROP. XXL THEOR. 

The square described on the sum of two straight 
lines, is equivalent to the squares of those lines^ to- 
gether with twice their rectangle. 

If AB and BC he two straight lines placed continuous ; 
the square described on their sum AC^ is equivalent to the 
two squares of AB^ BC^ and twice the rectangle contained 
by them. 

For through B draw BI parallel to AD (I. £6.)^ make 
AF equal to AB^ and through F draw FH parallel to 
BE. 

It is manifest that the spaces AG> GE^ D6 and CG, 
into which the square of AC is divi- 
ded^ are all rhomboidal and rectangu* 
lar. And because AB is equal to AF 
and the opposite sides equals the figure 
AG is equilateral^ and having a right 
angle at A^ is hence a square. Again^ 
AD being equal to AC^ take away the 
equals AF and AB^ and there remains 
DF equal to BC^ and consequently IG equal to GH (I. 
S9.) ; wherefore IH is likewise a square. . The rectangle 
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D6 is contained by the sides F6 and DF^ which are equal 
to AB and BC ; and the rectangle CG is contained by the 
sides 6B and 6H^ which are likewise equal to AB and 
BC* Consequently the whole square of AC is composed 
of the two squares of AB and BC^ together with twice the 
rectangle contained by these lines. 



PROP, XXII. THEOR. 

The square described on the difference of two 
straight lines^ is equivalent to the squares of those 
lines, duhinished by twice their rectangle. 

Let AC be the difference of two straight lines AB and 
Be ; the square of AC is equivalent to the excess of the 
two squares of AB and BC above twice their rectangle. 

For make AD equal to AC^ draw CH and DI parallel 
to AF and AB (I. 26.), produce FG until GL be equal to 
BC^ and complete the figure GK. 

It is evident^ from the de- 
monstration of the last Propo- 
sition, that DC is the square of 
AC^ and GK the square of BC. 
From the compound surface 
AFLKIB, which is made up of 
the squares of AB and BC, take 
away twice the rectangle AB, 

5C, or the two rectangles FI and CG, or the rectangle ¥t 
with the rectangle CI and the square IL, — and there re* 
mains ADEC, or the square of the difference AC of t\k% 
two lines AB and BC. 
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GF (II. 14 ) is^ therefofe^ equivalent to twice the square of 
GF or of DB ; and the square of AE^ in the right-angled 
triangle ADE, is equivalent to the squares of AD and DE^ 
or twice the square of AD. But since ABF is a right 
angle^ the square of AF is equivalent to the squares of AB 
and BF^ or AB and BC ; and hecau^^e AEF is also a right 
angle> the square of the same line AF is equivalent to the 
squares of AE and EP, that is^ to twice the squares of AD 
and DB. Wherefore the squares of AB, BC are together 
equivalent to twice the squares of AD and DB. 
. Cor, Hence if a straight line AB be bisected in C and 
cut unequally in D, whether by in- 
ternal or external section, the squares ^v C p B 
o* the unequal segments AD and DB A c b p 
are together equivalent to twice the 
square of the half line AC, and twice the square of CD the 
interval between the points of division. 



PROP. XXVI. PROB. 

To cut a given straight line, such that the square 
of one part shall be equivalent to the rectangle con- 
tained by the whole line and the remaining part. 

Let AB be the straight line which it is required to di- 
vide into two segments, sucli that the square of tlie one 
shall be equivalent to the rectangle contained by the virhole 
line and the other. 

Produce AB till BC be equal to 
it, erect (1. 5. cor.) the perpendicu- 
lar BD equal to AB or BC, bisect 
BC in E (I. 7.)> join ED and make 
EF equal to it ; the square of the 
segment BF is equivalent to the rectangle contained by 
the whole BA and its remaining segment AF. 
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For <m BC construct the square BG (L 39.)> make BH 
equal to BF^ and draw IHK and FI parallel to AC and 
BD (I. «6.). Since AB is equal to BD, and BF to DH ; 
the remainder AF is equal to HD : and it is further evi- 
dent^ that FH is a square^ and IC and DK are rectangles. 
But BC being bisected ih E and produced to F, the 
rectangle under CF, FB, or the rectangle IC> together 
with the square of BE!^ is equivalent to the square of £F 
or DE (I. 23. cor. 2.)- But the square of DE is equiva- 
lent to the squares of DB and BE (II. 14.) ; whence the 
rectangle IC^ with the square of B£^ is equivalent to the 
squares of DB and BE ; or^ omitting the common square 
of BEj the rectangle IC is equivalent to the square of DB. 
Take away from both the rectangle BK^ and there remains 
the square BI^ or the square of BF^ equivalent to the rect- 
angle HG, or the rectangle contained by BA and AF. 

Cor» 1. Since the rectangle under CF and FB is equi- 
valent to the square of BC^ it is apparent that the line 
CF is likewise divided at B in a manner similar to the 
original line AB. But this line CF is made up by joining 
the whole line AB^ now become only the larger portioQ> 
to its greater segment BF^ which next forms the smaller 
portion in the new compound. Hence this division of a 
line being once obtained^ a series of other lines possessing 
the same property may readily be found by repeated ad- 
ditions. Thus let AB be so cut that the square of BC i^ 
equivalent to the rectangle BA, AC : Make successively 

AC B D E -F Cr 

^-^ — I i 1— 1 1 

BD equal to BA, DE equal to DC, EF equal to EB, and 
FG equal to FD ; the lines CD, BE, DF, and EG are di- 
vided in the points B,' D, E, and F, such that, in each of 
them, the square of the larger part is equivalent to the 
rectangle contained by the whole and the smaller part. 

Car. 2. Hence also the construction of another problem 
•f the same nature ; in which it is required to produce a 

X 
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straight line AB^ such that the rectangle contained by the 

whole line thus produced and the part produced^ shuU be 

equivalent to the square of the line AB itself. Divide AB 

in C, so that the rectangle BA/ AC is equal to the square 

of BC^ and produce AB until BD be 

equal to BC: Then, from what has AC B P 

been demonstrated, it follows that the 

rectangle AD, DB is equivalent to the square of AB. 

This problem may, however, be constructed somewhat 
differently, without employing the collateral properties. 

For bisect AB in C (I. 7-)^ draw (I. 5. cor. 2.) the per- 
pendicular BD equal to BC, join AD and' continue it 
until D£ be equal to DB or BC, and on AB produced 
take AF equal to AE : The line AF, 
is the required extension of AB. For 
make DG equal to DB or BC ; and 
because (11. 23. cor.) the rectangle 
EA, AG together with the square of 
DG or DB, is equivalent to the square 
of DA, or to the squares of AB and DB ; the rectangle 
EA, AG^ or FA> AC, is equivalent to the square of AB. 

It will be convenientjfor the sake of conciseness, to designate 
in future this remarkable division of a line, where the rectangle 
under the whole and one part is equivalent to the square of 
other, by the term Medial Section^ 




PROP. XXVII. THEOR. 

The square of the side of an isosceles triangle i 
equivalent to the square of a straight line drawim- 
from the vertex to the base, together with th(^ 
rectangle contained by the segments thus formed. 

If BD be drawn from the vertex of the isosceles triangle 

11 
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ABC to a point D in the base ; the square of AB is equi- 
valent to the square of BD, together with the rectangle 
under the segments AD^ DC. 

For bisejpt the base AC in £^ and join BE. Becsiuse 
the triangles ABE and CBE have the sides AB, A£ equal 
to BC^ CE, and the side BE common, they are equal (I. 
£.), and consequently the corresponding angles BEA, BEC 
are equal, and each of them a right angle. 
Wherefore the square of AB is equivalent 
to the squares of AE and BE (IL 14.) > 
and since AC is cut equally in E and un-^ 
equally in D, the square of AE is equiva- 
lent to the square of DE, together with the 
rectangles AD, DC (II. Q% cor. 1.); and 
consequently the square of AB is equiva- -^^ 
lent to the squares of BE and DE, together 
with the rectangle AD, DC. But the square of BD is 
equivalent to the squares of BE and DE (II. 14 ) ; whence 
the square of AB is equivalent to the square of BD, toge* 
ther with the rectangle AD, DC. 

Cor. The squai-e of a straight line BD drawn from the 
Tertex of an isosceles triangle to any point in the base pro- 
duced, is equivalent to the square of BA the side of the 
triangle, together with the rectangle contained by AD^ 
J)C the external segments of the base. 

For draw BE, as before, to bi- 
sect the base AC. The square 
of DE is equivalent to the square 
of AE, together with the rectangle 
AD, DC (II. 23. cor. 2) ; to each 
of these, add the square of BE^ 
md the squares of DE and BE, — 
that is, the square of BD(II. 14.), — 
are equal to the squares of AE and 
BE, or the square of BA, together with the rectangle AD> 
DC. 
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PROP. XXVIII. THEOR. 

/ 

If from the hypotenuse of a right-angled tri- 
angle, portions be cut off equal to the adjacent 
sides ; the square of the middle segment thus form- 
ed, is equivalent to twice the rectangle contained 
by the extreme segments. 

Let ABC be a triangle which is right-angled atB; from 
the hypotenuse AC^ cut off A£ equal to A6^ and CD equal 
to CB : Twice the rectangle under AD and CE is equiva- 
lent to the square of DE. 

For the straight line AC being divided into three por- 
tions^ the squares of AE and CD^ toge- . 
ther with twice the rectangle AD, CE, 
are equivalent to tbe squares of AC and 

DE (11* 24. cor. 1.). But the squares of ^ 

AB and BC, or those of AE and CD, are -A. B E C 
equivalent to the square of AC (II. 14^. 
There, consequently, remains twice the rectangle AD, CE 
equivalent to the square of DE. 

Cor. By an inverse process of reasoning it wiD appear, 
that if twice the rectangle AD, CE be equal to the square 
of DE, the straight line AC, so composed, is the hypo- 
tenuse of a right-angled triangle, of which AB and BC arc 
the sides. 

PROP. XXIX. THEOR. 

In a scalene triangle, the difference between the 
squares of the sides, is equivalent to twice the rect- 
angle contained by the base and the distance of its 
middle point from the perpendicular. 
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Let the side A6 of the triangle ABC be greater than 
BC; and haying let fall the perpendicular 6E^ and bisected 
AC in P : the excess of the square of AB above that of 
BC^ is equivalent to twice the rectangle contained by AC 
and DE. 

For the square of AB is equivalent to the squares of AE 
and BE (II. 14. )> s^nd tiie square of BE is equivalent to the 
squares CE and BE; wherefore the excess of the square of 
AB above that of BC^ is equivalent to 
the excess of the square of A£ above 
that of CE. But the excess of the square 
of AE above that of CE, is (II. 28.) eqiii- 
Ydlent to the rectangle contained by 
their sum AC and their difference, 
which is the double of DE (II. 1 3» cor.) ; 
and consequently the difference between the squares of AE 
and CE, being equivalent to the rectangle contained by 
AE and the double of CE, is equivalent to twice the rect* 
angle under AE and CE. 

Cor. The difference between the squares of the sides 
of a triangle, is equivalent to the difference between the 
squares of the segments of the base made by a perpendi* 
cular. 




PROP. XXX. THEOR. 

In any triangle the sum of the squares of the 
sides, is equivalent to twice the square of half the 
base and twice the square of the straight line which 
joins the point of bisection with the vertex. 

Let BD be drawn from the vertex B of the triangle 
ABC to bisect the base ; the squares of the sides AB and 
BC are together equivalent to twice the squares of AD 
and DB. 
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For let fall the perpendicular BE (1. 5.); 
and if the point D coincide with E, the 
triangle ABC being evidently isosceles^ 
the squares of AB and BC are the same 
with double the square'of AB^or double the 
squares of AE and EB, or of AD and DB (IL 14-) But if 
the perpendicular fall upon C^ the triangle is rightr-angledj 
and the squares of AB and BE or BC are equivalent to 
double the square of £B or CB^ and the 
square of EA or CA^ double the square 
of ED, or CD, and twice the square of 
AD; aqd sipce doubly the square of EB 
or CB, and double the square of ED or 
CD, are equivalent to twice the square 
of DB (II. 14.)> the squares of AB and BEorBC are eqoi* 
valent to twice the squares of AD and DB. 

In every other case, whether the perpendicular BE falls 
within or without the bs^se AC, the squares of AE, EC, 
the unequal segments of AC, are (II. 26. cor.) equivalent 
to twice the square of AD and twice the square of DE; 
fidd twice the square of EB to both, and the squares of 
AE, EB and of CE^ EB, or the squfires of the bypp- 
tenuses AB, BC, are equivalent to twice the square of AD, 
and twice the squares of Dp, EB, that is, (II. 14.) twtce 
the square of DP, 

Con If the triangle ABC be right-angled at B, the 
straight lii^e BD drawn from that point to bisect the base, 
is equal to either of its segments AD, DC. For the squares 
of AB and BC, being in this case equivalent to the square 
of AC (IJ. 14 ), or four times the square of AJ), twice the 
square of AD and twice the square of DB, must be equiva- 
lent to four times the square of AD, and consequently 
twice the square of AD is equivalent to twice the square 
of DB, or the sides of AD and DB are equal (IL 9* 
cor.). 
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PROP. XXXI. THEOR. 

The square of the side of a triangle is greater or 
less than the squares of the base and the other 
side, according as the opposite angle is obtuse or 
acute, — by twice the rectangle contained by the 
base and the distance intercepted between the ver- 
tex of that angle and the perpendicular. 

In the oblique-angled triangle ABC^ wb^re the perpen- 
dicular BD falls without the base; the square of the side 
AB which subtends th^ oblique ^ngle exceeds the squares 
of the sides AC and BC which contain it, by twice the 
rectangle pnder AC and CD. 

For the square of AD, or of the sum of AC and CD, is 
(II. 21.) equivalent to the squares of these lines AC, CD, 
together with twice their rectangle. Add the square of 
DB to each side, and the squares of AD, 
DB, or (II. 14.) the square of AB is equir 
valeut tQ the square of AC, aud the 
squares of CD, DB, together with twice 
the rectangle AC, CD; but the squares of 
CD, DB are (11. 14.) equivalent to the 
square of CB ; whence the square of AB exceeds the 
squares of AB, BC, by twice the rectangle under AC and 
CD. 

Again, in the acute-angled triangle ABC, 
where the perpendicular BD falls within the 
tris^ngle ; the square of the side AB that sub- 
tends the acute angle, is less than the squares 
of the containing sides AC, BC, by twice 
the rectangle under the base AC and its intercepted por- 
tion CD. 
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For the square of AD, or of the diflFerence between AC 
and CD, is (II. 22.) equivalent to tbe squares of AC, CD, 
diminished by twice their rectangle. Add to each the 
square of DB and the squares of AD and DB — or the square 
of AB — are equivalent to the square of AC> with the squares 
of CD, DB — or the square of BC — diminished by twice the 
rectangle under AC and CD. Consequently the square of 
AB is less than the squares of AC, BC, by twice the rect- 
angle under AC, CD. 

Cor. If the side AB be equal to the base AC, the square 
of the other side BC is equivalent to twice the rectangle 
AC, CD. 

PROP. XXXII. THEOR. 

If straight lines be drawn from the angular 
points of a triangle to bisect the opposite sides, 
thrice the squares of these sides are together equi- 
valent to four times the squares of the bisecting 
lines. 

Let the sides of the triangle ABC be bisected in D, E, 
and F, and straight lines drawn from these points to the 
Opposite vertices ; thrice the squares of the sides AB, BC, 
and AC are together equivalent to four times tbe squares 
of BD, CE and AF. 

For by Prop. II. 9,9, the square)s of AB, BC are equiva- 
lent to twice the square of BD and 
twice the square of AD, that is, half 
the square of AC ; the squares of BC, 
AC are equivalent to twice the squares 
of C£ and half the square of AB ; and 
the squares of AC, AB are equivalent 
to twice the square of AF and half the 
square of BC. Whence the squares of the sides of the tri- 
angle, repeated twice, are equivalent to twice the squares 
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of BD, CE^ and AF, with half the squares of the sides of 
the triangle. Consequently four times the squares of AB 
BC^ and AC are equivalent to four times the squares of 
BD, CE, and AF, with once the squares of AB, BC, and 
AC; wlierefore thrice the squares of the sides AB, BC, 
and AC are together equivalent to four times the squares 
of the bisecting lines BD, CE, and AF. 



PROP. XXXIIL THEOR. 

The squares of lines drawn from any point to the 
opposite corners of a rectangle are together equi- 
valent. 




If from a point E, either within or without the rectangle 
ABCDj straight lines be drawn to the four comers, the 
squares of AE, EC are together equivalent to the squares 
of BE, ED. 

For join E with F, — the intersec- 
tion of the diagonals AC, BD. And 
because the triangles BCD, ADC 
bave the side BC equal to AD, CD 
common, and the right angle BCD 
«qual to ADC, they are equal (1. 3.) 
and consequently BD is equal to 
AC ; and since these diagonals bi- 
sect each other (1.31.), the portions 
AF, BF, CF, and DF are all equal. 
Wherefore the squares of AE, EC 
are equivalent to twice the square 
of AF and twice the square of EF (I. €i9.)» and the squares 
of BE, ED are likewise equivalent to the square of BF 
and the same square of EF ; consequently, the squares of 
AF and BF being equal, the squares of AE, EC, are to- 
gether equivalent to the squares of B£> ED. 
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PROP. XXXIV. THEOR. 

The squares of the sides of a rhombcHd, are toge- 
ther equivalent to the squares of its diagonals. 

Let A6CD be a rhomboid : The squares of all the sides 
AB, BCjCD, and AD> are together equivalent to the squares 
of the diagonals AC^ BD. 

For the diagonals bisect eaeh 
other (I. SI.), and consequently the 
squares of AB,BC, are equivalent to 
twice the square of A£ and twice 
the square of BE (II. 30.) ; where- 
fore twice the squares of AB^ BC^ or the squares of all the 
sides of the rhomboid^ are equivalent to four times the 
square of A£ and four times the square of B£^ that is, to 
the squares of AC and BD. 




PROP. XXXV. THEOR. 

The squares of the sides of a quadrilateral figure 
are together equivalent to the squares of th^ dia^ 
gonals, together with four times the square of the 
straight line joining their middle points. 

LetABCD be a quadrilateral figure^ in which the straight 
lines AC> BD> drawn to the opposite corners^ are bisected 
in the points E, F ; the squares of AB, BC, CD, and DA, 
are together equivalent to the squares of AC, BD, toge<p 
ther with four times the square of EF. 
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For join EF. And because AC is bisected in F, the 
squares of AB, BC, are equivalent to twice the square of 
AF, and twice the square of BF 
(II. 29); and for the same reason^ 
the squares of CD, DA, are equi- 
valent to twice the square of AF 
and twice the square of DF. Con- 
^quently the squares of all the 
sides AB,- BC, CD, and DA, are 
equivalent to four times the square 
of AF — or the square of AC — with 

twice th^ square of BFand of DF. But twice these squares 
of BF and DF, is equivalent (II. 29.) to four times the 
square of BE, or the square of BD, with four times the 
square of EF ; whence the squares of all the sides of the 
quadrilateral figure, are together equivalent to the squares 
of its diagonals AC, BD, with four times the square of 
£F, which joins their points of equal section. 
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DEFINITIONS. 



1. Any portion of the circum- 
ference of a circle is called an 
arc, and the straight line which 
joins the two extremities^ a chord. 

2. The space included between an arc and its chord is 
named a segment. 



3. A sector is the portion of a circle con- 
tained by two radii and the arc between 
them. 





4. A strdght line is said to be if^cted 
in a circle^ when it terminates at the circum- 
ference* 
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5. The tangent to a circle is a straight 
line vfhich touches the circumference, or 
meets it only in a single point. 




6. Circles are said to touch 

« 

mutually^ if they meet but do 
not cut each other. 




7« The point where a straight; line touches a circle^ or one 
circle touches another^ is termed the point of contact. 
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PROP I. THEOR, 
A circle has only one centre. 

For if the circle AEBF has, be- 
sides the centre C, another centi'e 
D ; join the points C^ D^ and extend 
the straight line to terminate botii 
ways in the circumference at A and 
B. 

Because C is the centre of the 
circle, AC is equal to CB; but since 
D is also a centre, AD must be equal to D£ ; that is, a 
greater to a less, — which is impossible. Wherefore the 
circle AEBF has no other centre than the point C. 




PROP. II. THEOR, 
A circle is bisected by its diameter. 

The circle ADBE is divided into two equal portions by 
the diameter AB. 

For let the portion ADB be reversed and applied to 
AEB, the straight line AB and its 
middle point, or the centre C, re- 
maining the same. And since the 
radii of the circle are all equal, or 
the distance of C from any point in 
the boundary ADB is equal to its 
distance from any point of the 
boundary AEB, every point D of the 
former must meet with a correspond- 
ing point of the latter, and consequently the two portions 
ADB and AEB will entirely coincide. 
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Cor. The portion ADB limited by a diameter^ is thus a 
semicircle^ and the arc ADB is a semicircumference. 




PROP. III. THEOR. 

A straight line cuts the circumference of a circle 
only in two points. 

If the straight line AB cut the 
circumference of a circle in D, it 
can only meet it again in a single 
point £. 

For join D and the centre C ; 
and because from the point C only ^ »^ 
two equal straight lines^ such as 

CD and CE, can be drawn to AB (I. 22. cor.)^ the circle 
described from C through the point D will cross AB again 
only at R ' 

PROP. IV. THEOR. 
The chord of an arc lies wholly within the circle. 

The straight line AB which joins two points A^ B 
in the circumference of a circle, lies wholly within the fi- 
gure. 

For from the ceptre C draw Ct) to 
any point in AB, and join CA and 
CB. 

Because CDA is the exterior angle 
of the triangle CDB, it is greater than 
the interior CBD or CBA (1. 10.); but 
CBA, being equal to CAB or CAD 
(I. 8.), CDA is greater than CAD ; 
wherefore the opposite side CA is greater than CD (1. 15.), 

2 
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«r CD is less than C A, and consequently the point D must 
lie within the circle. 
Cot. Hence a circle is concave towards its centre. 



PROP. V. THEOR. 

A straight line drawn from the centre, of a circle 
at right angles to a chord, likewise bisects it ; ^nd^ 
conversely, the straight line which joins the centre 

with the fniddle of d. chord, is perpendicular to it. 

■ •• > ' 

The perpendicular let fall from the centre C upon the 
chord AB^ cuts it into two equal parts AD^ DB. 

For join CA, CB : And in the triangles ACD, BCD, the. 
side AC is equal to CB, CD is common 
to both, and the right angle ADC is 
€qual to BDC ; these triangles, being 
of the same aflfection, are equal (1. 24.), 
and consequently the corresponding- 
aide AD equal to BD. 

Again, let AD be equal to BD ; the 
bisecting line CD is at right angles to 
AB. 

For join CA, CB. The triangles ACD and BCD, ha- 
ving the sides AC, AD equal to CB, BD, and the remain- 
ing side CD common to both, are equal (I. 2.)^ and con- 
sequently the angle CD A is equal to CDB, and each of 
them a right angle^ 

PROP. VI. THEOR. 

A straight line which bisects a chord at right 
angles, passes through the centre of the circle. 
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If the perpendicular FE bisect a chord AB^ it will pass 
through G the centre of the circle. 

For in FE take any point D, and 
join DA and DB. The triangles ADC 
and BDC, having the side AC equal 
to BC^ CD common^ and the right 
angle ACD equal to BCD^ are equal 
(L3.)^ and consequently the base AD 
is equal to BD. The point D is, there- 
fore, the centre of a circle described 
through A and B ; and thus the centres of the circles that 
can pass through A and B are all found in the straight line 
EF. Tlie centre G of the circle AEBF must hence occur 
in that perpendicular, 

Cor. The c^entre of a circle may hence be found by bi- 
secting the chord AB by the diameter EF (I. 7*)j ^>^^ ^i* 
secting this again in G. 




PROP. VII. THEOR. 

The greatest line that can be drawn witliin a 
circle, is the diameter. 



The diameter AB is greater than 
any chord DE. 

For join CD and GE. The two 
sides DC and EC of the triangle 
DCE are together greater than the 
third side DE (I. l6.) ; but DC and 
CE are equal to AC and CB, or to 
the whole diameter AB. Wherefore AB is greater than 
DE. 

IS 
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PROP VIII. THEOR. 

If from any eccentric point, two straight lines be 
dr^wn to the circumferencje of a cirple; the one 
which passes nearer the centre, is greater than that 
which lies more remote. 




AH! 



Let C be the centre of a circle^ 
and A a diflFerent point, from 
which two straight lines AD and 
AS are drawn to the circumfe- 
rence ; of these lines, AD, which 
lies nearer to B the opposite extre- 
mity of the diameter, is greater 
than A£. 

iPoT the triangles ADC and 
AEC have the side CD equal to 
C£, the side CA common to both, 
but the contained angle . DCA 
greater than EGA ; wherefore (I. 
20.) the base AD is likewise 
greater than the base A£* 

Cor. 1. Hence the straight line 
ACB, which passes through the 
centre, is the greatest of all those 
that can be drawn to the circq^a- 
ference of the circle from tfejC ecr 
centric point A. For it i$ jevidenf; 
from the Proposition, thai the 
nearer the point D appi*Qachi&s to B, the greater is AD ; 
consequently the point B forms the extreme limit of ma? 
joritjr, or AB is thje greatest line that can be dcawQ from 
A to the cisciua&reiiae. 
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Cor, 2. Hence also, whether the eccentric point be 
within or without the circle, the straight line AH is the 
shortest that can be drawn from A to the circumference. 
For AE is less than AD, and AG less than AF; and the^ 
nearer the terminating point approaches to H, which is 
obviously the most remote from B, the shorter must be its 
distance from A. Wherefore the point H marks the limit of 
minority, and AH is the shortest line that can be drawn ' 
from A to the circumference of the circle. 



PROP. IX. THEOR. 

From any eccentric point, not more than two 
straight lines can be drawn to the circumference 
one on each side of the diameter. 




Let A be a point which is not 
the centre of the circle, and AD a 
straight line dravfn from it to the 
circumference. 

Find the centre C (HI. 6. cor.) 
join CA and CD, draw CE making 
an angle ACE equal to ACD (I. 4.) 
and cutting the circumference in 
E, and join AE : The straight lines 
AE, AD are equal. 

For the triangles ADC, AEC, 
having the side CD equal to CE, 
the side AC common, and the con- 
tained angle ACD equal to ACE, 
are equal (I. 3.), and consequently 
the base AD is equal to AE. 

But, except AE, no straight line can be drawn from A 
on the same side of the diameter HB, that shall be equal to 
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AD : For if the line terminate in a point F between E and 
B, it will be greater than AE (III. 8.0 ; and if the line 
terminate inG between EandH^ it will, for the same rea- 
son, be less than AE. 

Cor. That point from which more than two equal 
straight lines can be drawn to the circumference, is the 
centre of the circle. 



PROP. X. THEOR. 

One circle will not cut another in more than twa 
points: 

Let DCF and DCE be two circles, of 
which A and B are the centres ; join B 
and the intersections C and D. 

And because B is a point different 
from the centre A of the circle DCF, 
not more than two straight lines 
BC and BD can be drawn from 
it to the circumference of that 
circle (III. 9-) ; consequently the 
circle, described from B as a 
centre an d^ through the points C and D, will not again 
meet the circumference DGF. 





PROP. XI. THEOR. 

A circle may be described through three points 
which are not in the same straight line. 



Let A^ B, C, be three points not lying in the same di- 
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rectioii ; the circtimferetlee of a circle may bd made <# 
pff^s tlirotfgh these points. 

For (I. 7.) bisect AB by the per- 
pendicular DF, and BC by the per- 
pendicular EF. These straight fines 
DF, EF will meet ; because^ DE be- 
ing jtrined, the angles EDF, DEF are 
less than BDF^ BEF^ and consequent- 
ly are together less than two right 
angles, and DF, EF are not parallel (I. 25.) but concur to 
form a triangle whose vertex is F. 

Again, every circle that passes through the two points A and 
!b, has its centre in the perpendicular DF (III. 6*); and^ for 
the same reason, every circle that passes through B sold C 
has its centre in EF ; consequently the circle which would 
pass through all the three points, mtist have its centre iliF, 
the point common to both perpendiculars DF and EF. 

It is manifest that, there is only one circle which fiah he 
made to pass through the three points A, B, C ; for the 

intersection of the stmight lines DF and EF, which nmrkt 

the centre, is a single point. 

Cor. Hence the mode of describing a circle about ft 

given triangle ABC. 



PROP. XII. THEOR. 

Equal chords are equidistant from the centre of 
a circle ; and chords which are equidistant from the 
centre, are likewise equal. 

Let AB^ DE be equal chords inflected within the same 
circle ; their distances from the centre, or the perpendicu- 
lars CF, CG^ let fall upon them, are equal. 

For the perpendiculars CF and CG bisect the chords 
AB and DE (III. di), and Gonse(|uentIy BF, DG, the halves 
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of ^se^ are likewise equal. The righi-aBgled ttiUBgles 

CBF and CDG^ which are thus of the 

saifie affection^ hating the two ^ides 

BC, HP equal respeetiTely to DC, DG, 

aad the oairespon^ng angle BFC 

equfd 1^ DQG, are equal (I. 94), and 

ceBsequeAtlr the side FG is equal to 

GC. "^ 

Agsdn^ if the chords AB, DE be 
equally distant from the centre, they are themselves equal. 

For the same construction remaininig: The triangles 
CBF and CDG are still of the same affection ; and have 
now the two side* CB, CF equal to CD, CG, and the 
Mhglt BFC equal to DGC ; consequently they are equali 
and the side BF equal to DG ; the doubles of these, there^ 
fore, or the whole chords AB, DE, are eqtal. 



PROP. XIII. THEOR. 

The greater chord is nearer the centre of the 
circle ; and the chord which is nearer the centre is 
likewise the greater. 



Let the chord AB be greater than DE; its distance from 
the centre, or the perpendicular CF let fall upon it, is less 
than the distance CG. 

For in the right-angled triangle 
BCF^ the square of the hypotenuse 
BC is equivalent to the squares of BF 
and FC (II. 14.); and for the same 
reieison, the square of the hypotenuse 
DC of the right-angled triangle DC(J 
is equivalent to the squares of DG and 
GC. But BC and DC are equal, and 
consequently their squares (IL 10. cor.) ; wherefore the 
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squares of BF and FC are equivalent to the squares of 
DG and GC. And since AB is greater than DE, its half ^ 
BF is greater than DG^ and consequently the square of 
BF is greater than the square of DG; the square of FC is> 
therefore, less than the square of GC, because, when joio- 
ed to the squares of BF and BG, they produce the same 
amount, or the square of the radius of the circle. Hence 
the perpendicular FC itself is less than GC. 

Again, if the chord AB be nearer the centre than DE, 
it is also greater. 

For the same construction remaining : It is proved that 
the squares of BF and FC are together equal to the squares 
of DG and GC ; but FC being less than GC, the square 
of FC is less than tlie square of GC, and consequently the 
square of BF is greater than the square of DG ; whence 
the side BF is greater than DG, and its double or the chord 
AB greater than DE. 



PROP. XIV. THEOR. ^ 
Circles are equal which have equal diameters. 

Let ABC and DEF be two circles of equal diameters,, or 
described with the same distance GA or HD : they are 
equal. 

For if the circle ABC be applied to DEF, the centre G 
being laid on H, these circles 
must coincide ; because, the 
radius or semidiameter GA be- 
ing equal to HD, every point 
A of the circumference ABC 
must, after the superposition 
of the surfaces, find a corre- 
sponding point D of the circumference DEF. 

Cor. It is also manifest that, conversely, equal circles 
must have equal diameters^ 
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PROP. XV, THEOR. 

In th6 same or equal circles, equal angles at the 
centre are subtended by equal chords, and termina- 
ted by equal arcs. 

ft 

If the angle ACB at the centre C be eqtial to DCE, the 
chord AB is equal to D£^ and the arc AFB is equal to 
DGE. 

For let the sector ACB be applied to DCE. The centre 
remaining in its place^ the radius CA will lie on CD ; and 
the angle ACB being equal to DCE, the radius CB will 
adapt itself to CE. And because 
all the radii are equal, their extreme 
points A and B must coincide with 
D and E ^ wherefore the straight 
lines which join thos^ points, or the 
chords AB and DE, must coincide. 
But the arcs AFB and DGE that 
connect the same points, will also 
coincide; for any intermediate point 
F in the one, being at the same distance from the centre 
as every point of the other, must, on its application, find 
always a corresponding point G. 

The same mode of reasoning is applicable to the case of 
equal circles. 

Cor. Hence, in the same or equal circles, equal arcs are 
subtended by equal chords, and terminate equal angles at 
the centre. 

PROP. XVI. THEOR. 

In the same or equal circles, equal chords sub- 
tend equal arc3 of a hke kind. 
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If the chord AB be different from the diameter^ it will 
evidently subtend at the same time two unequal portions 
of the circumference of a circle^ the one terminating the 
angle ACB at the centre and less than the semicircumfe- 
rence^ the other greater thah this and terminating the re* 
versed angle* 

In the equal circles GAHB 
and IDKE the chord AB 
subtends the arcs AGB and 
AHB^ which are respectively 
equal to DIE and DKE sub- 
tended by the equal chord 

i)E. 

For join CA, CB, md F'D, FE. The two triangles CAS 
and FDE^ having all the sides of the one equal to tiiose of 
the other^ are equal (I. 2.) ; and consequently the angle 
ACB is equal to DFE. Wherefore the arcs AGB and 
DIE^ which terminate these equal angles^ are (III. 15.) 
themselves equal ; and hence the remaining portions 
AHB and DKE of the equal circumferences aire likewise 
equal. 

This demonstration^ it is evident^ will likewise apply in 
the case of the same circle* 




PROP. XVII. PROB. 
To bisect an arc of a circle. 

Let it be required to divide the arc AEB into two equal 
portions. 

Draw the chord AB, and bisect it by the perpendicu^ 
lar EF (I. 7.)^ cutting AB in E : The arc AE is equal ta 
EB. 
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Pot tibe Hiangleiit ADE> BDE^ haVe 
die side AD eqaal to BD> the side 
DE common^ and the containing 
right angle ADE equal to BDE ; they 
are (I. 3.) consequently equals and 
the base AE equal to BE. But these 
equal chords AE^ BE must subtend 
equal arcs of a like kind (III. 16.)^ 
and the arcs AE^ BE are evidently each of them less than 
a semicircumference. 

Car. The correlative arc AFB is also bisected by the 
perpendicular EF. 




PROP. XVIIl. PROB. 



Given an arc, to complete its circle. 




Let ADB be an arc ; it is required to trace the circle to 
which it belongs. 

Draw the chord AB^ and bisect it 
hy the perpendicular CD (L 7.) cut* 
ting the arc in D^ join AD^ and from A 
drctw AC making an angle DAG equal 
to .ADC (I. 4.) : The intersection C 
of this straight line with the perpen- 
dicular, is the centre of the circle re- 
quired. 

Per join CB. The triangles AGE 
and BGE, having the side EA equal 

to £B, the side EC common, and the 

contained angle AEG equal to BEG, 

are equal (I. S.)s and consequently AC 

is equal to BG. But AG is also equal 

to CD (I. 90 because the angle DAG was made equdl to 
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ADC. Wherefore (III. 9. con) the three straight. lihesr 
C A, CD, and CB being all equal, the point C is th^ centre 
of the circle. 



PROP. XIX. THEOR. • 

The angle at the centre of a circle is double af 
the angle which, standing on the same arc, has its 
vertex in the circumference. 



Let AB be an arc of a circle ; the angle which it termi- 
nates at the centre, is double of ADB the corresponding^ 
angle at the circumference. 

For join DC and produce it to the opposite circumfe- 
rence. This diameter DCE, if it lie not on one of the 
sides of the angle ADB, must either fall within that angle 
or without it. 

First, let DC coincide with DB. And 
because AC is equal to DC, the angle 
ADC is equal to DAC (I. 8.) ; but the 
exterior angle ACB is equal to both of 
these (I. 34.) and therefore equal to 
double of either, or the angle ACB at 
the centre is double of the angle ADB 
at the circumference. 

Next, let the straight line DCE lie 
within the angle ADB. From what 
has been demonstrated, it is apparent, 
that the angle ACE is double of ADE, 
and the angle BCE double of BDE; 
wherefore the angles ACE, BCE ta- 
ken together, or the whole angle ACB, 
are double of the collected angles 
ADE, BDE, or the angle ADB at the circumference* 
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Lastly, let DCE fall without the 
angle ADB. Because the angle BCE 
is double of BDE, andthe angle ACE 
is double of ADE; the excess of BCE 
above ACE, or the angle ACB at the 
cenlre, is double of the e:^cess of BDE 
above ADEi that is, of the angle 
ADB at the circumference* 





PROP. XX. THEOR. 

The angles in the same segment of a circle are 
equal. 

Let ADB be the segment of a 
circle; the angles AFB, AGB con- 
tained in it, or which stand on the 
opposite portion AEB of the circum- 
ference, are equal to each other. 

ForjoiuCA,CB. The angle ACB 
at the centre. is double of the angle 
AFB or AGB at the circumference 
(IIL 19.) ; these angles AFB, AGB, 

which stand o^ the same arc AEB, 

.' . . . . •■ • 

are, therefore, the halves of the same 
central angle ACB, and are conse- 
quently equal to each other. 

Cor. Hence equal angles at the 
circumference must stand on equal 
arcs ; for their doubles or the central angles, being equal, 
are terminated by equal arcs (III. 15.) Hence also equal 
angles that stand on the same base, have their vertices ia 
the same segment of a circle. , 
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PROP. XXI* THEOR. 

The opposite angles of a quadrilateral figure Con- 
tained within a circle, are together equjd to two 
right angles. 

Let ABCD be a quadrilateral figure described in a 
circle; the angles A ^nd C are together equal to two 
right angles^ and so are those at B and D. 

For join £B apd ED. The angk BED at the centre is 
double of the angle BCD at 1;he cir- 
cumference [(III. 19.); and for the 
same reason^ the reversed angle BED 
is double of BAD. Consequently the 
angles BCD and BAD are the halves 
of angles about the point E^ and 
which make up four right angles; 
wherefore the angles BCD and BAP 
are together equal to two right angles. 

In the same manner^ by joining £A and £C^ it may be 
proved, that the angles ABC and ADC are together equi^ 
to two right angles. 

Cor. Hence a circle may be described about a quadri- 
lateral figure which has its opposite angles equal to two 
right angles ; for if a circle be made to circumscribe 
th6 triangle BCD (III. 11. cor.), the angles c^posite to 
the base BD are equal to two right angles, and therefore 
equal to the angles BCD and BAD; consequently the 
angle BAD is equal to an angle in the segment BAD, and 
Jience (III. f 0. cor.) they are contained in the same; seg- 
ment, or the circumference of the circle passes through 
all the four points A, B, C^ and J). 
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PROP. XXII. THEOR. 
Parallel chords intprcept equal arcs of a circle. 

Let the chord AB be parallel to CD $ the intercepted 
arc AC is equal to BD. 

For join AD. And because the 
straight lines AB and CD are paral<^ 
lel^ the alternate angles BAD and 
ADC are equal (I. 25.); wherefore 
these angles^ having their vertices in 
the circumference of the circle^ naust 
stand on equal arcs (III. 20. cor.)^ 
and consequently the arcs AC and BD are equi^ to each 
other. 

Cor. Hence^ conversely, the £(traight lines which inter-p 
cept equal arcs of a circle are parallel ; apd henoe another 
mode of drawing a parallel through a given point to a given 
straight line. 




PROP. XXIIL THEOR. 

The inclination of two straight lines is equal to 
the angle terminated at the circumference by the 
sum or difference of the arcs which they intercept, 
according as their vertex is within or without the 
circle. 

If the two straight lines AB and CD intersect each 
0ther in the point £ within a circle ; '^tfa^ ^«gle AEO 
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which they form, is equal to an angle at the circumfe' 
rence and standing on the sum of the intercepted arcs AD 
and BC. . ^ 

For draw the chord BF parallel to 
CD fill. 22. cor.) Because ED and 
BF are parallel, the angle AED (L 
2i/.) is equal to the interior angle 
ABF, which stands on the arc AF; 
but since the chords BF and CD are 
parallel, the arc BC is equal to DF 
(111. 22.), and consequently the arc AF^ which tenninates 
at the circumference an angle equal to AED^ is the sum 
of the two intercepted arcs AD and BC. 

Again, if the straight lines AB 
and CD meet at E, without the 
circle, their inclination AED is equal 
to an angle at the circumference, and 
having for its base the excess of the 
arc AD above BC. 

For BF being drawn parallel to 
CD, the arc BC is equal to FD, and 
consequently the arc AF is the ex- 
cess of AD above BC ; but the angle ABF which stands 
on AF, is equal to the interior angle AED. 

Cor, Hence if two chords intersect each other at right 
angles within a circle, the opposite intercepted arcs sst 
equal to the semicircumference. 




PROP. XXIV. THEOR. 



If, on each side of any point in the circumference 
of a circle, equal arcs be repeated ; the chords which 
join the opposite points of section will be together 
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i^qual to the last chord extended tiU it meets a 
straight line drawn through the middle point and 
either extremity of the first chord. 

Let DAG be the circumference of u circle^ in which the 
arcs AB^ BC> CD on the one side of a point A, and the 

corresponding arcs AE^ £F^ F6 on the other side^ are all 

assumed equal ; the chords B£^ CF^ and D6> are together 

equal to the line GH, formed by extending GD till it 

meets the production of AB. 

for join FD and C£^ and produce this to meet GH in 

the point !• 

£ecause the arc CD j^ 

is equal to FG, the B^^^Z^B 

chord CF is parallel 

to DG or ID (III; 22. 

cor,); consequently the 

exterior angle ECF is 

equal to CID (I. 25.); 

but ECF is equal to FDG> since they stand oil the equal 

arcs EP and FG (III. 20.) ; whence the interior angle CID 

is equal to FDG^ and therefore CI is parallel to FD (L 

^.)— or the figure ICFD is a parallelogram^ and the side 

ID equal to CF (L 29.) 

Again^ the double arc BD being equal to EG> the chord 
«E is parallel to DG or HI, and therefore the exterior 
^Ogle ABE is equal to BHI; but ABE is equal to FDG, 
y^r they Btand on equal arcs AE and FG; and FDG be«> 
^^g equal to CID, the interior angle BHI must be equal 
^o ClD; and consequently the figure HBEI is a parallelo- 
gram, and the side HI equal to BE. Thus, the exterior 
part of die Hoe GH consists of two segments HI and ID, 
^hich are respectii^ely equal to thfc chords BE and CF, 
and the remaining part DG forms the third chord : The 
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extended chord GH is^ therefore, equal to all the three 
chords BE, CF, and DG. 

It is ohvious, that the same train of reasoning may be 
pursued to any number of equal arcs. 



PROP. XXV. THEOR. 

If, from the end of an arc, a straight line equal tor 
the radius of the circle, be inflected to a diameter 
extending through the other end, and be produced 
to meet the circumference ; it will intercept, from 
the remoter extremity of the diameter, an arc 
which is triple of the first arc. 



Let AB be an arc of a circle, and D a point in the es> 
tended diameter FB, such that DA is equal to the radius 
CB ; on producing DA to meet the circumference in E, 
the arc FE, thus intercepted, is triple of AB. 

If the point E lie between F and A ,• join AC, and draw 
AG parallel to DF. Because AD 
is equal to the radius AC, the 
angle ACB is equal to ADC (I. 
8.); and DC being parallel to 
AG, the angle ADC is equal to 
EAG (I. 25.)> and consequently 
EAG is equal to ACB. But an 
angle at the centre on the same 
base GE would be double of EAG or ACB (III. IQ.); 
wherefore the arc GE is double of AB (III. 20. cor.), and 
GF being equal to AB (III. 22.), the whole arc FE is 
triple of AB. 
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Again, if the point E lie beyond FA. Draw EG paral- 
lel to BF. And AD being equal to 
AC, the angle ACB is equal to 
ADC ; but ADC is equal to the in- 
terior angle AEG, consequently the 
central angle ACB is equal to AEG 
at the circumference ; wherefore the 
arc GFA is double of AB, and 
6FAB its triple ; add to the one 
side, and take away from the other, the equal arcs BE and 
F6, and there results the arc FAE triple of AB. 




PROP. XXVI. THEOR. 

The angle in a semicircle is a right angle, the 
angle in a greater segment is acute, and the angle 
in a smaller segment is obtuse. 



Let ABD be an angle in a semicircle^ or that stands on 
the semicircumference AED,- it Is a right angle. 

For ABD, being an angle at the 
circumference, is half of the angle 
at the centre on the same base 
AED (III. 19.); it is, therefore, 
half of the angle ACD formed by 
the opposite portions CA, CD of 
the diameter, or half of two right 
angles, and is consequently equal 
to one right angle. 

Again^ let ABD be an angle in a segment greater than 
a semicircle, or which stands on a less arc AED than the 
semicircumference ; it is an acute angle. 
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For join CA, CD. The angle 
ABD is half of the central angle 
ACD^ which is evidently less than 
two right angles; wherefore ABD 
is less than one right angle^ or it is 
acute. 

But the angle AED, in the smaller 
segment^ is obtuse. For AED stands 
on the arc ABD^ which is grei^ter than a semicireHmfe* 
rence> and is the b^se of an angle at the centre^ the revene 
of ACD^ and greater^ therefore^ than two right angles ; 
AED is hence an obtuse angle. 

Cor. From the remarkable property^ that the angle In a 
semicircle is a right angle^ may be derived an elegant me- 
thod of drawing perpendiculars. 



PROP. XXVII. THEOR. 

« 

If a circle be described on the radius of another 
circle, any straight line drawn from the point 
where they meet to the outer circumference is bi- 
sected by the interior one. 



Let AEC be a circle described 
on the radius AC of the circle 
ADB^ and AD a straight line drawn 
from A to terminate in the exte* 
rior circumference; the part A£ in 
the smaller circle is equal to the part 
ED intercepted between the two cir- 
cumferences. 

For join CE^ CD» And because AEC is a semicircle^ 
the angle contained in it is a right angle (III. 25.) ; con- 
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leqnently the straight line CE^ drawn from the centre C, is 
perpendicolar to the chora AD, and therefore bisects it 
(lU. 5.) 



PROP. XXVIII. THEOR. 

The perpendicular at the extremity of a diame- 
ter is a tangent to the circle, and is the only tan- 
gent which can be applied at that point. 




Let ACB be the diameter of a circle, to which the 
straight line £BD is drawn at right angles from the ex- 
tremity B ; it will touch the circumference at that point. 

For CB, being perpendicu- 
lar^ is the shortest distance of 
the centre G from the straight 
line EBD (I. 2€.) ; wherefore 
eveiy other point in this line 
is farther from the centre than 
By and consequently falls with- 
out the circle. 

But the perpendicular EBD 
is the only straight line which can be drawn through the 
point B that will not cut the circle. For if HBF were such 
a line> the perpendicular C6^ let fall upon it from the centre^ 
would be less than CB (I. 22.) and would therefore lie 
within the circle; consequently HBG, being extended, 
would again meet the circumference before it eflected its 
escape. 

Cor. Hence a straight line drawn from, the point of con- 
tact at right angles to a tangent, must be a diameter, or 
pass through the centre of the circle. 

SchoL The nature of a tangent to the circle is easily dis- 
covered from the consideration of limits. For suppose the 
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Straight line DE^ extending both ways^ to turn abont the 
extremity B of the diameter AB; it will cat the circle 
first on the one side of AB, and 
afterwards on the other. But the 
arc AH being less than a semi- 
circumference^ the angle HBA 
which the line D^E" makes with the 

diameter is acut^,(UI* ^^O; &nd 
for the same reason^ the angle 
KBA is acute^ and consequently 
its adjacent angle D^BA is obtuse. 
Thus the revolving line DE, when 

it meets the semicircumference AHB^ makes an aicute 
angle with the diameter; but when it comes to meet the 
opposite semicircumference^ it makes an obtuse angle. 
In passings therefore^, through all the intermediate grada- 
tions from minority to majority^ the line DE must find a 
certain individual position in which it is at right angles to 
the diameter^ and cuts the circle neither on the one side 
nor the other. 

A similar inference might be derived from Prop* 22. of 
this Book ; one of the parallel chords being supposed to 
contract^ until its extreme points are about to coalesce in 
the position of the tangent. 



PROP. XXIX. THEOR. 

If from the point of contact a straight lin e be 
drawn to cut the circumference, the angles vhich 
it makes with the tangent are equal to those in the 
alternate segments of the circle. 



Let CD be a tangent; and BE a straight line drawn 
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from the point of contact cutting the circle into two seg- 
ments BAE and BFE ; the angle EBD is equal to EAB, 
and the angle EBC to EFB. 

For draw BA perpendicular to CD (I. 5. cor.), join AE, 
and from any point F in the opposite arc draw' FB and 
FE. 

Because BA is perpendicular to the tangent at Bj it is 
a diameter (III. 26. cor.), and con- 
sequently AEFB is a semicircle; 
ivherefore AEB is a right angle (III. 
S5.) and the remaining acute angles 
BAE, ABE of the triangle, being to- 
^gether equal to another right angle, 
are equal to ABE and EBD, which 
compose the right angle ABD. 
Take the angle ABE away from 
both, and the angle BAE remains equal to EBD. 

Again, the opposite angles BAE and BFE of the qua- 
drilateral figure BAEF, being equal to two right angles 
<III. 21.)> are equal to the angle ]EBD with its adjacent 
angle EBC ; and taking away the equals BAE and EBD^ 
there remains the angle BFE equal to EBC. 

Car. If a straight line meet the circumference of a circle, 
and make an angle with an inflected line equal to that in 
the alternate segment, it touches the circle. 




PROP. XXX. PROB^ 

To draw a tangent to a circle from a given point 
without it. 

Let A be a given point, from which it is required to 
draw a straight line that shall touch the circle DGH. 
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Find the centre C (III. 6. cor.)y 
join CA and draw DE perpendicular 
to CA (L 5. cor.)j from C with the 
distance CA describe a circle meet- 
ing D£ in F> join CF cutting the in- 
terior circumference in G ; AG being 
joined^ is the tangent which was re- 
quired. 

For the triangles ACG and FCD 
have the sides CA^ CG equal to CF, 
CD, and the containing angle ACF common to both; 
they arey therefore, equal (I. 3.), and consequently the 
angle CGA is equal to CDF. But CDF is a right angle ; 
whence CGA is likewise a right angle, and AG a tangent 
to the circle (III. 27.) , 




Orthui. 

On AC as a diameter describe 
the circle AGCK, cutting the gi- 
ven ci/cle in the points G, K : Join 
AG, AK ; either of these lines is 
the tangent required. 

For join CG, CK. And the 
angles CGA, CKA, being each 

in a semicircle, are right angles (III. 25.), and conse- 
quently AG, AK touch the circle DGHK at the pointe G, 
K (III. 26.) 
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PROP. XXXL PROB. 

On a given straight line, to describe a segment 
of a circle, that shall contain an angle equal to a 
given angle. 

Let AB be a straight line^ on which it is required to de» 
scribe a segment containing an angle equal to C' 

If C be a right angle> it is evident that theproblem will 
be perfonned, by describing a 
semicircle on AB. But if the 
angle C be either acute or ob- 
tuse : Draw AD making an angle 
BAD equal to C (1. 4.), erect AE 
perpendicular to AD (L SB.), 
drawEF to bisect AB at right 
angles (I. 5. cor.) and meeting 
AE in E^ and from this point as 
a centre and with the distance 
£A^ describe the required seg- 
ment AGB. 
. Beoaase EF bisects AB at 
right angles^ the distance £A is equal to £B (III. 6.), and 
the circle described through A must also pass through the 
point B; and since EAD is a right angle, AD touches the 
circle at A (III. 29.), and the angle B^D, which was made 
equal to C, is equal to the angle in the alternate segment 
AGB (III. W.) 




PROP. XXXII. THEOR. 



Two circles which meet in the straight line join- 
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ing their centres or its continuation, touch each 
other. 




Let the circles DCE, FCG meet 
at C in the direction of the straight 
line which joins their centres A, B; 
they touch each other at that point. 

For draw BH to another point H 
in the circumference DCE* And 
because B is distinct from the centre 
A^ the line BH is greater than BC 
(III. 8. cor. 2.), and consequently 
the point H lies without the circle 
FCG. Except, therefore, at the 
single point C, the circumference DCE does not meet 
FCG. 

Cor» Hence a straight line extending through the 
centres of two circles will pass through their points of 
contact. 




PROP. XXXni. THEOR. 

Two straight lines drawn through the point of 
contact of two circles, intercept arcs' of which the 
chords are parallel. 



Let the circles ACE and ABD touch mutually in A^ and 
from this point the straight lines AC, AE he drawn to 
cut the circumferences ; the chords CE and BD are pa- 
rallel. 

For draw the tangent FAG; which must touch both 
circles. 



BOOK III. 

In the case of internal contact^ the 
angle GAE is equal to AC E in the al- 
ternate segment, (III. £9-); and for 
the same reason, GAE or GAD is 
equal to A6D; consequently the angles 
ACE and ABD are equal, and there- 
fore (I. 25.) the straight lines CE and 
BD are parallel. 

When the contact is exter- 
nal, the angle GAE is still 
equal to ACE, and its vertical 
angle FAD is, for the same 
reason, equal to ABD ; whence 
ACE is equal to ABD ; and 
these being alternate angles, 
the straight line CE is parallel to BD. 
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PROP. XXXIV. THEOR. 

If from any point in the diameter of a circle or 
its extension, straight lines be drawri to the ends of 
a parallel chord ; the squares of these lines are to- 
gether equivalent to the squares of the isegments 
into which the diameter is divided. 



Let BEFD be a circle^ BD its diameter produced, and 
A a point in this, from which the straight lines AE and AF 
are drawn to the ends of the parallel chord EF; the 
squares of AE and AF are together equivalent to the 
squares of AB and AD. 

For from the centre C, let fall the perpendicular CG 
vpon AB (1. 6.)^ and join AG and CE, 
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j^a 



Because C6 cuts the chord EF 
at right angles, GE is equal to 
GF (III. 5.); wherefore the squares 
of AE and AF aire equivalent to 
twice the squares of AG and GE 
(II. 30.) But ACG being a right- 
angled triangle^ the square of AG 
is equivalent to the squares of AC 
and CG (11. 14.)> or twice the 
square of AG is equivalent to 
twice the squares of AC and CG. 
Wherefore the squares of AE and 
AF are equivalent to twice the 
three squares of AC, CG, and 
GE. Of these, the two squares 

of CG and GE are equivalent to the square of CE or CB^ 
for the triangle CGE is right-angled. Consequently the 
squares of AE and AF are equivalent to twice the squares 
of AC and CB. But the straight line BD being cut 
equally at C and unequally at A, the squares of the un- 
equal segments AB and AD are together equivalent to 
twice the squares of AC ^and CB (II. 2d. cor.) ; whence 
the squares of AE and AF are together equivalent to the 
squares of AC and CB. 




PROP. XXXV. THEOR. 

If through a point, within or without a circle, two 
perpendicular lines be drawn to meet the circum- 
ference, the squares of all the intercepted distances 
are together equivalent to the square of the dia- 
meter. 



Let E be a point within or without the circle, and AB^ 



BOOK III. 



109 




CJ) two straight lines drawn diroogh it at right angles to 
the circumference ; the squares of the four segments £A> 
EB^ £D^ and £C^ are together equivalent to the square of 
the diameter of the circle 

For draw BF parallel to CD, and join AF, AD, CB, and 
DF. 

BecausJc BF is parallel to CD, the 
arc BC is equal to the arc FD (III. 
22.)j d^d consequently the chord BC 
is also equal to the chord FD (III. 13. 
cor.) ; but BC being the hypotenuse of 
the right-angled triangle BCC, its 
square, or tliM of FD, is equivalent to 
the squares of EB and BC (11. 14.), 
and AED being likewise right-angled, 
the square of AD is equivalent to the 
squares of £A and ED. Whence the 
squares of AD and FD are equivalent 
to the four squares of EA, EB, ED, 
and EC. But since ED is parallel to 
BF, the interior angle ABF is equal to AED (I. 25,), and 
therefore a right angle ; consequently ACBF is a semi- 
circle (III. 25. cor.) and AF the diameter. The angle 
AFD in the opposite semicircle is hence a right angle 
(III. 25.), and the square of the diameter AF is equal to 
the squares of AD and FD, or to the sum of the squares of 
the four segments EA, EB, ED, and EC intercepted be- 
tween the circumference and the point E. 




PROP. XXXVI. THEGR. 



If through a point, within or without a circle, 
two straight lines be drawn to cut the circumfe* 
rence ; the rectangle under the segments of the 
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one is equivalent to that contained by the seg^ 
ments of the other. 



Let the two' straight lines AD and AF be extended 
through the point A^ to cut the circumference BFD of a 
circle; the rectangle contained by the segments AE, AF 
of the one is equivalent to the rectangle under AB^ AD 
the distances intercepted from A in the other. 

For draw AC to the centre^ and produce it both ways 
to terminate in the circumference at 6 and H ; let fall the 
perpendicular CI upon BD (L 6.) and join CD. 

Because CI is perpendicular to AD^ the difference be* 
tween the squares of CA and CD^ the sides of the triangle 
ACD is equivalent to the differ- 
ence between the squares of the 
segments AI and ID the segments 
of the base (II. 29. cor.);. and the 
difference between the squares 
of two straight lines being equi- 
valent to the rectangle under their J 
sum and their difference (II. 23.)> ] 
the rectangle contained by the 
sum and difference of AC, CD is 
equivalent to the rectangle con- 
tained by the sum and difference 
of AI, ID. But since the radius 
CG is equal to CH, the sum of 
AC and CD is AH, and their differ- 
ence is AG; and because the per- 
pendicular CI bisects the chord BD (III. 5.), the sum of 
AI and ID is AD, and their difference AB. Wherefore the 
rectangle AH, AG is equivalent to the rectangle AB, AD. 
In the same way it is proved that the rectangle AH, AG 
is equivalent to the rectangle. AE, AF ; and consequently 
the rectangle AE^ AF is equivalent to the rectangle AB^ 
AD. 
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Or thus. 

Draw the diameter GAH, and join CB and CD. And 
because BCD is an isosceles triangle and CA is drawn . 
from the vertex C to a point in the direction of its base, 
the difference between the square « of CA and CB or CG 
is equivalent to the rectangle contained by the segnients 
AB, AD of the base (II. 27. and its cor.) In like man- 
ner, it is proved that the same difference bietween Ae 
square of CA and CG is equivalent to the rectangle con- 
tained by the segments AE, AF ; whence the reclangle 
under AB, AD is equivalent to the rectangle under AE^ 
AF. 

Cor. !• If the vertex A of the straight 
Imes lie within the circle and the point I 
coincide with it, BD, being then at right 
angles to CA, is bisected at A ([II. 5.), 
and the rectangle AB, AD is the same as 
the square of AB. Consequently the 
square of a perpendicular AB limited by the circumference , 
is equivalent to the rectangle under the segments AG, AH 
of the diameter. 

Cor. 2. If the vertex A lie without 
the circle and the point I coincide 
Mrith B or D, the angle ABC being 
then a right angle, the incident line 
AB must be a tangent (III. 27.), and 
consequently the two points of sec-» 
tion B and D must coalesce into a single point of contact 
Wherefore the rectangle un^er the distances AB, AD be- 
comes the same as the square of AB ; and consequently 
the rectangle contained by the segments AG, AH of the 
diameter is equivalent to the square of the tangent AB* 
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- PROP. XXXVII. PROB. 

To construct a square equivalent to a given rcc* 
tilineal figure. 

Let the rectilineal figure he reduced by Prop. 6. and 8* 
Book II • to an equivalent rectangle, of 
which A and B are the two containing 
sides ; draw an indefinite straight line 
C£> in which take the part CD equal 
to A and D£ to B^ on C£ describe a 
semicircle^ and erect the.perpendicular 
DF from the diameter to meet the cir- 
cumference : DF is the side of the square equivalent \m 
the given rectilineal figure. 

For by Cor. 1. to the last Proposition the square of the 
perpendicular DF is equivalent to the rectangle under the 
segments CD, DE of the diameter, and is consequently 
equivalent to the rectangle contained by the sides A and 
B of a rectangle that was made equivalent to the rectili« 
neal figure. 




PROP. XXXVIII. THEOR. 

A quadrilateral figure may have a circle descii* 
bed about it, if the rectangles under the segments 
made by the intersection of its diagonals be equi- 
valent, or if those rectangles are equivalent which 
are contained by the external segments formed by 
producing its opposite sides. 

13 
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Let ABCD be a quadrilateral figare^ of which AC aud 
BD are the diagonals^ and such that the rectangle AE, 
EC is equivalent to the rectangle BE, ED ; a circle 
may be made to pass through the^ four points A, B, C^ 
and D. 

For describe a circle through the 
three points A, B, C (I II. 1 1 . cor.), 
and let it cut BD in 6. Because 
AC and B6 intersect each other 
within a circle, the rectangle AE, 
EC is equivalent to the rectangle 
BE, EG (III. 36.); but the rect- 
angle AE, EC is by hypothesis equivalent to the rectangle 
BE, ED. Wherefore BE, EG is equivalent to BE, ED; 
and these rectangles have a common base BE, conse- 
quently (II. 3. cor.) their altitudes EG and ED are equal, 
and hence the point G is the same as D, or the circle 
passes through all the four points A, B, C, and D. 

Again, if the opposite sides CB and DA be produced to 
meet at F, and the rectangle CF, FB be equal to DF, 
FA ; a circle may be described about the figure* 

For, as before, let a circle pass through the three points 
A, B, C, but cut AD in H. And from the property of the 
circle, the rectangle CF, FB is equivalent to HF, FA ; but 
the rectangle CF, FB is also equivalent to DF, FA ; 
whence the rectangle HF, FA is equivalent to DF, FA 
and the base HF equal to DF, or the point H is the same 
as D. 



PROP. XXXIX. THEOR* 

The rectangle under the segments of a chord is 
greater or less than the rectangle under the seg- 
ments into which a perpendicular from the point of 
section divides a diameter, by the square of that 
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perpendicular^ — according as it lies without or with*- 

in the circle. 

Let the perpendicular CF be let fall from a point C ut, 
the chord ACB upon a diameter DE ; the rectangle BC^ 
CA is greater or less than the rectangle EF, FDj by ifce 
square of the perpendicular CF, according as this lies 
without or within, the circle. 

First, let the perpendicular CF lie without the circle; 
and join CE and DG. 

The square of the hypotenuse CE is equivalent to the 
squares of FE and CF (II. 14.): But the square of CE is 
composed of the rectangles CE, EG, and CE, CG (II. 
20.); and the square of FE is . . 

composed of the rectangles FE> 
ED, and FE, FD : Wherefore 
the rectangles CE, EG and CE, 
CG are equivalent to the rect- 
angles FE,ED and FE,FD, to- 
gether with the square of CF. 
And since EG D, standing in a 
semicircle, is a right angle (III. 
26.)^ its adjacent angle CGD is 

also right, and the angle opposite to this at F is right; 
consequently (III. 2. cor.) a circle might be described 
.through the four points C, G, D, F. Whence (III. 3&) 
the rectangle CE, EG is equivalent to FEl, ED ; and ta- 
king these from the terms of the former equality^ there 
remains the rectangle CE, CG, that is, (III. S6.) AC, CB, 
equivalent tp the rectangle FE^ FI)> together with the 
square of CF. 

^ Next, let the perpendicular CF lie within the circle. 
.. The same construction being made ; the rectangle CE, 
EG is still equivalent to the rectangle FE, ED. But the 
rectangle CE, EG is (II. 20.) equivalent to the rectangle 

CE, CG, and. the square of CE, or the squares of FE and 
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CF; and the rectangle FE, ED is 
equivalent to the rectangle FE, FD 
and the square of FE. From these 
equal quantities^ therefore^ take away 
the common square of FE^ and there 
remains the rectangle CE^ CG^ or 
AC, CB, with the square of CF, 
equivalent to the rectangle FE, FD, 
. Lastly, if the perpendicular CF lie partly without and 
partly within the circle, the Proposition must be slightly 
modified. 

. The former Construction being re- 
tamed: Because the square of CE 
is equivalent to the squares of CF 
^nd FE, the rectangles CE, EG and 
CE, CG are together equivalent to 
t;he square of CF and the difference 
Ijetween the rectangle FE, ED and 
IE, FD ; but the rectangle CE, EG 
is equivalent to the rectangle FE, 
ED, and consequently the rectangle 
CE, CG, or the rectangle AC, CB, is equivalent to the 
difference between the square of CF and the rectangle 
FE,FD. 

Cor. In the first case, if the square of FH be equivalent 
to the rectangle FD, FE, the square of CH will be likewise 
equivalent to the rectangle CG, CE ; for the rectangle 
AC, CB, being equivalent to the rectangle FD, FE, or the 
square of FH, together with the square of CF, must (II. 
14.) be equivalent to the square of CH. 
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DEFINITIONS. 



[. A rectiliileal figure is said to be imdri' 
I in a circle^ when all its angular points 
in the circumference* 




I. A rectilineal figure circimucriba^ a 
:le^ when each of its sides is a tan- 
it. 




\. A circle is inscribed in a rectilineal 
ire^ when it touches aU the sides. 
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4. A circle is described about a rectilineal 
figure or circumscribes it^ when the circum- 
ference passes through all the angular 
points of the figure. 

5. Polygons are equilateral, when their sides^ in the 
order, are respectively equal : They are equiangular, 
equality obtains between their corresponding angles, 

6. Polygons are said to be regular, when all theii 
and angles are equali 
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PROP. I. PROB. 

Given an isosceles triangle, to construct ano- 
ther on the same base, but with half the vertical 
angle. • 

tiCt ABC be an isosceles triangle standing on AC; it is 
required} on the same base, to construct ahother isosceles 
triangle, that shall have its vertical angle half of the angle 
ABC. 

Bisect AC in D (I. 7.)vJoin DB, 
which produce till BE be equal to BA 
qr BC, arid join AE, CE ; AEC is the 
isosceles triangle that was required. 

For the straight line BE being 
equal to BA and BC, the point B is 
the centre of a circle which passes 
through A, E, and C ; and consequently the angle ABC 
is double of AEC at the circumference (III. 19.)> or the 
vertical angle AEC is half of ABC. But the triangles 
AED and CED, having the side DA equal to DC, the 
side DE common to both, and the right angle ADE equal 
to CDE (III. 5.) are equal, and consequently AE is equal 
to CE. Wherefore the triangle AEC is likewise isosceles. 




PROP. ir. PROB. 

_ t 

Given an acute-angled isosceles triangle, to conr 
stract another on the same base, which shall have 
double the vertical angle. 
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Let ABC be an acute-angled isos- 
celes triangle : it is required on the 
base AC to construct another isosceles 
triangle having its vertical angle double 
of the angle ABC. 

Describe a circle through the three 
points A^ B^ and C (III. 11. cor.)> and 
draw AD, CD to the centre D ; the triangle ADC is the 
isosceles triangle required. For the angle ADC, being 
at the centre of the circle, is double of ABC, the angle at 
the circumference (III. 19.) 




PROP. III. THEOR. 

If an isosceles triangle have each angle at the 
base doubl6 of the vertical angle, its base will be 
equal to the greater segment of one of its sides di- 
vided by a medial section. 



Let ABC be an isosceles triangle which has each of the 
angles BAC, BCA double of the vertical angle ABC; the 
base AC is equal to the greater segment of the side BA 
formed by a medial section. 

For draw CD to bisect the angle BCA (I.5.)> and about 
the triangle BDC describe a circle (III. 11. cor.) 

Because the angle BCA is double 
of ABC and has been bisected by 
CD, the angles ACD, BCD are each 
of them equal to CBD, and conse- 
quently the side BD is equal to CD 
(1. 9.) But the triangles BAC and 
DAC, having the angle ACD equal 
to ABC, and the angle at A common 
to both, must have al^o (1. 34. cor. 1) the remaining anglo 
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CDA equal to BCA or CAD ; whence the triangle DAC 
is likewise isosceles^ and the side AC equal to CD; and 
CD being equal to BD, therefore AC is equal to BD. 
And since the angle ACD is equal to CBD in the alter- 
nate segment of the circle, the straight line AC touches 
the circumference at C (III. 28. cor.); wherefore the 
rectangle contained by AB and AD is equivalent to the 
square of AC (III. 36. cor.) or the square of BD. Conse- 
quently the base AC of this isosceles triangle is equal to 
tiie greater segment BD of a side AB cut by a medial sec- 
tion. 

Cor. Hence the interior triangle ACD is likewise isos- 
celes and of the same nature with ABC, having the 
greater segment of AB for its side and the smaller seg- 
ment for its base. 



PROP. IV. PROB. 

Given either one of the sides or the base, to con- 
struct an isosceles triangle, so that each of the angles 
at the base may be double of its vertical angle. 

First, let one of the sides AB be given, to construct such 
an isosceles triangle. 

Divide AB by a medial section at C (II. £6.)> and on 
CB, as a baise with the distance AB for each of the sides, 
describe an isosceles triangle (I. 1.) 

Next, let the base AB be given, ^ c B 

to construct an isosceles triangle of J- -^ ± 

this nature. 

Produce AB to C, such that the rectangle AC, CB be 
.equal to the square of AB (II. 26. cor. 2.), and on the 
base AB, with the distance AC for each of the sides, de- 
scribe an isosceles triangle. 

These isosceles triangles will fulfil the conditions requi- 
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jped. For it is evident^ ffom the last Proposition^ that^ 
isosceles triangles constituted on CB and AB^ with each 
at the angles at the base double the vertical angle^ w6ui^ 
have AB and AC for their sides^ and consequently mtist 
Iroincide with the triangles now described (I. 2.) 

Cor. Hence ah isosceles triangle of this kind has its Ter^ 
tical angle equal to the fifth part of two right angles ; fot 
each of the angles at the base being double of the vertical . 
sngle^ they are both equal to four times it, and cooa^ 
quently this vertical angle is the fifth part of all the aUgleg; 
of the triangle, or of two right angles. 



PROP. V. PROB. 

On a given finite straight line, to describe a re- 
gular pentagon. 



Let AB be the straight line on which it is required to 
describe a regular pentagon. 

On AB erect the isosceles triangle ACB having ettfch of 
the angles at the base double of its"vertical angle (IV. 4.), 
on AB again construct another isosceles triangle whose 
vertical angle AOB is double of 
ACB (IV. 2.), and about the 
.vertex O place the isosceles tri- 
angles AOD, DOC, COE, and 
EOB (I. 1.); these triangles, 
with AOB, will compose a regu- 
lar pentagon. 

' Fbr the angle AOB, being the 
double of ACB, which is the 
Mh part of two right angles (IV. 
4. cor.), must be eij^ral to the fifth part of four right 







angles ; and consequently five UngleS, each of them equal 
to AOB, will adapt themselVfes about the point 0. But 
the bases of those central triab^l^s^ diid which form thd 
sides of the pentagon^ are tii eqtial ; knd the angles afc 
their bases being likewise eqiid^ they are equal in the co^ 
lective pairs which constitute the internal angles of the 
figure : It is therefore a regular pentagon. 

Or thus. 

Haying elrectfed the isosceles triangle ACB> from the 
centre A with the distance AC describe an arc of a <ilrcle^ 
and from the centre B with the same distance describe 
another aro, and from C inflect the straight lines CE, CD 
equal to AB : The points D, E mark out the pentagon. 
For it is apparent, thai, the three straight lines AO, BO, 
and CO being equal, (IV. 2.) arid the triangles ACB, 
GAE, and CBD being likewise equal, the point O must 
have the same relation to all of them, and consequently 
the central triangles COD, and COE are equal to AOB. 



PtOP. VI. PROS. 

On a given finite straight line, to describe a r^- 
gular hexagon. 



M • 



Let AB be the given straight line, on which it i&requi><i 
red to describe a regular hexagdn. ^ " 

On AB construct the equilateral triangle AOB (L'l.)> 
and repeafr equal triangles about the vertex O ; these tri- 
angles will together compose the hexagon, required^ 

Because AOB is an equilateral triangle> each of it» 
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angles h equal to the third part 

of two right angles (L 34. cor. 

1,); wherefore the vertical angle 

AOB is the sixth part of four 

right angles, or six of such 

angles may be placed about the 

point O. But the bases of the 

triangles AOB, AOC, COD, 

DOE, EOF, and BOF are all 

equal; and so are the angles at the bases, and which, 

taken by pairs, form the internal angles of the figure 

BACDEF. This figure is, therefore, a regular hexagon. 




JPROP. VII. PROB. 

On a given finite straight line, to describe a re* 
gular octagon. 



Let AB be the given straight line, on which it is requi- 
red to describe a regular octagon. 

Bisect AB by the perpendicular CD (I. 5.), which make 
equal to CA or CB, join DA and DB, produce CD un- 
til DO be equal to DA or DB, 
draw AO and BO, thus form- 
ing an angle equal to the half of 
ADB (IV. 1), and about the ver- 
tex O repeat the equal triangles 
AOB, AOE, EOF, FOG, GOH, 
HOI, lOK, and KOB to com- 
pose the octagon. 

For the distances AD, BD are j^ q ^ 

evidiently equal ; and because 
CA, CD, and CB are all equal, the angle ADB is con- 
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talned in a semicircle^ and is^ therefore^ a right angle 
(III. 19.) Consequently AOB is equal to the half of a 
light angle^ and eight such angles will adapt themselves 
ahout the point O. Whence the figure BAEFGHIK^ ha- 
ving eight equal sides and equal angles^ is a regular octa- 
gon. 



PiROP. vm. PROB. 

On a given finite straight line^ to describo a re« 
gular decagon. 



Let AB he the straight line^ on which it is requited to 
describe a regular decagon. 

On AB construct an isosceles triangle having eslch of 
the angles at its base double of the vertical angle (IV. 4.), 
and about the point O place a 
series of triangles all equal to 
AOB : A regular decagon will 
result from this composition. 

For the vertical angle AOB 
of the isosceles triangle is 
equal to the fifth part of two 
right angles (IV. 4. cor.), or to 
the tenth part of four right 
angles; whence* ten such an- 
gles may be formed about the point O. The figure 
BACDEFGHIK, having therefore ten equal sides and 
equal angles^ is a regular decagon. 
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'PEQP.;IX. PR09. . , 

On a.given finite, straight liw^ tP describe a jrcr 

gular dodecagon. J 

Let AB be the strftig^ht lin^ oq.vbi?^ it is required to 
describe a regular twelve-sided figure. 

On AB construct the equilate^ral triap^le ACB (I* i.), 
and agaiii the isosceles triangle AOB, having its vertical 
angle equal to the half of ACB ' ','• '•■ * • , 

(IV. 1.), and repeat this triangle 
AOB about thp point O ; a rcf 
gular dodecagon will be thu^ 
formed. 

For ACB belhg ^p equibtera). 
triangle, each of its angles is tlje 
third part of two right angjes (I. 
S4. cor. 1.); consequently thp 
angle AOB is the sixth part of 
two right angles or the twelfth parf of fpuf right angles, 
and twelve such angles can^.therefor^j be pla,9|sd about i3^f 
vertex O. 

Cor, Hence a regular twepjyrsicjed figpf^ 9f4y b^ Af^ 
scribed on a given straight lio^^ by first constro/ctiiig qy 
it an isosceles having each pf the ^ngle;^ ^t the b^^^e 
double of the vertical angle^ and t^ien ^reqt^ng ^pother 
isosceles with its vertical angle equal to jtb(B Jvjjf , qf tbifi. 
And, by thus eliangirig the elementary tji^pglie^ ^ regular 
polygon may be always described, with twice the number 
of sides. 
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PHQP. X. PROB. 
In a given triangle, to ijuscrijbe ^ circle. 

liCt ABC be a triangle, iii which it ig required to in- 
scribe a circle. 

Draw AD and CD to bisect the angles CAB and ACB 
(I. 5.), and from their point of concourse D, witli its dis- 
tance DE from the base, describe the circle EFG : This 
drcle will touch the triangle internally* 

For let fall the perpendiculars DG and DF upon the 
rides AB and BC (I. 6.) The tri- 
angles ADE, ADG, having the 
angle DAE equd to DAG, the 
right angle DEA equal to DGA, 
and the interjacent side AD com- 
mon, are equal (!• 23.)> and there- 
fore the side DE is equal to DG. 
In the same manner, it is proved 

from the equality of the triangles CDE, CDF, that DE is 
equal to DF ; consequently DG is equal to DF, and the 
circle passes through the three poipts ]E, G, and F. But 
it also touches the sides of the triangle in those pointy, 
for the angles DEA, DGA, and DFC are all of them 
right angles (III. 27. cor.) 




PROP. XL PROB. 



In a .given circle, to inscribe a triangle equiangu- 
lar to a given triangle. 

Let GDH be a circle in which it is required to inscribe 
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a triangle that shall have its angles equal to those of the 
triangle ABC. 

Assuming any point D in the circumference of the 
circle, draw the tangent EDF 
(1. 38. and III. 27.)* ^^^ make 
the angles EDG, FDH equal 
to BC A, BAG (1. 4.), and join 
GH : The triangle GDH is 
equiangular to ABC. 

Fot EF being a tangent 
and DG drawn from the point 
of contact, the angle EDG, which was made equal to 
BCA, is equal to the angle DHG in the alternate segment 
(III. 28.) ; consequently DHG is equal to BCA. Aa,d for 
the same reason, the angle DGH is equal to BAC; where- 
fore the remaining angle GDH of the triangle GHD ia 
equal to the remaining angle ABC of the triangle ACB 
(I. 54. cor.), and these 'triangles are equiangular. 




PROP. XII. PROB. 

About a given circle, to describe a triangle equi^ 
angular to a given triangle. 

Let GIH be a circle, about which it is requiredT to de- 
scribe a triangle having its angles equal to those of the tri-' 
angle ABC. 

Draw any radius FG, and with it make the angles GH, 
GFH equal to the adjacent angles BAE, BCD (I. 4.) 
of the triangle ABC, and from the points G, I, and H 
draw the tangents KM, KL, and LM to form the triangle 
KLM : This triangle is equiangular to ABC. 



If 
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For all the angles of the quadrilateral figure EIFG bet- 
ing equal to four right 
angles (I. 34. cor.)> and 3^ 

the angles KIF and KGF 
being each a right angl^ 
(III. 27.)> tl^e remaining 
angles GKI and GFI are 
together equal to two 
right angles^ and are con- 
sequently equal to the angles BAG and BAE on the same 
side of the straight line ED. But the angle GFI was 
made equal to BAE ; whence GKI is equal to CAB. In 
like manner^ it is proved that the angle GMH is equal to 
ACB; and the angles at E and M being thus equal to 
BAC and BCA^ the remaining angle at L is equal to that 
at B (1.34. cor.)^ and the two triangles are therefore equi-* 
angular. 




PROP. XIII. PROB. 

In and about a given circle, to inscribe and cir* 
cumscribe an equilateral triangle. 

Let AEB bp a circle, in which it is required to inscribe 
^ isosceles triangle. 

Draw the diameter AB, describe the equilateral triangle 
ADB (I. 1.), join CD meeting the circumference in E, 
draw EF, EG parallel to AD, BD (I. 26.), and join FG : 
The triangle EFG is equilateral. 

For the triangles ADC, BDC having the two sides DA> 
Ac equal to DB, BC, and the third side DC common to 
loth, are equal (I. £.), and the angle DCA is equal to 
DCB; whence the arc AE is equal to BE (III. 15.)} and 

I 
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the triangle ADB being likewise equiangular (I. Q» cor. l^, 
the angle DBA is equal to 
DAB^ and the arc AEM equal 
to BEL (III. £0. cor.) and the 
remaining arc ME equal to LE. 
But EF and EG being paral- 
lel to LA and MB^ the arcs 
AF and BG are equal to LE 
and ME (III. 2^.), and conse- 
quently equal to each other. 
Wherefore the whole arcs EAF 
and EBG are equal, and the 
angles EGF and EFG which 

stand on these ; and the angle FEG being equal to ABB 
(I. 33.) or the third part of two right angles (I. 34. coit.% 
each of the equal remaining angles EFG and EGF nnttt 
also be the third part of two right angles ; whence 4lie iiH 
scribed triangle FEG is equilateral. 

Again, let it be required to describe an equilateral tri« 
angle about the circle AEB. 

The same construction remaining ; at the points F^ E^ 
and G, apply the tangents HI, HK, and KI, to form the 
circumscribing triangle IHK : This triangle is equila- 
teral. 

For because IH is a tangent and FG is inflected from 
the point of contact, the angle IFG is equal to the angle 
FEG in the alternate segment (III. 28.), and therefore IH 
is parallel to EG (I. 25. cor.) In like manner it is prove^^' 
that HK, KI are parallel to GF, FE, and consequently the 
angles of the triangle IHK are equal to those of FEG ^' 
33.), and therefore equal to each other. 

Cor, Hence the circumscribing equilateral triangle con-' ' 
tains four times that which is inscribed ; for the figmes ' 
EFIG, EHFG, and EFGK are evidently equal rhombuses -; 
and contain equilateral triangles which are all equal* Hence' 

10 
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also the side of the circumscribing^ is double of that of the 
inscribed^ equilateral triangle. 



PROP. XIV. THEOR. 

i 

A straight line drawn from the vertex of an 
equilateral triangle inscribed in a circle to any point 
in the opposite circumference, is equal to the two 
chords inflected from the same point to the extre- 
mities of the base. 

Let ABC be an equilateral triangle inscribed in a 
circle^ and BD^ AD^ and CD chords drawn from it to a 
point J) in the circumference ; BD is equal to AD and CD 
taken together. 

Make D£ equal to DA^ and join AE« 
The angle ADB^ being equal to ACB in 
i the same segment (III. £0.)> is equal to 
the third part of two right angles (1. 34. 
cor.) Bat the triangle ADE being isos- 
celes by construction, the angles DAE, 
BEA at its base are equal (I. 8.), and 
tach of them is, therefore, equal to half of the remaining 
two thirds of two right angles, or to the third part. Con- 
lequently ADE is an equilateral triangle (I. 9. cor.), and 
; the mg^e DAE equal to CAB ; take CAE from both, and 
there remains the angle DAC equal to EAB; but the 
angle ABD is equal to ACD in the same segment. And 
thu the triangles ADC and AEB have the angles DAC^ 
1K!A equal to EAB, EBA, and the inteijacent side AC 
•qaal.to AB; they are consequently equal (I. 20.), and the 
de DC is equal to EB. But DE was made equal to DA ; 
herefore DA and DC are together equal to DE and EB 
[cirtoDB. 

ft 
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PROP. XV. PROB. 

About and in a given square, to circumscri 
inscribe a circle. 



Let A6CD be a figure about which it is requiret 
cumscribe a circle. 

Draw the diagonals AC^ DB intersecting each • 
O^ and from that point with the distance AO < 
the circle ABCD : This circle will circumsci 
square. 

Because the diagonals of the square ABCD ai 
and bisect each other (1. 31. and 
its cor.)> the straight lines OA^ 
OB, OC, and OD are all equal, 
and consequently the circle de- 
scribed through A passes through 
the other points B, C, and D« 

Again, let it be required to in- 
scribe a circle in the square 
ABCD. 

From O the intersection of the 
diagonals and with its distance from the side AD 
the circle EGHF : This circle will touch the sq 
temally. 

For let fall the perpendiculars OG, OH, and O 
And because the straight lines AB, BC, CD, and 
equal, they are equally distant from the centre ( 
exterior circle (III. 12.); wherefore the perpei 
OE, OG, OH, and OF are all equal, and the 
circle passes through the points G, H, and F ; bu 
wise touches the sides of the square, since they 
pendicular to the radii drawn from O (III. 27.) 

Cor. Hence an octagon may be inscribed \ 
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square. For let tangents be applied at the points I^ K, L, 
aad M^ where the diagonals cut the interior circle. It is 
evident^ that the triangle AOE is equal to DOE, lOP to 
EOP, and EOZ to NOZ; whenc^ the angles POE and 
ZOE are equal, being the halves of EOA and EOD, and 
consequently the triangles PEO and ZEO are equal. 
Wherefore PZ, the double of PE, is equal to PQ, the 
double of PI ; and the angle EZM is> for a Uke reason, 
equal to EPL And, in this manner, all the sides and all 
the angles about the eight-sided figure PQRSTVYZ are 
proved to be equal. 



PROP. XVI. P(ROB. 

In and about a given circle, to inscribe and cir- 
cumscribe a square. 

Let EADB be a circle in which it is required to inscribe 
a square. 

Draw the diameter AB, the perpendicular BD (I. 5* 
cor.), and join AD, DB, BE, and EA : The inscribed fi- 
gure ADBE is a square. 

The angles about the centre C, being right angles, are 
equal to each other, and are, therefore, subtended by equal 
chords AD, DB, BE, and AE (III. 
15;); but one of the angles ADB, be* 
ing in a semicircle, is a right angle. 
(III. 25.)> and consequently ADBE is 
asqaare.- 

Next, let it be required to circum- 
scribe a square about the circle. 

Apply tangents FG, GH, HI, and 
FI at the extremities of the perpendicular diameters : 
TTiesewill form a square. 

For all the angles of the quadrilateral figure CG being 
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angular to this^ inscribe the triangle ACE within the circlef 
(IV. 11.), draw AD, EB bisecting the angles CAE, CEA 
(1. 6.), and join AB, BC, CD, and DE: The figure ABCDE 
is a regular pentagon. 

For the angles AEB, BEC are each the half of CEA, 
and therefore equal to ACE ; but the angles EAD, DAC 
are likewise equal to ACE. Hence these angles, being all 
equal, must stand on equal arcs (III. 20. cor.); and the 
chords of these arcs, or the sides AB^ BC, CD, DE, and 
AE are equal (III. 15. cor.) 
And because the segments 
EAB, ABC, BCD, CDE, and 
DEA are evidently equal, the 
interior angles of the figure 
are all equal (III. fiO.), and it 
is, therefore, a regular penta- 
gon. 

Next, let it be required to 
circumscribe a regular penta^ 
gon about the circle. 

At the points A, B, C, D, and E apply tangents ; these 
will form a regular pentagon. 

For FAK being a tangent, the angle KAE is equal to 
ACE (III. 28.); and in hke manner it is shown that the 
angles AEK, DEI, EDI, CDH, DCH, BCG, CBG, ABF, 
BAF are all equal to ACE. The isosceles triangles AKE^ 
BFA, having, therefore, the angles at the base equal and. 
the bases themselves AE, AB, — are eqpal (1. 23.); for the 
same reason, the triangles BGC, CHD, DIE, EKA^ are 
equal. Whence the internal angles of the figure are equal, 
and its sides being double of those of accrescent trianglef 
are likewise equal: The figure is, therefore^ a regular pen- 
tagon. 
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PROP. XIX. PROB. 

In and about a regular hexagon, to inscribe and 
circumscribe a circle. 



Let ABCDEF be a regular hexagon^ in which it is re- 
iqnired to inscribe a circle. 

Draw AO and FO, bisecting the angles BAF and AFE 
(I. 5.) ; and from the point of intersection O^ with its dis- 
tance from the side AF^ describe a circle : This circle will 
touch the hexagon internally. 

For let fall perpendiculars from O upon the sides of the 
figure. It may be demonstrated^ as in Prop. XVII. that 
the triangles AOB, BOC, COD, DOE, and EOF are all 
equal to AOF . and, in like manner^ it will appear that 
the intermediate bisected 
triangles are equal. Hence 
the perpendiculars OG, OH, 
OI, OK, OL, and OM, are 
jail equal, and a circle must 
touch these at the points 
G, H, I, K, L, and M. 

Again, let it be required 
to describe a circle about 
the hexagon. 

From the same point O, 
as a centre, with the distance OA, describe a circle, which 
must pass through the points B, C, D, E, and F ; for the 
straight lines OA,/OB, OC, OD, OE, and OF were pro- 
Ted to be equal. 

Car. Hence, in any regular polygon, the centre Of the 
inscribing and circumscribing circle is the same, and may 
be determined in general, by drawing lines to bisect the 
Adjacent angles of the figure. 
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JPROP. XX. PROB. 
To inscribe a regular hexagon in a given circle. 

Let it be required^ in the circle FBD, to inscribe a hex- 
agon. 

Draw the radios OA> on which construct the equilate- 
ral triangle ABO (I. ].)> and repeat the equal triangles, 
about the vertex O : These triangles will compose a hexa- 
gon. 

For the triangle ABO, being equilateral, each of its 
angles, AOB, is the third part of two right angles ; and 
consequently six of such angles 
may be placed about the centre 
O. But the bases of the tri- 
angles AOB, BOC, COD, DOEf 
and EOF form the sides of the 
figure, and the angles at those 
bases its internal angles; where- 
fore it is a regular hexagon. 

Cor. 1. Tangents applied at 
the points A, B, C, D, E, and F, would evidently form a 
regular circumscribing hexagon. 

Cor. 2. An equilateral triangle may be inscribed hj 
Joining the alternate points ; and by applying tangents at 
those points an equilateral triangle will be made to cir- 
cumscribe the circle. The side AB of an inscribed hexa- 
gon is equal to the radius ; and since ABD is a right- 
angled triangle, and the squares of AB and BD are equal to 
the square of AD or to four times the square of A€^ the 
square of BD the side of an inscribed equilateral triangle 
is triple the square of thq radius. 

Cor. 3. The perimeter oT the inscribed hexagon is equal 
to six times the radius or three times the diameter of the 




BOOK IV.. 



i$9 



circle. The circumference of the circle, therefore, from 
its perpetual curvature, being greater, any intermediate 
system of straight lines (I. 18.) is more than triple in 
length to the diameter. 



PROP- XXI. THEOR. 

The square of the side of a regular octagon iu-^ 
scribed in a circle, is equivalent to the rectangle 
contained by the radius and the difference between, 
the diameter and the side of the inscribed square- 

Let ABCD be a square inscribed in a circle, and 
AEBFCGDH an octagon, which is formed evidently by 
the bisection of the quadrants AB, BC, CD, and DA : 
The square of A£ is equivalent to the rectangle under 
AO and the difference between AB and AC. 

Por draw the diameter £6. 
It is manifest, that the triangles 
AIO and BIO are right-angled 
and isosceles ; and because AO 
is equal to EO, and AI perpendi- 
cular to it, — the square of AE is 
equivalent to twice the rectangle 
under EO, and EI fll. S 1 . cor.) or 
liie rectangle under AO and 
twice EI. But EI is the differ- 
ence of EO and lO, and twice 

EI is, therefore, equal to the difference of twice EO or 
AC and twice lO or AB. Whence the square of AE, the 
side of the octagon, is equivalent to the rectangle under 
radius and the difference of the diameter and AB the side 
cf the inscribed isquare. 
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PROP. XXn. PROB. 
To inscribe a regular decagon in a given circle. 

Let ADH be a circle^ in which it is required to inscribe 
a regular decagon. 

Draw the radius OA, and with OA as its side describe 
the isosceles triangle AOB^ having each of its angles at 
the base double of its vertical angle (IV. 4.), repeat the 
equal triangles about the centre O ; These triangles will . 
compose a decagon. 

For the vertical angle AOB 
of the component isosceles tri- 
angle^ is the fifth part of two 
right angles (IV. 4. cor.)^ and 
consequently ten such angles 
can be planted about the point 
A. But the sides and angles of 
the resulting figure, are all evi- 
dently equal; it is, therefore, a * ** , 
regular decagon. 

Cor. Hence a regular pentagon will be formed, by join- 
ing the alternate points A, C, £, 6, I, and A. It is also 
manifest, that a decagon and a pentagon may be circum- 
scribed about the circle, by applying tangents at their se* 
veral angular points. 
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PROP. XXIII. THEOR. 



The square of the side of a pentagon inscribed in 
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a circle, is equivalent to the squares of the sides of 
the inscribed hexagon and decagon. 

Let ABCDEF be a portion of a decagon inscribed in a 
circle, of which AF is the diameter; the square of AC, the 
side of the inscribed pentagon, is eqaivalent to the square 
of AB the side of the inscribed decagon and the square of 
the radius AO, which is equal to the side of the inscribed 
^hexagon. 

For join AD, AE, and draw OB, OC, OD, and OE. 
The angle FAD at the circumference, being half of the 
angle FOD at the centre (III. 19.)> is equal to the angle 
AOB ; and for the same reason, the angle FAB, being 
half of FOB, is equal to FOD or COA. The triangles 
ABO and AGO, having, therefore, the angles AOB, OAB 
equal to OAG, AOG, and the side AO common to both, 
are equal (L 23.) and isosceles, and consequently the base 
AB is equal to OG. But the angles FAD and EAD, 
standing on equal arcs, are 
equal (III. ao. cor.) ; where- 
fore the triangles OAH and 
GAH, having the side AG 
equal to AO, the side AH 
common, and the contained 
angle OAH equal to GAH, 
are equal (I. 3.)^ and hence 

OH is equal to GH, and the angles AHO and AHG are 
equal and right angles. And because AO is equal to CO 
and AH perpendicular to it, the square of AC is equiva- 
valent to twice the rectangle under OC and CH (II. 31. 
cor.) or the recjangle under OC and twice CH, that is, 
the sum of OC and CG. The square of AC is, therefore, 
equivalent to the square of OC and the rectangle under 
OC and CG ; but OG being equal to AB, the radius OC 
is divided by a medial section in G, and consequently the 

3 
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rectangle OC, CG is equivalent to the square of OG or 
AB. Wlience the square of AC is equivalent to the two 
squares of AO and AB. 

Cor. 1. The triple chord AD of the decagon^ is equal to 
the sides AO and AB of the inscribed hexagon and deca- 
gon. For AO being equal toDO^ the angle OAD is equal 
to ODA (I. 8.) ; but OAD^ or FAD^ is equal to the angle 
DOC (III. 19.)> and consequently the angle DOG is equal 
to ODG, and the side OG equal to DG (I. 9.) Where- 
fore AD> being equal to AG and GD^ is equal to AO with 
OG or AB. 

Cor. 2. Hence the sides of the inscribed decagon and 
pentagon may be found by a single construction. For draw 
the perpendicular diameters 
AC and EF, bisect OC in D, 
join DE^ make DG equal to 
it^ and join GE. It is evi- 
dent^ that AO is cut medially 
in G (II. £6.)> and conse- 
quently that OG is equal to a 
side of the inscribed decagon. 
But GOE being a right-angled 
triangle, the square of GE is 

equivalent to the squares of GO and OE (II. 14.), or the 
squares of the sides of the decagon and hexagon ; whence 
GE is equal to the side of the inscribed pentagon. It also 
follows that CG is equal to CI or CP, the triple chords of 
the inscribed decagon. 




PROP. XXIV. PROB. 



In a given circle, to inscribe regular polygons of 
fifteen and of thirty sides* 
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Let AB ^nd BC be the sides of an inscribed decagon> 
and AO the side of a hexagon inscribed ; the arc BD will 
be the fifteenth part of the circumference of the circle^ 
and DC the thirtieth part 

For, if the circumference were divided into thirty equal 
portions, the arc AB would be equal to tliree of these and 
the arc AD to five; consequeatly 
the excess BD is equal to two of 
these portions, or it is the fif* 
teenth part of the whole circum- 
ference. Again, the double arc 
ABC being equal to six portions 
and ABD to five, the defect DC 

is equal to one portion, or to the thirtieth part of the cir- 
cumference. 

Scholium. From the inscription of the square, the penta«- 
gon> and the hexagon, — maybe derived that of a variety of 
other regular polygons : For, by continually bisecting the 
intercepted arcs and inserting new chords, the inscribed 
figure will, at each successive operation, have the number 
of its sides doubled. Hence polygons will arise of 6, 8, 
and 10 sides; then, of 12, 16, and 20; next, of 24, 32, and 
40; again, of 48, 64, and 80; and so forth repeatedly. 
The excess of the arc of the hexagon and above that of 
the decagon, gives the arc of a fifteen-sided figure ; and 
the continued bisection of this arc will mark out polygons 
with 30, 60, or 120 equal sides, in perpetual succession. 
The same results might also be obtained from the differ- 
ence? of the preceding arcs. 

Of the regular polygons, three only are susceptible of 
perfect adaptation, and capable therefore of covering, by. 
their repeated addition, a plane surface. These are the 
equilateral triangle, the square, and the hexagon. The 
angles of an equilateral triangle are each two thirds of a 
right angle, those of a square are right angles, and the 
angles of a hexagon are each equal to four third parts of 
a right angle. Hence there may be constituted about a 
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pointy six equilateral triangle?^ four squares^ and three" 
hexagons. But no other regular polygon can admit of a 
like disposition. The pentagon^ for instance^ having each 
of its angles equal to six-fifths of a right angle^ would not 
fill up the whole space about a pointy on being repeated 
three times ; yet it would do more than cover that space, 
if added four times. On the other hand, since each angle 
of a polygon which has more than six sides must exceed 
four third parts of a right angle^ three such polygons can 
not stand round a point. Nor can the space about a point 
ever be bisected by the application of any regular poly- 
gons^ of whatever number of sides ; for their angles are 
necessarily each less than two right angles. 
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OF PROPORTION. 



ituE }^rec!6ditig Bdoks treat of magnitude ad 

doTicrete^ or having mere extension ; and the simpler 

properties of lines, of angles, and of surfaces, were 

deduced^ by a continuous process of reasoning; 

S^^unded originally on superposition. But this 

JHode of investigation^ however satisfactocy to the 

^ind, is, from its nature, very limited and laborious. 

^y introducing the idea of Number into geometry, 

* Bew scene is opened, and a far wider prospect 

wses into view. Magnitude, being considered as 

discrete, or composed of integrant parts, becomes 

assimilated to multitude; and under that aspect, it 
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presents a vast system of relations, which may be 
traced out with the utmost facility. 

Numbers were first employed, to denote the col- 
lection of distinct, though kindred, objects ; but the 
subdivision of extent, whether actually effected or 
only conceived, bestowing a sort of individuality, 
they came afterwards to acquire a more compre- 
hensive application. In comparing together two 
quantities of the same kind, the one may contain 
the other, or be contained by it s that is, the one 
may result from the repeated addition of the other, 
or it may in its turn produce this other by a suc- 
cessive composition. The one quantity is, there- 
fore, equal, either to so many times the other, or to 
a certain aliquot part of it. 

Such seems to be the simplest of numerical rela* 
tions. It is very confined, however, in its applica- 
tion, and is evidently, in that shape, insufficient 
altogether for the purpose of general comparison. 
But this object is^ attained, by adopting some in- 
termediate reference. Though a quantity neither 
contain another ei^actly, nor be contained by it ; 
there may yet exist a third and smaller quantity, 
which is at once capable of measuring them both« 
This measure corresponds to the arithmetical unit;' 
and as number denotes the collection of units, so 
quantity may be viewed as the aggregate of its com- 
ponent measures. 
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But mathematical quantities are not all suscep- 
tible of such perfect mensuration. Two quantities 
may be conceived to be so constituted, as not to 
admit another which will measure them complete- 
ly, or be contained in both without leaving a re- 
mainder. Yet this apparent imperfection, which 
proceeds entirely from the infinite variety ascribed 
tp possible magnitude, creates no real obstacle to 
the progress of accurate science. The measure or 
primary element, being assumed still smaller and 
flDaaller, its corresponding remainder must be per- 
petually diminished. This continued exhaustion 
will hence approach its absolute term, nearer than 
any assignable difference. 

Quantities in general can, therefore, either ex- 
actly or to any required degree of precision, be re- 
presented abstractly by numbers j and thus the 
science of Geometry is at last brought under the 
dominion of Arithmetic. 

It is obvious, that quantities of any kind must 
have the same composition, when each contains its 
measure the same number of times. But quantities, 
viewed in pairs, may be considered as haiving a si- 
milar composition, if the corresponding terms of 
each pair contain its measure equally. Two pairs 
of quantities of a similar composition, being thus 
formed by the same distinct aggregations of their 
demeutary partS; cpustitute a proportion. 



^ 
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' DEFINITIONS. 

1. Qaantities are komogeneaus .which can be added toge- 
ther. 

2. One quantity is said to contain another when the 
subtraction of this^ — cTontiniled if necessary^ — Cleaves no 
temaiiidei'. 

3. A quantity which is contained in another^ is said to 
measure iu 

4. The quantity which is measured by another^ is called 
its multiple; and that, which measures the other^ its mb^ 
multiple. 

5. lAke multiples and submultiples are those which con* 
tain their measures equally^ or which equally measure their 
corresponding compounds. 

( 6.' Quantities are commensurable which have a finite com- 
mon measure ; they are incommensurable, if they will admit 
of no such measure. 

?• That relation which one quantity is conceived to bear 
to another in regard to their composition^ is named a ratio, 

8. When both terms of comparison are equals it is 
called a ratio of equality ; if the first of these be greater 
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than the second^ it is a ratio of majority ; and if the first 
be less than the second^ it is a ratio of minority* 

9. The identity of ratios constitutes a proportion or ana^ 

fogy. 

10. Four quantities are said to be proportional^ when 4 
submultiple of the first is contained in the second as often 
as alike submultiple of the third is contained in the fourth* 

11. Of proportional quantities^ the first of each pair is 
named the antecedent, and the second the consequent. 

Ifi. The antecedents are homologous terms ; and so. are 
the consequents. 

13. One antecedent is said to be to its consequent^ as 
another antecedent to its consequent. 

14. The first and last terms of a proportion are called 
the eoctremes, and the intermediate ones^ the means. 

15. A. ratio is direct, if it follows the order of the terms 
compared ; it is inverse or reciprocal, when it holds a rever- 

-Bed order. 

Thus, if the latio of A to 6 be direct, that of B to A is the tn« 
"urse or reciprocal ratio* 

16. Quantities form a e(^tinued proportion, when the in* 
tervenijig terms stand in the double relation of consequents 
mid antecedents. 
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!?• Wheti a proportion condisrts of three terms^ th^ 
middle on^ is said to be a vmtan ptoportional between the 
two extremes. 

18. The ratio which one quantity has to another BUkJr 
be considered as compounded of all the connecting ratios 
mtiong any interposed quantities. 

Thus, the ratio of A to D is viewed as compounded of that of A 
to hf that of B to C, and that of C to IX 

19. Of quantities in a continued proportioD^ the first is 
said to have to the third a ratio die dt^cate of what il 
has to the second ; to have to the fourth^ a triplicate ratio ; 
to the fifths a qimdtvplicate ratio ; and so fortfa^ according 
to the number of equal ratios inserted between the edE* 
treme terms. 

20. If quantities be continually proportional^ Ae ratio of 
the first to the second is called the mbdvplicate of the ra^ 
tio of the first to the thirds the tubtripUcate of the ratio of 
the first to the fourth^ 8cc. 

£1. A straight line is said to be cut in extreme and 
mean ratio^ when the one segment is a mean pioportional 
between the other segment and the whole line. 
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To facilitate the language of demonstration relative to 
fiumbers or a1>stract quantitifedj^ it is expedient to aidopt a 
clear and concise mode of notation. 

1. The sign 19 e^i^presf^s eqwdit^, l?» nuiforify^ and «^ 
minority : Thus A=6 denotes tl^at A ip ^val to ^^ A?^ S 
/Hgnifif^ tbM A U greiiter th^ S# wd A^^^iB imports tbat 
A is loss than B. 

ft. The 8igQs + an4 -r- »»wk tb^ f^ddltiou w4 s^bt|^|^. 
tion of the quantities to wbidi tb^y lur^ pr^&»^ > Tb^ 
A'li'B denotes that B i^ to be joined tp A, and A-«-B sig- 
m6m that B i« to b^ tftk^n $w^y from A. Sgm^timi^ 
jkhe^e two tijmboU flyi^e iiomhined jtpgeiber : Tbus, A=^9 
jn^efpeata either th^ sqm of A mid B or the excess of A 
above B, 

3. To express multiplication^ the quantities are placed 
close together; or they may be connected by the point (.)> or 
the cross X : Thus, AB, or A.B, or AxB, denotes the pro- 
duct of A by B ; and ABC indicates the result of the con- 
tinued multiplication of A by B^ and of this product again 
by a 

4. When the same number is repeatedly multiplied, the 
product is tefrmed its power; and the number itself, in re- 
ference to that power, is called the root* The notation is 
here still farther abridged, by retaining only a single letter 
with a small figure over it, to mark how often it is under- 
stood to be repeated : This figure serves also to dis- 
tinguish the order of the power. Thus AA, or^*, signi- 
fies that A is multiplied by A, and that the product is the 
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tecond power of A; and AAA, or A', in like manner^ im- 
ports that A A is agai|i multiprid.by A> and that the result 
IS the third power of A. 

5. The roots are denoted by prefixing a contracted 

f or the symbol y^« Thus y^A or v^A marks the 9econ4 
root of A, or that number of which A is the second power; 

VA signifies the third root of A, or the number which has 
A for its third power. 

6. To represent the multiplication of complex quantities^ 
they are included by a parenthesis. Thus^ A(B-f-C — D) 
denotes that the amount of B+C — J), considered as a 
single quantity^ is multiplied into A. 

7. Ratios and analogies are expressed^ by inserting 
points in pairs between the terms. Thus A : B denotes 
the ratio of A to B, and the compound symbols A : B : : 
C : D^ signify that the ratio of A to B is the same as tbat 
pf C to J), or that A is to @ as C to D. 
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PROP. I. THEOR. 

The product of a number into the sum or differ* 
ence of two numbers, is equal to the sum or differ- 
ence of its products into those numbers. 

Let A, B^ and C be three numbers ; the product of the 
tmn'or difference of B and C by the number A,- is equal 
to the sum or difference of the products AB and AC. 

For the product AB is the same' as each unit contained 
in B repeated A times^ and the product AC is the same as 
the units in C likewise repeated A times ; whence the sum 
of the products AB and AC^ is equal to the units contained 
in both B and C^ all repeate4 A times, or it is equal to the 
sum of the numbers B and C multiplied by A. 

Again^ for the same reason, the difference between the 
products AB and AC must be equal to the difference be* 
tween the units contained in B and in C, repeated A 
times ; that is, it must be equal to the difference between 
the number^ B and C multiplied by A. 

Cor. 1. Hence a number which measures any two num- 
bers, will measure also their sum and their difference. 

Cor. 2. It is hence manifest^ that the first part of the 
proposition may be extended to more numbers than two; 
or that AB+AC+AD+, &c.=A(B+C+Dr|-, &c.) 



PROP. 11. THEOR, 

The product which arises from the continued 
multiplication of any numbers, is the same, in what- 
ever order tht^t operaliop be performed. 
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Let A and B be two numbers; the prodoct AB is equal 
toBA. 

For the product AB is the same as each unit in B ad* 
ded together A times^ that is^ the same as A itself repeat- 
ed B times, or BA. 

Next, let there be three numbers A« B, and C ; the pio* 
duets ABC, ACB, BAG, BCA, CAB, and CBA are aO 
equal. 

For put D=AB=BA (V. 1.) ; then DC=CD, that is, 
ABC=CAB, and BACsCBA. 

Again, put £=:AC=CA; then EBsBE^ that is, ACB 
=BAC, and CAB=BCA. 

Lastly, put F=:BC=CB; then FAsrAF, thatis, BCA 
ssABC, and CBA=ACB. 

And thus the several products are all mutually equal* 

It is also manifest, that the same mode of reasooing 
might be extended to the products of any multitude ^ 
numbers. 



PROP. m. THEOR. 

Homogeneous quantities are proportional to their 
like multiples or submultiples. 



Let A, B be two quantities of the same ki^d, and pA, 
pB their like multiples ; A : B : :pA : j>B. 

For, since A and 6 are capable of being measured to 
any required degree of precision, suppose Azrma and B 
=/ia ; then pA^spma, and pB:=:pna. But (V. 2.) pma 
^m.pa, and pna^n.pa. Wherefore a and pa are like sub- 
multiples of A and pA, which contain them respectively m 
times; and these like submultiples are both contained 
equally, or n times^ in B and pB. Consequently (V. def* 
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IOl) (be <}!|aiiiitieB A> 6, and pA,pB axe proporlioiial; and 
A^ pA are the antecedentSj and B^ pB the consequents of 
the analogy. 

Again^ because the ratio of j>A to p3 is thus the same as 
that of A to 6^ which^ an reference to pA and pB^ are only 
like snhmuldplesvit follotMPs that homogeneoos qoantitiea 
ne also prc^rtionid to their like snbmuitiples. 



PROP. ly. THEOR. 

In proportional quantities, according as the first 
term* is greater, equal, or less than the second^ 
the third term is greater, equal, or less than the 
fourth. 

LetA:B;:C:D; then if A-::=^B, C:::^D; if AsB^ C 
=D ; and if A.^B, C^^iD. 

For, if A be greater than B^ A : B is a ratio of majority; 
whence C : D, being the same with it, is likewise a ratio 
of majority^ and consequently C is greater than D. 

If A be equal to B, A : B must be a ratio of equality^ 
and hence C : D is also a ratio of equality^, or C is equal 
toD. 

But^ if A be less than B^ A : B is a ratio of minority^ and 
io is^ therefore^ C : D, or C is less than D. 



PROP. V. THEOR. 



Of four proportionals, if the first be a multiple of 
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• For, hy coiiteraioD, A : A^-B : : C : C^^D; atid alternate- 
ly A : C : t A+B • C+ D. 

Again, by conversion A : A — ^B : : C : C — D, and alter- 
nately A : C : ! A — B : C — D. Whence, by identity, of 
ratios, A+B : C+D : : A — B : C — D, and alternately A 
+B : A— B : : C+D : C— D 

The same reasoning will hold if A be less than B^ the 
order of these terms being only chariged. 



tROP. XIII. THEOR. 

A proportion will subsist, if the homologous terms 
be multiplied by the same numbers. 



Let A : B : : C : D ; ihenpA : qB : :pC : qj). 

For, since A : B : : C : D, alternately A : C : : B : D ; but 

the ratio of A to C is the same as j>A :pC (V. 3.)> and the 
ratio of B to D is the same as 96 : jD. Wherefore pA : 
pC : : }B : jD, and, by alternation, j> A : jB : :pC : qD. 

Cor, The Proposition may be extended likewise to the 
division of homologous terms, by employing submul- 
iiples. 



PROP. XIV. THEOR- 

The greatest and least terms of a proportion art 
together greater than the intermediate ones. 



Let A : B : : C : D ; and A being supposed to be the 

greatest term, the other extreme D is the least (V. 5. cor.) : 

11 
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ibe buhl ol A and P k gmtar tfadm. Aetmi of B wd 
C. 

Because A : B : : C : D, by conversion A : A — ^B : : 
C : C — D, and alternately A 2 C : : A — B : C— D ; but A, 
bemg the g^reatest term, is dienelore gprea^er. tAian C^ and 
consequently (V. 4.) A — B is greater than C — D; to oaci^ 
add B+D, and A+D-:::?'B+C. 

The same mode of ie«souing is applicable^ should saq 
other term of the analogy be supposed to be the gf e«te^ 

Cor. Hence the mean term of three proportionals^ is less 
than half the sum of both extremes. 



PROP. XV. THEOIC 

e 

If two analogies have the same antecedents, ano- ^ 
ther analogy may be formed, having thie consequents 
of the one as antecedents, and those of the other as 
consequents. 

Iiejt A:B::C:D apd AjE::C;F; tk^Xk B:E:^ 
DrF. 

For^ alternating the first analogy^ A : C : : B : P, and al* 
tearnating the second, A : C : : E : F ; wl^ienqe^ by ideotilgr 
of ratios^ B : D : : £ : F^ — ^wbieb inference i^ Qiinsie^ a direct 
equality. 



PROP. XVI. fHfiOR^ 

If the 4ton8equents of one atialogy be antecedents 
'm antf^cir^ a.ibird:$ukalK^y!!wiill o|itain^ Jsaaring.tbd 
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same antecedents as the former and the same con* 
sequents as the latter. 



Let A:B::C:D, and B:E::D:P; then A:E:: 
C:F. 

For/ alternating both analogies^ A : C : : B : D^ and 
B : D : : E : F; whence, by identity of ratios, A : C : : E : F, 
-—which conclusion is also named a direct equality. 



PROP. XVII. THEOR. 

If two analogies have the same means, the ex- 
tremes of the one, with those of the other as mean 
terms, will form a third analogy. 

Let A:B::C:D, and E:B::C:F; then A:E:: 
F:D. 

For, since A : B : : C : D, AD=BC (V.fi.); »nd because 
E : B : : C : F, EF=BC. Whence AD=EF, and A : E : : 
F:D. 

Cor, Hence the extreme and mean terms being inter- 
changeable, it likeu ise follows, that, if A : B : : C : D and 
A:E::F:l>,thenB:E::F:D. 



PROP. XVIII. THEOR. 

If the extremes of one analogy are the mean 

terkps in another^ a third analogy will Buhsist, ha-> 

.1 - 
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ving the means of the former as its extremes ancj 
the extremes of the latter as its means. 



Let A:B::C:D, and E:A::D:F; then B:E:: 
F:C. 

For, from the first analogy AD=BC, and, from the se- 
cond, EF=AD ; whence BC=EF, and consequently 
B:E::F:C. 

Cor. Hence also, if A:B::C:D and B:E::F:C; 
then E : A : : D : F. The principle of this and the preced- 
ing Proposition, is named inverse, or perturbate, equality. 



PROP. XIX. THEOR. 

i 

If there be any number of proportionals, as one 
antecedent is to its consequent, so is the sum of all 
the antecedents to the sum of all the consequeiits. 



Let A:B::C:D::E:F::G:H; then A:B::A+C 
+E+G:B+D+F+H. 

Because A : B : : C : D, AD=BC ; and since A : B ; : 
E:F, AF=BE, and, for the same reason, AI1==BG. Gpn 
sequently, the aggregate^ products, AB+AD+ AF+AHs: 
BA+BC+BE+BG, and, by resolulion, A(B+D+F+H) 
= B(A + C + E + G), whence A : B : : A + C + E+G : 
B+D+F+H. 

Cor. 1. It is obvious, that the Proposition will extend 
likewise to the difference of the homologous terms, and 
may, therefore, be more generally expressed thus : A : B : : 
A=±=C=±=E=±=G : B=±:D=i=F=tiH. 

Cor.2. Hence, if A:B::C:I>, and A:E::C:F; then 
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A : C : : B^tsE : D=i=F. For^ by altematioa^ the two aiia- 
logies become A : C : : B : D,,and A : C : : E : F ; wherefore 
the proposition applies to them. 

Cor. 3, If A : B : : C : D, and E : B : : F : D ; then 
A=t=E : B : : C=±:F : D. For, akematmg the analogies, 
A : C : : B : D, and E : F : : B : D ; whence B : D : : A=tcE i 
C=t=F, and^ by alternation and inversion, A=t=£:Br: 
C=k:F:D. 



PROP. XX. THEOR. 

In continued proportionals, the difference be- 
tween the first and second is to the second, as the 
difference between the first and last terms to the 
sum of all the terms, excepting the first. 

Let A:B ::B:C::C:D::D:E; then if A:::^B, 
Ar-B : B : : A— E : B+C+D+E. 

For, by the last Proposition, A: B : : A+B+C+D: 
B+C+ D+E, and consequently, by division, A — B : B ;: 
(A+B+C+D)— (B+C+D+E): B+C+D+E; that is, 
omitting B+C+D in the third term, A — B : B : : A^^E: 
B+C+D+E. 

If A-tilB, then B— A:B::(B+C+D+E)-HA+B+ 
G+D): B+C+D+E, that is, B— A : B : : E— A : B+C+ 
D+E. 

iTie same reasoning, it is evident, will koM for any num* 
her of terms. 
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PROP. XXI. THEOR. 

The products of the similar terms of any numeri- 
cal proportions, ar€ themselves proportional. 



LetA:B::C:D 
E:F::G:H 
I:K::L:M; 
then AEI : BFK : : CGL : DHM. 

For (V. 6.), from the first analogy ADsrBC, ftom the se- 
cond analogy EH=FG, and from the third analogy IMsKL; 
whence the compound product ADJEH JM'z* BC.FG.KL. 
But AD.EH.IM=AELDHM (V. 2.), and BC.FG.KL 
=BFK.CGL; wherefore AEI.DUM =BFK.CGL, and 
consequently (V. 6.) AEI : BFK : : CGL : DHM. 

The same reasonings it is obyious^ applies to any num- 
ber of .proportionals. 

Cor. 1. Hence the powers of the successive (enns of nu- 
merical proportions^ are likewise proportional* For^ if 
A : B : : C : D, and, repeating the analogy, A : B : : C : P ; 
then, by multiplication, AA : BB : : CC : DD, or A* : B* : : 
C» : D». 

. Again, let A : B : : C : D, and, repeating the analogy, 
A : B : : C : D, 
and A : B : : C : D ; whence, by multiplying the 
corresponding terms, 

As:BJ::C3:D5. 
And so the induction may be pursued generally. 

Cor, £. Hence also the roots of the terms of a mi- 

merical proportion, are proportional. If A : B : : C : D, 

then V'Ai^/BriV'CvD. For let v'A VB : : v'C VE, 

and, by the last corollary, A : B : : C : E ; but A : B : : 

3 
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C : D, whence C : E : : C : D^ and consequently EsD^ 
or ^A : ^Q : : ^C : ^/D. In the same manner, it may 

be shown in general that, if A : B : : C : D^ ^A : ^/B : : 

PROP. XXII. THEOR. 

The ratio which is conceived to be compounded 
of other ratios, is the same as that of the products 
of their corresponding numerical expressions. 

Suppose the ratio of A : D is compouDded of A : B^ of 
B : C, and of C : D, and let A : B : :.K : L, B : C : : M : 
N, andC:D::0:P; then will A : D : : KMO : LNP. 
For, since A : B : : K : L, 
B:C::M:N, 
and C : D : : O : P, 
the products of the similar terms are proportional (V. 91.), 
or ABC: BCD:: KMO: LNP. But A:D::ABC:BCD 
(V. 8.), and consequently A : D : : KMO : LNP. 

The same mode of reasoning is applicable to any num- 
ber of component ratios. 



PROP. XXIIL THEOR. 

A duplicate ratio is the same as the ratio of the 
second powers of the terms of its numerical expres- 
sion, and a triplicate ratio is the same as the third 
powers of those terms. , 



I 
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The duplicate ratio of A : B is denoted by A* : 6*, aod 
the triplicate ratio by A* : B'. 

For the duplicate ratio of A : B, being the double com- 
pound of A : B and of A : B, is (V. 22 ) the same as that of 
the corresponding products A.A : B.B, or A' : B*. 

Again, the triplicate ratio of A : B, being the triple 
compound of A :B, of A: B, of A:B, is the same as that 
of the corresponding products AAA : BBB, or A* : B*. 

Cor. Hence the subduplicate ratio of A : B, is VA : </B, 
and the subtriplicate ratio of A : 6, is v'A : VB. 



PROP. XXIV, THEOR. 

The product of the numbers expressing the sides 
of a rectangle, will represent its quantity of surface, 
as measured by a square described on the linear 
unit. 



Let ABCD be a rectangle and OP the linear measure ; 
and suppose the side AB contains OP, m times, and the 
side BC contains it, n times. 
Divide these sides accord- 
ingly ([■ 4(>.), and, through 

the points of section, draw I ~j I j~~i i 1 

straight lines (1.26.) paral- ol—Jp 

lei to AD and DC : tite whole 

rectangle will thus be divided 

into cells, each of them equal 

to the square of OP. It is evident, that there stand on 

BC, ncbiumns, and that each of these columns contains, i» 

cells; consequently the enlirc space includes, mx" cells, 

•r is equal to the square of OP repeated, ran time*. 



ZL 
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Cor. 1. If iTissn, theti ABsBC, and tbe reolM»^ be- 
comes a square ; but mn is in 4iat cage equal to nu, or ii\ 
Whence i^e surfistfee of a fiquare ie equal to the serand 
power of the »umlber dendting its side* 

Cor. 2* Heotangles whidi have tlie same ahitnde « 'wtt 
as their bases n «Lnd p\ iot nmimpxinif (V. S.) 

Ctr. S. If two FectangleB be eq«ial> their respective .sides 
are Reciprocally propor4ional^ or form the extremea and 
means of tin analogs For if mnszpq, t^en'^m:^ : ip : q 
(V. 6.) 



PROP. XXV. PROB. 

Given two homogeneous quantities, to find, if 
possiWe, their greatest common measure. 

Let it be required to find the greatest common mea- 
sure^ that two quantities A and B^ of the same kind^ will 
admit. 

Supposing A to be greater than B, take B out of A, till 
the remainder C be less than it; again^ take C out of B| 
till there remain only D ; and continue this alternate ope- 
ration^ till the last divisor^ suppose £^ leave no remainder 
whatever : E is the greatest common measure of the quan- 
tities proposed. 

For^ that which measures B will measure its multiple ; 
and being a common measure, it also measure A, and 
measures, therefore, the difference between the multiple 
of B and A (V. 1. cor. 1.), that is, C; the required mea- 
sure, hence, measures the multiple of C, and consequently 
the difference of this multiple and B, which it meaauEed,-— 
that is D: And lastly, this measure, as it measures the 
multiple of D^ must cosisequently measure the difference 
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of dais fimn C^ or it must meaaure £• Here the decern- 
ipofiition is supposed to termimte. Wherefore^ the cobh- 
mon measure of A and B^ sidQce it measures £>, may be £ 
itself; aad it is also the greatest possible measure^ for no- 
thing greater than E can be contained in this quantity. 

By retracing the steps likewise, it might be shown, that 
E measures, in succession, all the preceding terms D, C, 
B, and A. 

If the process of decomposkion should never come to a 
close, the quantities A and B do not admit a common 
measure, — or they aie incwnmensurable. But, as the residue 
of the subdivisioii is necessarily diminished at each step of 
this operation^ itis evident that an element may be al^^ays 
discovered, which iwiil measure A and B nearer than any 
assignable difference whatever. 



PROP. XXVI. PROB. 

To express by numbers, either exactly or ap- 
proximately, the ratio of two given homogeneous 
quantities. 



Let A €uid B be two quantities of the same kind, whose 
numerical ratio it ds required to discover. 

Find, by the last Proposition, the greatest common mea* 
sure E of the two quantities; and let A contain this measure 
K limes, and B contain k h times : Then will the ratio 
K : L express the ratio of A : B* 

f!or the jnumbers K and L severally consist of as many 
units, as the quantities A and B contain their measure E. 
ft 16 abo manHeat, since JB ds .the greatest possible divisor, 
that K and L are the smalleet numb€«« capable of expres- 
sing the ratio of A to B. 
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The formation of these numbers wiU evidently sftop^ 
when the corresponding subdivision termin^ttes. But evea 
Iheagh the saccernvse decompoaUsou sbcniU tawsst teimi- 
uate^ as in the case of incooiiaeiisurable .^uaotittieisiy — yiet 
the eqwsston iixus t>bl(uiie4 HHist coBstan^ ttppiiK^acb to 
the ratio of A : B^ since. tfaey suppose only the omissiQU^Qf 
ibt vemainder of the last divisioD^ and vrbiclik is perpetu- 
ally diminishing* 



PROP, XXVII. THEOR. 

A straight line is incotninensurat>le iwil^ its seg- 
ments formed by medial section. 

if ibe straight .line AB be cut inC^ such that liie«ect- 
angle AB, BC is equal to 

the square of AC ; no part a F'-E y C B 

of AB, however small, will 
measuTe the segments AC, BC. 

For (Y. £5.) take AC out of AB, and again the remaift- 
der BC out of AC. But AD, being made equal to BC, 
tiie straight line AC is likewise divided in D, by a mediil 
section fll. S6. cor. 1.); and, for the same reason, 'tiddsg 
away the successive remainders CD, or A£, from AD^ and 
D£ or AF from A£, the subordinate lines AD and A£ 
also divided medially in the points £ and F. Hm- 
tion produces, therefore, a series of decreasing lines, siU of 
them divided by medial section: Nor can the process of 
decomposition ever terminate; for though the remainders 
BC, CD, D£, and £F thus continuiilly diminish, they still 
must constitute the segments of a similar division. Con- 
sequently there exists no -final quantity which would mea- 
sure both AB and AC. 
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PROP. XXVIII. THEOR. 

The side of a square is incommensurable with its 
diagonal. 



Let A6CD be a square and AC its diagonal ; AC and 
AB are incommensurable. 

For make CE equal to AB or BC, draw the perpendi- 
cular EF (I. 5. cor. £.), and join BE, 

Because CE is equal to BC^ the angle CEB is equal 
to CBE (I. 8.) ; and since CEF and CBF are right 
angles^ the remaining angle 
BEF is equal to EBF, and the 
side EF equal to BF (1. 9.) ; but 
EF is also equal to AE, for the 
angles EAF and EFA of the 
triangle AEF are evidently each 
half a right angle. Whence, 
making FH equal to FB, FE 
or AE, — the excess AE of the 
diagonal AC above the side AB, 

is contained twice in AB, with a remainder AH ; and AH 
again, being the excess of the diagonal AF of the square 
6E above the side AE, must, for the same reason, be con- 
tained twice in AG, with a new remainder AL ; and this 
remainder will likewise be contained twice in AH, the side 
of tiie square KH. This process of subdivision is, there- 
fore, interminable, and the same relations are continually 
reproduced. 
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The doctrine of Proportion, grounded on the 
simplest theory of numbers, furnishes a most power- 
ful instrument, for abridging and extending mathe* 
matical investigations. It easily unfolds the pri- 
mary relations of figures, and the sections of lines 
and circles; but it also discloses with admirable fe- 
licity that vast concatenation of general properties, 
])ot less important than remote, which, without 
such aid, might for ever have escaped the penetra-. 
tion of the geometer. He is thus placed on a com- 
manding eminence; from which he views the bear- 
ings of the objects belo^v, suf yeys the contours of 
the distant amphitheatre, and descries the fading 
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verge of a boundless horizon. The application oF 
Arithmetic to Geometry forms, therefore, one or 
those grand epochs which occur, in the lapse of 
ages, to mark and accelerate the progress of scien- 
tific discovery. 



DEFINITIOiSfi 

1. Straight lines which proceed from the same pointy are 
termed diverging lines. 

2. Straight lines ar^ divided similarly, when their cor- 
responding segments have all the same ratio. 

5. A straight line is said to be cut hdrmomcalfy, if it 
consist of three segments^ strch that the whole fine is'tb 
one extreme^ as the other extreme to the middle p^rl. 

4. The area of a figure is its surface^ or the quaDtity of 
space which it occupies. 

5. SipUlwr figures are snch as have their singles re<p^ 
tlvely equal, and the containing sides. pro)M>rttondw 

• • • ' 

6. If two sides of a rectilineal figure be the exUemes of 
an analogy, of which the means are two sides containiog 
an equal angle in another rectilineal figure ; ' these sides 
arfe said to be reciprocaUy proportional. 
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PROP. I. THEOR. 
Parallels cut divergitig lines proportionally. 

The parallels DE and BC cut the diverging lines AB and 
AC into proportional segments. 

, Those parallels may lie on the same side of the vertex^ 
or on opposite sides ; and they may consist of two, or of 
more lines. 

1. Let the two parallels DE and BC intersect the di- 
verging lines AB and AC, on the same side of the vertex 
A ; then are AB and AC cut proportionally, in the points 
D and E,— or AD : AB : ; AE : AC. 

For if AD be commensurable with AB, find (V. 25.) 
their common measure M, and, from the corresponding 
points of section in AD and AB, draw (L 26.) the parallels 
FI, GK, and HL. It is evident, 
from Book I. Prop. 40, that these 
parallels will also divide the straight 
lines AE and AC equally. Where- 
fore the measure M, or AF the sub- 
multiple of AD, is contained in AB, 

as often as AI, the like submultiple ^ ^' ^^ oh b 
of AE, is contained in AC ; conse- 
quently (V. def. 10 J the ratio of AD to AB is the same 
with that of AE to AC. 

But, should the segments AD and AB be incommensur- 
able, they may still be expressed numerically, and that to 
any required' degree of precision. AD being divided into 
equal parts (1. 40.)> these p^rts, continued towards Bb will, 
together with a subsidiary portion, compose the whole of 



M 
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AB. Let this division of AD extend in DB to b, and 
draw the parallel be. If the parts of AD and AB be 
again subdivided, the corresponding residue will evidently 
be diminished ; and thus, at each successive subdivi- 
sion, the terminating paraUel be 
must approximate perpetually to BC. 
Wherefore, by continhing this pro- 
cess of exhaustion, the divided lines 
Ab and Ac will approach the limits 
AB and AC, nearer than any finite 
or assignable interval. Consequent- 
ly, from the preceding demonstration, AD : AB 
AE : AC. 

And since AD : AB : : AE : AC, it follows, by conver- 
sion (V. 11.), that AD:DB::AE:EC, and again, by 
composition (V. 9.), that AB : DB : : AC : EC. 

2. Let the two parallels DE and BC cut the diverge 
ing lines DB and EC, on opposite sides of A ; the seg- 
ments AB, AD have the same ratio with AC, AE, — or 
AB:AD::AC:AE. 

For, make AO equal to AD, AP to AE, and join OP. 
The triangles APO and 
AED, having the sides 
AO, AP equal to AD, AE, 
and the contained vertical 
angle OAP equal to DAE, 
are equal (I. S.), and con- 
sequently the angle AOP 
is equal to ADE; but these 
being alternate angles, the 
straight line OP (L 25.) is 

paraUel to DE, and hence, from what was already demon- 
strated, AB : AO or AD : : AC : AP or AE. 

And since AB : AD : : AC : AE, by conversion 
DB : DA : : EC : EA, and, by conversion, and inversion 
DB : AB : : EC : AC. 
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3. Lastly, let more than two parallels, BC, DE, FH, and 
GI, intersect the diverging lines AB and AC 5 the seg- 
ments DA, AF, FG, and GB, 
in DB, are proportional re- 
spectively to EA, AH, HI, and 
IC, the corresponding seg* 
ments in EC. 

For, from the second case^ ^ ^ 

DA : AF : : EA : AH ; and, "^~^^^ ^ ^ ^ 

from the first case, AF : FG : : 

AH : HI. But from the same 

case, AG : FG : : AI : HI, and AG : GB : : Al : IC ; whencd . 

(V. 15.)FG:GB::HI:IC. 

Cor. 1. Hence the converse of the proposition is also 
true, or that straight lines which cut diverging lines pro« 
portionally are parallel ; for it would otherwise follow, that 
a new division of the same line would not alter the rela- 
tion among the segments, which is evidently absurd. 

Cor. 2. Hence, if the segments of one diverging line 
be equal to those of another, the straight lines which join 
them are parallel. 




PROP. 11. THEOR. 



Diverging lines are proportional to the corre- 
sponding segments into which they divide parallels. 



Let two diverging lines A6 aiid 
AC cut the parallels BC and DE$ 
thenAB:AD::BC:DE. 

For draw DF parallel to AC . And, 
by the last Proposition, the parallels 
AC and DF must cut the straight 
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lines AB and 6C proportion- 
ally, or AB : AD : : BC : CF. 
But CF is equal (I. 29-) 
to the opposite side DE of 
the parallelogram DECF ; 
and consequently AB : AD : : 
BC : DE. 




Next, let more than two diverging lines AB, AF, and 
AC intersect the parallels BC and DE; the segments 
BF and FC have respective- 
ly to DG and GE the same 
ratio as AB has to AD. 

From what has been already 
demonstrated, it appears, that 
AB : AD : : BF : DG, and also 
that AF : AG : : FC : GE. 
But by the last Proposition, 
AB : AD : : AF : AG ; where- 
fore AB : AD : : FC : GE. The same mode of reasoning, it ifr 
obvious, might be extended to any number of sections. 
Whence AB : AD : : BF : DG : : FC : GE. 

Cor. 1. Hence straight lines which cut diverging lines 
equally, being parallel (VI. 1. cor. 1.), are themselves pro- 
portional to the segments intercepted from the vertex. 

Cor.^. Hence parallels are cut proportionally by diverg- 
ing lines. 




PROP. HI. PROB. 



To find a fourth proportional to three given 
straight lines. 
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Let A^ B^ and C be three straight liaes^ to which it is 
required to find a fourth proportional. 

Draw the diverging lines 
DG and DH, make DE equal 
to A, DF to B, and DG to C, 
join EF, and through G draw 
(I. 26.) GH parallel to EF, and 
meeting DH in H; DH is a 
fourth proportional to the 
straight lines A, B^ and C. 

For the diverging lines DG 
and DH are cut proportion- 
ally by the parallels EF and GH (VI. !•), or DE : DF : : 
DG : DH, that is, A : B : : C : DH- 

Cor. If the mean terms B and C be equal, it is obvious^ 
that DG will become equal to JDF, and that DH will be 
found a third proportional to the two given terms A and 
3. 




PROP. IV. PROB. 

To cut a given straight line into segments which 
shall be proportional to those of a divided straight 
line. 



Let AB be a straight line, which it is required to cut 
into segments proportional to those of a given divided 
straight line. 

Draw the diverging line AC, 
and make AD, DE, and EC, 
equal respectively to the seg- 
ments of the divided line, join 
CB, and draw EG and DF pa- 
rallel to it (I. 26.) and meeting 
AB in F and G ; AB is cut in 
those points proportionaUy to the segments of AC. 
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For ( VI. 2.) the parallels DFi EG, and CB must cat th« 
diverging lines AB and AC proportionally (VI, J.)> or 
AF ; FG : : AD : DE, and FG : GB : : DE ; EC 



PROP. V. PROB, 

To cut off the successive parts of a given straight 
line. 

Let AB be a straight line from which it is required to 
cut off successively the half, the third, the fourth, the fifth, 
&c. 

Through B draw the diverging straight line CBG con-^ 
tinned both ways, take in it any point C, and make BD, 
DE, EF, FG, &c. each equal to BC, complete the paral- 
lelogram ABC I, and join ID, lE^ IF, IG, 8cc. cuttilig 
AB in the points K>L,M, 
N, 8i:c. ; theij is the seg-* 
ment AK the half of AB^^ 
AL the third, AM the 
fourth, and AN the fifth 
part, of the same given 
Jine. 

For the segments of the 
straight line AB must be 
proportional to the seg- 
ments of the parallels Al 
and BG, intercepted by 
the diverging lines ID, 
IE, IF, IG, &c. Thus, AK : KB : : AI : BD ; but, by 
construction, BC or AI=:BD, iwhence (V. 4.) AK=sKB, 
and therefore AK is the half of AB- Again, AL : LB : : 
AI : BE ; and since BE=2AI, jt follows, that LB:^2AL, 
or AL is the third part of AB. In the same manner, 
AM : MB : : Al : BF; but BFssSAI; whence MBjsSAM, 








or AM is tbe fourth part of AB. And, by a like process, 
it may be shoffii that AN is the fifth part of AB. 

Olherwiie thus. 

On AB describe the rhomboid ABGD, -aod thraagh E, 
the intersection of its diagonals AC and BD, draw EF pa- 
rallel to AD (I. «6.), join DF, aad through G, where it 
cuts AC, draw GH likewise parallel to AD, again join DH 
and draw the parallel IK.,' and sd repeat the aperatiion: 
Then will AF be the half of AB, AH the tliiid, AK the 
fourth, attd AM the fifth part of it. 

Because AD and EF are pahdlel,. DE t MB ir AF : FB 
(VI. 1.) ; but DE=:EB (I. 31.), whiiefore AFssFB, or AF 
is the half of AB. And AD and EF being'intereepted pa- 
rallels, AD : EF : 1 AB : BF (VI. ^.) ; compqutntly since 
AB is double of BF, AD 
is likewise double of EF 
(V. 5.) — Again, the diverg- 
ing lines AGE and DGF 
are proportional to the in- 
tercepted parallels AD and 
EF(VI.2.), orADiEF:: 
AG:GE; and GH being a Akii. iT" 
parallel to EF, AG: GE:: 
AH : HF (VI. 1.), whence AD : EF : : AH : HF; but AD 
was shown to be doable of EF, wherefore AH is double of 
HF (V. 5.), or AH is two-thirds of AF, or of thfe half of AB, 
and is consequently the third part of the whole AB- And 
since-AF : HF : : AD : GH, and AF is triple of HF, it is 
evident that AD is triple of GH ; but AD ; GH : : 
Ai : IG : : AK : KH, and AD being t^pte of GH, AK 
must also be triple of KH ; or AK is tbree-fourtha of AH, 
which was proved to he the third of AB, whence the seg- 
ment AK is the fonrth part of the vhole line AB. By-a 
like process, it is showa that AM is. the ^h part of AB. 
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PROP. VL PROB. 

To divide a straight line harmonically, in a given 
ratio. 

f 

Let AB be a straight line^ which it is required to cut 
harmonicaHy^ in the ratio of K to L. 

tlirough A draw the divergbg line AC, and produce it 
both ways till AC and AD be each equal to K, make A£ 
equal to L, join CB, 
draw £F parallel to 
AB, and F6 parallel to 
CA, and join DF ; the 
straight line AB is di- 
vided harmonically in 
the points H and G, such 
thatK:L::AB:BG:: 
AH : HG. 

For the parallels AC 
and GF, being inter- 
cepted by the diverg- ^ 
ing lines AB and CB, 

AC : GF : : AB : BG (VL 2.) Again, the diverging lines 
AG and DF are cut by the parallels AD and FG, whence 
<VL 1.) AD : GF : : AH : HG. Wherefore, AB : BG : : 
AH : HG ; and each of these ratios is the same as that of 
AC or AD to GF, or that of K to L. 

Cor, Hence AG is divided, internally in H and exter- 
nally in B, in the same ratio. In like manner, BH is di- 
vided proportionally, by an external and internal section 
in A and G ; for AB : BG : : AH : HG, and alternately 
AB:AH::3G:HG. 
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PROP. VII. THEOR. 

If a straight line be divided internally and exter- 
nally in the same ratio, half the line is a mean pro- 
portional between the distances of the middle from 
the two points of unequal section. 



Let the straight lioe AB be divided in the same ratio^ 
ioteraally and externally ia C and J), and also be bisect- 
ed in E ; the half EB is a 
inean proportional between a e C B D 

EC and ED, or EC : EB : : ^ ' '' ^ ^ »* 

EB : ED. 

For since AC : CB : : AD : DB, by mixing and inver- 
ion AC— CB:AC+CB::AD— DB:AD+DB, that is, 
S£C : AB : : AB : 2ED, and halving all the terms of the 
inalogy (V. 3,) EC : EB : : EB ; ED. 



PROP. VIII. THEOR. 

If diverging lines divide a straight line harmoni- 
^lly, they will cut every intercepted straight line 
Jso in harmonic proportion. 

r 

Let the diverging lines EA, EC, EB, and ED terminate 
*i the harmonic section of the straight line AD ; any in- 
*tcepted straight line FG will be likewise cut by thena 
harmonically, or FG : GI : : FH : HL 
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For, tlirough the points B and I, draw (I. 26.) KL and 
MN parallel to AE. 

Because the parallels AE and BL are intercepted by 
the diverging lines DA and DE, AD : DB : : AE : BL (VI. 
£.) ; and for the same reasop^ the parallels AE and BK 
being intercepted by the .... 

diverging lines AB and 32 

EK, AC : CB : : AE : BK. 
An5 since AD is divided 

harmonically, AD : DB « : / •ftiNli' 

AC : CB ; wherefore AE : 
BL : : AE : BK, and con- 




sequently BL=:BK. But, 

KL being parallel to MN, 

BL:BK::IN:IM (L 2. 

cor. 2.); consequently, BL 

being equal to BK, IN 

must also be equal to IM 

(V. 4.) : whence FE : IN : : 

FE : IM. Agam, FE : IN : : FG : GI, for tiie paraUek FE 

and IN are cut by the diverging lines GF and GE; and 

FE : IM : : FH : HI, since the parallels FJE atnd IM ire 

cut by the diverging lines FI and EM. Wherefore, by 

identity of ratios, FG : GI : : FH : HI ; or the interc^ 

ed straight line FG^ is cut harmonically in the points H 

and I. 



PROP. IX. THEOR. 

If from any point in the circumference of a 
circle, straight lines be di^wn to the extremities of ^ 
a chord and meeting the perpendicular diamet(ir> 
they will divide that diameter, internally and extef-^ 
nally, in the same ratio. 
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Let the chord £F be perpendicular to the diameter AB 
of a circle^ and from its extremities F and £ sti*aight lines 
F6 and EG be inflected to a point 6 in the circumfe- 
rence^ and cutting the diameter internally and externally 
in C and D; then will AC : CB : : AD : DB. 

For join AG and BG^ and draw HBI parallel to 
AG. 

Because AEGB is a semicircle^ the angle AGB is a right 
angle (III. 26.); wherefore AG and HI being parallel^ the 
alternate angle GBI is right (I.^o.ii-^nd likewise its adja- 
cent angle GBH. But the diameter AB, being perpendicular 
to the chord EF, must bisect the arc FAE (III. 5.); and 
therefore the angle EGA is equal to AGF or its supplement 
(III. 15. cor.) And since 
AG is parallel to HI^ the K^ 

angle EGA is equal to the 
angle GIB or its supple- 
ment (L £5.); and for the 
same reason^ the angle 
AGF IB equal to the al- 
>teniate angle G H B. 
Whence the angle GIB 
is equal to GHB; but 
the angles GBI and 
<jBH being both right 
angles^ are equals and 
the side GB is common 
to the two triangles BIG 
and BHG, which are, 

therefore, equal (I. 23.), and consequently BH is equal to 
BI, and AG : BH : : AG : BI. Now, because the parallels 
AG and BH are intercepted by the diverging lines AB 
land GH, AG ; BH : : AC : CB ; and since the parallels AG 
pad BI are intercepted by the diverging lines GD^and 
. AD, AG : BI : : AD : DB. Wherefore AC : CB : : AD i DB, 
tbajbis, the straight line AB js cut in the same ratio, inter- 
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nally and externally^ or the whole line AD is divided har- 
monically in the points C and B. 

Cor. 1*. As the points £ and G come nearer each other, 
it is obvious that the straight line EGD will approach ooup 
tinually to the position of the tangent^ which is its nlti- 
mate limit. Hence the tangent, and the perpendicular, 
irom the point of contact or mutual coincidence,, cat 
' the diameter proportionally, or 
AC : CB : : AD : DB. It is, there- 
fore, evident (VI. 7-.). that, O 
being the centre, OC : OB : : 
OB : OD. 

Cor. 2. Because OB is a mean 
proportional between OC and 

OD, it follows that OB*=OD.OC; and since OED iia 
right-angled triangle (III. 2S.), the squares of OE or OB^ 
and of ED (II. 14.) are together equivalent to the square of 
OD, wherefore OD*=OD.OC+ED\ Now OD*=ODJOC 
+OD.CD, and consequently, taking OD.OC awayfiroU; 
both, the rectangle OD.CD is equivalent to the square of 
ED, which again is equivalent to the rectangle AD3D> 
But CD : OD : : CD* : OD.CD, and, by substitntioa, 
CD : OD : : CD* : AD.BD ; and this analogy must hence 
apply in the case of any straight line AB, which is bisect 
ed in O and cut in the same ratio internally and exteroal- 
ly at C and D. 




PROP. X. THEOR. 



. A straight line drawn from the concourse of two 
tangents to the concave circumference of a circlft 
is divided harmonically, by the convex circumfr 
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fence and the chord which joins the points of con- 



tact. 



Let ED and FD be two tangents applied to the circle 
AEBF ; the secant DA drawn from their point of con- 
course will be cut, in harmonic proportion, by the convex 
circumference EBF and the chord EF which joins the 
points of contact, or AD : DB : : AC : CB. 

For the tangents ED and FD are equal (III. S6. cor. 
2.)> and EDF, being thus an isosceles triangle, DE*=DC* 
+EC.CF (11. 27.) ; but (III. 
36.) DE* is also equal to 
AD JDB, and the chords AB 
and EF, by their mutual in- 
tersection, make the rect- 
angleEC.CF equal to AC.CB. 
Whence AD.DB = DC + 
AC.CB ; but DC*=DC.CB 
+DC.DB(II. 20.),andthere.^ 

fore collectively AD.DB = DC.CB + AC.CB + DC.DB, 
that is, AD.DB=CB(DC+AC, or AD) + DC.DB. And 
smce AD.DB=AC.DB+ DC.DB, it follows thatACDB 

+DC.DB=CB. AD + DC.DB; and taking away the com- 
mon rectangle DC.DB, there remains the rectangle 

AC.DB=CB.AD. Wherefore (V. 6.) the sides of these 
equal rectangles are the mean and extreme terms of a pro- 
portion, or AD : DB : : AC : CB. 
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PROP. XIL THEOR. 



If two straight lines be inflected from the ex* 
tremities of the base of a triangle to cut the oppo* 
site sides proportionally, another straight line, drawn, 
from the vertex through their point of concourse . 
will bisect the base. 



In the triangle ABC, let AE and CD, drawn from the 
extremities of the base to cut the opposite sides propop- 
tionally, intersect each other in F, join BF, which pro* 
duce if necessary to meet the base in the point 6; A6 
will be equal to GC. 

For join DE. And because the sides AB and BC are 
cut proportionally, DE is parallel 
to AC (VI. 1. cor.), whence 
BD:BA:rBH:BG(VL 1.); but 
BD : BA : : DE : AC (VI. 2.), and 
therefore BH : BG : : DE ; AC. 
Again, the parallels DE and AC 
being cut by the diverging lines 
AE and CD, DE : AC : : DF : FC 
(VI. 2.). and DF : FC : : FH : FG 
(VI. ] .) ; wherefore BH : BG : : 
FH : FG, or BF is cut internally and externally in the 
«ame ratio. But, DH being parallel to AG, BH : BGr: 
DH : AG ; and since DH is also parallel to GC, HF : FGI: • 
DH : GC ; whence DH : AG : : DH : 6C, and cow^ 
quently AG is equal to GC, 
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Cb^* If the inflected lilies A£ and CD bisect the oppo* 
site sides of the triangle, BG will be double of BH, and 
conseqtiently F6 the double of FH; FG is therefore equal 
to two third parts of GH, oris one third part of the whole 
EG. If 3AD=AB, then 3GH=2BG, and SFH-sFQ; 
whence 4FG=sSGH, or FGis the fourth part of BG. 
Again, if 4AD3AB, then 4GH=3BG, and 4FH=FG; 
consequently 5GH=-4GH, or GH is the fifth part of BG. 
In general, it will appear that the portion FG is what 
would result from dividing BG into a greater number of 
parts, by one, than AB. 



PROP. XIIL THEOR. 

Triangles are similar, which have their corre- 
sponding angles equal. 

Let the triangles ABC and DEF, have the angle CAB 
equal to FDE, CBA to FED, and consequently (I. 34.) 
the remaining angle BCA equal to EFD ; these triangles 
are similar, or the sides in both which contain equal angles 
are proportional. 

For make BG equal to ED, and draw GH parallel to 
AC.-. = .' ' 

Because GH is parallel • 
to AC, the exterior angle - 
B6H is equal (I. 25.) to 
BAG, that is, to EDF ; and : 
the angle at B is by hypo« q^ 
thesis equal to that at E, and / 

the interjacent side BG was! Z 

made equal to ED ; where- 
fore (I. 23.) the triangle 
GBH is equal to DEF. But the diverging lines BA and 

N 
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BC being cat propottioiially by the poraHeh AC and OB, 
(VI. l.)> AB is to BG as B6 to BH, or as ED to EV. 
Again^ those divergitig limes being proportional to dM 
iatercepted segmelitB AC and GH of the parallels (YL 
£.) AB ift to B6 as AC ia to GH, and ahemately AB 
is to AC as BG.is to GH, ot as ED to DP. hk te 
saaoe manner, as BC is to BH so is AC to 6H> and aU 
ternately, as BC is to AC so is BH or EF to GH at 
DP. And thns> the sides opposite to eqoal angles m the 
triangles ABC and DBF, are th^ bomologoas terma of # 
proportion. 

Cor. Isosceles triangles are similar which have their: 
vertical angles equal. For the sapplementaiy angles at 
the base must be together equal (1. 34«)y and consequently 
they are equal to each other. 



PROP. XIV. . THEOR. 



Triangles which have the sides about two of their 
angles proportional, are similar. 



In the triangles ABC and DEF, let AB : AC : : DE : DP 
and BC : AC : : EF : DF; then is the angle BAC eqnalto 
EDF, and the angle BCA to EFD» 

For (I. 4.) draw DG and F6, making angles FDG and 
DFG equal to CAB and ACB. 

By the last Proposition, the triai^le ABC is siiular t* 
DOP^ and consequently AB : AC : : D6 c DF ; bst^ hf 
hypothesis, AB ; AC : : D£ : DF, aild heacfy firna idco» 
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titjrofibtios,Da:DF:: 
DE : DF, or DG is 
equal to D£. In the 
same manner^BC : AC : : 
EF:DF,andBC:AC:: 
GF : DF ; whence EF : 
DF::GF:DF, andEF 
18 equal to FG« Where- 
fore the triangles DEF 

mi 2>GF> having tb«i9 the sides BE and EF equal to 
DQ and F6, and the side DF common to both, are 
(L€.) equal; consequently the angle £DF is equal to 
FDG or BAC, and the angle EFD is equal to DFG or 
BCA. 

Cor. Hence isosceles triangles which have jeither side 
proportional to the base, are similar* 



PROP. XV. THEOR. 

Triangles are similar, if each have an equal angle 
and its containing sides proportional. 



la At triangles BAC and EDF, let the angle ABC be 
equal to DEF, and let the sides which contain the one* 
be proportional to those which contain the other, or. 
AB : BC ; : DE : EF ; the triangles BAC and EDF are si- 
milar. 

For, from the points E and F, draw EG andFG, making 
the angles FEG and EFG equal to CBA and BCA. 

Tlie triangles BAC and EGF, having thus their corre- 
sponding angles equal, are similar (YI. IS.), and therefore 
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AB : BC : : EG : EF. But, by hypothesis, AB : BC : : 
ED: EF; where- 
fore EG : EF : : 
ED : EF, and con- 
sequently EG is e- 
qualtoED. Hence 
the triangles GFE 
and DFE, having 
the side EG equsd 

to ED, EF common to both, and the contained angle 6EF 
equal to ABC or DEF, are equal (I. 9.), and therefore the 
angle EFG or BC A is equal to EFD ; consequently the re- 
maining angles BAC and EDF of the triangles ABC and 
DEF, are equal (I. 34.), and these triangles are (VIt 15«) 
similar. 
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PROP. XVI. THEOR. 

Triangles are similar, which, being of the same 
affection, have each ah equal angle, and the sides 
containing another angle proportional. 



« 

Let the triangles ABC and DEF, which are of the same 
affection, have the angle ABC equal to DEF and the 
sides that contain the angles at C and F proportional, or 
BC : AC : : EF : FD ; the triangles ABC and DEF are si- 
milar. 

For, from the B 

points E and F 
drawEGandFG, 
making the an« 
gles FEG and 
EFG equal to 
ABC and BCA. 
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The triangle ABC is evidently similar to GEF, and 
BC : CA: : EF : FG ; but, by hypothesis, BC : CA : : EF : FD, 
and therefore EF : FG : : EF : FD, and FG is equal to FD. 
Whence the triangles EGF and EDF, having the side FG 
equal to FD and the side EF common, and being both 
of the same affection with CAB, are equal (I. 23.) ; con- 
sequently the angle GEF is equal to DEF or ABC> and 
therefore (VL 13.) the tsiangles ABC and DEP are simi- 
lar. 



PROP. XVII. THEOR. 

A perpendicular let fall upon«the hypotenuse of 
a right-angled triangle from the opposite vertex, 
will divide it into two triangles which are similar 
to the whole and to each other. 



Let the triangle ABC be right-angled at B, from which 
the perpendicular BD is let fall upon the hypotenuse AC ; 
the triangles ABD and DBC, thus formed, are similar to 
each other and to the whole triangle ACB. 

For the triangles ABD and ACB, having the angle 
BAC common, and the right angle ADB equal to ABC, 
are similar (VI. 13.) Again, the 
triangles DBC and ACB are si- 
milar, since they have the angle 
BCD common, and the right 
mgle BDC equal to ABC. The 
triangles ABD and DBC being, 
;herefore, both similar to the 
^me triangle ABC, are evidently similar to each o.ther 

yi. 13.) 

Cor. 1. Hence the side of a right-angled triangle is a 
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mean proportional between the hypotenuse and the adja* 
cent segment^ formed by a perpendicular let fall upon il 
from the opposite vertex; and the perpendicular itself is a 
mean proportional between those segments of the hypot^ 
nuse. For the triangles ABC and ADB being sinilar^ 
AC : AB : : AB : AD ; and the triangles ABC and BDC 
being similar^ AC : BC : : BC : CD ; SLgaiu, the triangles 
ADB and BDC are similar, aad therefore AD:DB:: 
DB : DC. 

Cor. 2. If the hypotenuse and the sides of a right-angled 
triangle form a continued proportion^ the hypotenuse will 
be divided into extreme and mean ratio, by the perpendi- 
cular let fall upon it from the opposite vertex. For, by 
the last Corollary, AC : AB : : AB : AD, and therefore 
AB* = ACJVD (V. 6.); in Uke mwiner, AC:BC:: 
BC : CD. But, by hypothesis, AC : BC : : BC : AB ; 
whence BC : CD : : BC : AB, and consequently AB^DC, 
and AB*=: AC. AD=CD*. Wherefore (V. 6.) AC : CD : : 
CD : AD. 



PROP. XVIII. PllOB. 

To find the mean proportional between two given 
fitraight lines. 






Let it be required to find the mean 
proportional between the straight 
lines A and B. 

Find (III. 37.) the side of a 
square which is equivalent to the 
rectangle contained by A and B; 
G is the mean proportional requi- 
red. 

For since C*=:AB, it follows (V. 6.) that A : B 
B:C. 




:: 
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Or thm* 

Make DF^sA and DEsB, on DE describe the semi- 
circle DGE, draw FG perpendicular to the diameter DE, 
and join DO ; the chord DG is the mean proportional ren 
quired. 

For join GE. The triangle DGE, being contained in 
a semicircle, is right angled, and therefore (VI. 17) 1)G 
is a mean proportional between DF and DB, that is, be- 
tween the given straight lines A and B. 

Cor. If another perpendicular IH be drawn, the chords 
DG, DH will be in the subduplicate ratio of their adja- 
cent segments DF, DL For DG*=rDF.DE and DH*= 
DI.DE ; whence DG* : DH* : : DF : DI, and consequent- 
ly DG : DH :: ^DF : •DL 



PROP. XIX. PROS. 

To divide a straight line, such that its segfnents 
shall have the subduplicate ratio of those formed 
by another section of the same kind. 

Let it be required to divide the straight line AB in D, 
such that the segments AD, DB shall be in the subdupli- 
cate ratio of other like segments AC, CB. 

First, let both sections be internal. On AB describe 
the semicircle AEB, erect the perpen- 
dicular CE, join AE, EB, and draw 
(I. 5.) ED bisecting the angle AEB; 
then AD : DB : : ^AC : v'CB. 

For, by the corollary to the last Pro- 
position, AE : EB : : ^AC : ^CB ; but 
since the vertical angle AEB is bisected, AE : EB : : 
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AD : DB (VI. 11.), and consequentlj AD : DB : : 
>/AC:^CB. 

Next^ let both sections of AB be external. 

Find^ by the last Proposition^ a mean proportioiial to 
.CA and CB^ and let this be 

CD, a production of BC; ^ -^ — -i- , ^ 

then, as before, AD : DB : : 
VAC : •CB. 

For AC : CD : : CD : CB, whence, by conversion and al- 
temaUon, AC:CD::AC+CD or AD:CD+CB or DB. 
But since AC:CD: :CD:CB, it follows (VI. 23. cor.) 
that AC : CD : : ^AC : •CB, and consequently AD : DB : : 
./ACi^CB. 

Cor. Hence, conversely, if the internal section D be 
given, the corresponding point C may be found. For, ha- 
ving completed the, opposite semicircumference, draw 
from its point of bisection a straight line through D to E, 
and let fall the perpendicular EC ; then, since the angle 
AEB is thus bisected, AD» : DB» : : AC : CB. 



PROP. XX. PROB. 

To divide a straight line, whether internally or 
externally, so that the rectangle under the seg- 
ments shall be equivalent to a given rectangle. 

liet AB be a straight line, which it is required to cut, so 
that the rectangle under its segments shall be equivalent 
to a given rectangle. 

For, on AB describe the semicircle AFB, apply the tan- 
gents AD, BE equal to the sides of the given rectangle, 
join DE, and from the point F, where this meets the cir- 
cumference, draw the perpendicular FC, which will divide 
AB into the given segments. 
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For join AF and BF. And 
because AD is a tangent and 
AF a straight line inflected to 
the circumference, the exte- 
rior angle DAF is equal to 
CBF which stands in the al- . 
temate segment (III. 29.); 
and for the same reason, the 
exterior angle EBF is equal 
to CAF. But the opposite 
ane:les DAC and DFC of the 
quadrilateral figure ADFC 
are, in the first case, two right 
angles, and, therefore, (III. 
21.) the angle ADF is equal 

to the supplement of ACF or its adjacent angle BCF; and, 
in the second case, the angles DAC and DFC being both 
right angles, the figure DAFC is contained in a semicircle, 
consequently (III. 20.) the angle ADF is equal to BCF. 
In the same manner, it is proved, that the angle BEF is 
equal to ACF; wherefore the triangles DAF and AFC 
are similar to BCF and BFE; and hence AD:AF:: 
CB : BF, and AF : AC : : BF : BE ; consequently (V. I6.) 
AD : AC : : CB : BE, and (V. 6.) AD.BE=AC.CB. 

Cor. If the sides of the given rectiangle be equal, the 
construction of the problem will become materially sim-* 
plified. 

First, in the case of internal section : The tangents AD, 
BE being equal, it is evident that 
DE must be parallel to AB and the 
perpendicular FC parallel to EB. 
Whence, employing this construc- 
tion, the rectangle under the seg- 
ments AC and CB is equivalent to 
the square of B£ y which also follows from Prop. 36, 
Book III. 



FK 




CB 
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Next, in the case of external sectioa: The opposite 
tangents AD^ BE being 
equals the triangles AGD 
and BGE are evidently 
equal^ and therefore DE 
passes through the centre. 
Hence the triangles BGE 
and FGC are also equals 
and GC equal to 6E. This 
construction being effected^ 
the rectangle AC^ CB will be equal to the square of BE; 
which is also deduced from Prop. S6, Book IIL^ since CF 
is now a tuigent and AC.CBsCF' or BE*. 

If AB be equal to BE^ the construction will exactly cop- 
respond with what was before given. 




PROP. XXI. PROB. 

To cut a given str^ght line, such that the 
square of one part shall be equivalent to the redr 
angle under the remainder and another given 
straight line. 

Let AB be a straight line^ from which it is required to 
cut off a segment whose square shall be equivalent to 
the rectangle under the remainder and the straight line 
C. 

Produce BA till AD be ^qual to C^ on BD describe a 
semicircle and erect the perpendicular AF^ bisect AD in 
E^ join EF and make EG equal to it; the square of the 
segment AG thus formed is equivalent to the rectangle 
tinder the remaining part GB and DA or C. 




BOOK Yf. fiOS 

For EFA being a right-angled 
triangle, EF»=:EA* + AF» (U. 
14.)> and consequently AF*=sEF* 
— EA% or EG»— EA* ; and since 
(IL 25.) EG»— EA*=(EG+EA) 
(EG— EA), or DG.AG, there- 

fore AF*= DG.AG. B«t (CI£. 36. cor. 1.) AF>sDA;AB; 
whence DG.AG = DA.AB, and AG : AB : : DA : D6 
(VI. 6.); wherefore (V. 11. and V. 8.) AB— AG, or 
GB : AG : : DG— DA, or AG : DG, whence (V. 6.) 
AG»=GB.DA 

Cor. If DA, or C, be equal to AB, then AG*=AB;BG, 
or AB : AG : : AG : BG, and, therefore, the line AB is now 
divided in extreme and mean ratio, at the point G. The 
construction also becomes evidently the same with that 
which was given Book IL Prop. £8, for the medial sec* 
tion of a line, and which is really a simple case of the same 
problem. 



PROP. XXIL THEOR. 

Tlic rectangle under any two sides of a triangle, 
is equivalent to the rectangle under the perpendi« 
cular drawn to the base and the diameter of the 
circumscribing circle. 



Let ABC be a tiiaogle, abomt which is described a 
circle having the diameter BE; the rectangle imder the 
«ide3 AB and BC is equi^wlent to the rectangle under BE 
Juki the p^ipendicttler BD lei lafl from the vertex of the 
triangle upon the base AC. 
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For join CE. And the angle 
BAD is equal to BEC (IH. 20.), 
since they both stand upon the 
same arc BC ; and the angle ADBj 
iKiDg a light angle, ia .equal to 
ECB, whicli is contained in a semi- 
cirtle (lU. 26.) Wherefore the 
trianglei ABD spd EBC, being thos similar (VI. iS% 
AB i BD : : EB : BC, and consequently (V. 6.) AB.BC= 
EB.BD. 




PROP. XXIII. THEOR. 

The rectangle under any two sides of a triangle 
is equivalent to the square of a straight line bisect 
ing their contained angle, together with the rect- 
angle under the segments into which it divides the 
base. 

Let the triangle ABC have its Tertical angle bisected by 
BE; then AB.BC=BE"+AE.EC. 

For, about the triangle describe a circle (III. 11. cor.), 
produce BE to the circumference, and join CD. 

The augles BAE and BDC, stand- 
ing upon the same arc BC, are (III. 
15. cor.) equal, and the angle ABE 
is, by hypothesis, equal to DBC ; 
wherefore (VI. j 3.) the triangles AEB 
and SCB are similar, and AB : BE : : 
PB : BC. ConsequenUy AB.BC= 
JJE.BD, (V. 6.) ; but BE.BD= 
BE*+BE^D, «id BE.EDsAE.EC (IH.36.)i wherefbn^ 
by snbstitmion, AB.BC=BE'+AE.EC. 
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PRO?. XXIV. THEOR. 

The rectangles under the opposite sides of a qua- 
drilateral figure inscribed in a circle, are together 
equivalent to the rectangle under the diagonals. : 



In the circle ABCD, let a quadrilateral figure be inscri- 
bed^ and join the diagonals AQ BD ; the rectangles AB, 
CD and BC, AD, are together equivalent to the rectangle 
AC, BD. 

For (I. 4.) draw BE making an angle ABE, eqUal to 
CBD. 

The triangles AEB and DCB 
having thus the angle ABE equal ' 
to DBC, and the angle BAE, or 
BAC, equal to BDC (III. 20.), 
are similar <VI. 13.)^ and there- 
fore AB : AE ; : BD : CD ; 
whence (V.6.) AB.CD=AE.BD: 
Again, because the angle ABlEl is 

equal to DBC, add EBD to each, and the whole angle 
ABD is equal to EBC ; and the angle ADB is equal to' 
ECB (lit. 20.) ; wherefore the triangles DAB and CEB 
are similar (VI. 13.), and AD : BD : : EC : BC, and 
consequently BC.AD=EC.BD. Whence the rectangles 
AB, CD and BC, AD are together equal to the rectangles 
AE, BD and EC, BD, that isj, to' the .whole rectangle AC^ 
BD. 




::x ^ :.^'' '..jr^ 






eoo 



ELEMENTS OP OSOMETRY. 



PROP. XXV. THEOR. 

A perpendicular to the diameter of a circle and 
limited by the circumference, is a mean propor« 
tional between its segments,, formed by straight 
lines drawn from the extremities of the diameter 
through any point in the circumference* 



Let the straight lines AEC and BC6^ drawn from the 
extreoiiUes of the diameter of a 
circle through a point C in the 
circumference^ cut the perpendi* 
cular DG ; the part DF within 
the circle is a mean proportional 
between the segments D£ and 
DG. 

For the. angle ACB^ being in a 
semicircle^ is a right angle (III. 
26.)^ and the angle ABG is corn- 
men ' to the two triangles ABC 
.and GBD, which are^ therefore, 
similar (VL 13.) Hence the re- 
maining angle BAG is equal to 
BGD, and consequently the tri- 
angles ADE and GDB are simi- 
milar ; wherefore AD : DE : : 
DG : DB, and AD.DBsDRDG. 
But (III. 36. cor.), the rectangle 
under AD and DB is equivalent 
to the square of DF ; whence DE.DGsbDF% and (V. 6.) 
DE:DF::DF:DG. 
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PROP. XXVI. THEOR. 

A chord of a circle is divided in continued pro- 
portion, by straight lines ihflected to any point in 
the opposite circumference from the extremities of 
a parallel tangent, which is limited by another tan- 
gent applied at the origin of the chord. 



Let ABj AC be two tangents applied to a circle^ CD a 
chord drawn parallel to AB^ and AE^ BE straight lines in- 
flected to a point E in the opposite circumference ; then 
will the chord CD be cat in continued proportion at the 
points F and G, or CF : CG : : CG : CD. 

For join BD, BC> AC, and C£. Because the tangent 
AB is equal to AC (III. d& cor. 2.\ the angle ABC is 
equal to ACB (I. 8.) ; but ABC is equal to the angle BCD 
(1. 25.), and to the angle 
BDC(IIL 29.); whence 
(VI. IS.) the triangles 
BAC and BDC are si- 
milar^ and AB : BC : : 
BC : CD, and conse- 
quently (V. 6.) BC*=s 
AB.CD. Again, the tri- 
angles CBG and CBE are similar, for they have a common 
angle CBE, and the angle BCG, or BCD, is equal to BDC, 
or BEC (III. 20.) : Wherefore BG : BC : : BC : BE, aad 
BC*=BG.BE. Hence AB.CD= BG.BE, and AB : BE : : 
BG;CD;biitFGbemg parallel to AB,AB: BE: :FG:GE 
(VL 2.x aad consequently FG :6E: : BG: CD; therefore 
FG.CD^BG.GE (V. &)f and since. BG.GEaeCG.GD 
(III. 36.), it follows that CG.GDs:F6.CD> and FG: 
CG : : GD : CD, and hence (V. 20.) CF : CG : : CG : CJX 

10 
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PROP. XXVII. THEOR. 

I 

If a semicircle be described on the side of a recfr 
apgle, and through its extremities two straight 
lines be drawn from any point in the circumference 
to meet the opposite side produced both ways ; the 
altitude of the rectangle will be a mean propor- 
tional between the segments thus intercepted. 



Let ABED be a rectangle^ which has a semicircle ACB 
described on the side AB^ and the straight lines CA and- 
CB drawn from a point C ' in the circumference to meet 
the extension of the opposite side D£; the altitude AD of 
the rectangle will be a mean proportional between the ex- 
terior segments FD and EG. 

For, the angle ADF, being evidently a right angle, is 
equal to the 
angle ACB, 
which stands 
in a semi- 
circle (III. 
26.)> and the 
angle DFA 
is equal to 
the exterior 3I 
angle BAG 

(I. 25.); wherefore (VI. 13.) the triangle FAD is simi- 
lar to ABG. In the same manner, it is proved that the 
triangle BGE is similar to ABC; whence the triangles' 
DFA and BGE are similar to leach other, and consequent-' 
ly {Yl. 13.) ED : AD : : BE ox AD : EG. 
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Con 1. If the straight lines CD and CB he drawn^ they 
will (VI. 2.) divide the diameter AB into segments AH(, 
HI, and IB^ which are respectively proportional to the seg- 
ments FD, D£^ and £6 of the extended side DE. Con- 
sequently when ABED is a square^ and therefore DE a 
mean proportional between FD and EG^ it must follow 
that HI is likewise a mean proportional between AH and 
IB. 

Car. 2. If the rectangle ABED have its altitude AD 
equal to the side of a square inscribed within the circle^ 
the square of the diameter AB is equivalent to the squares 
of the two segments AI and BH. For FD : AD : : 
AD : EG, whence (V. 6.) FD.EG= AD% or 2FD.EG= 
2AD»; but (IV. 18. cor.) 2AD*=AB» or DE% and conse- 
quently 2FD.EG=DE»; wherrfore (VI. 2.) aAH.IB=HI% 
and hence (11. 28 • cor.) the segments AI, BH are the sides 
of a light-angled triangle, of which AB is the hypotenuse, 
or AB»=AP+BH*. 



PROP. XXVill. THEOR- 

If, from the vertex of a triangle, twd straight 
lines be drawn, making equal angles with the sides 
and cutting the base ; the squares of the sides are 
proportional to the rectangles under the adjacent 
segments of the base. 



In the triangle ABC^ let the 
straight lines BD and BG make 
the angle ABD equal to CBE ; 
then AB» : BC* : : DAxAE : 
ECxCD. 

For (III. 11. cor.) through 

o 
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the points B^ D^ and E 
describe a circle^ meeting 
the sides AB and BC of 
the triangle in F and 6^ 
and join FG. 

Because the angles 
DBF and EB6 are eqnal^ 
they stand (III. 15.) on 
equal arcs DF and E6^ 
and conseqaently (III. 22. 
cor.) F6 is parallel to DE. 

Whence (VI. 1.) AB : BC : : AF : CG, and therefore (V. 
13.) AB* : BC* : : AB.AF : BC.CG ; but (III. 36.) AB.AF 
=DA.AE, and BC.CG=EC.CD. Wherefore AB* : BC»:: 
DA.AE : EC.CD. 

Cor. 1. If the triangle ABC be rightrangled at C, and 
the vertical lines BD and BE cut the base internally; th^ 
BC*+AC.CE : BC* : : AE : CD. For make AH equal to 
EC. Because AB* : BC* : : DA. AE : EC.CD and (11. 14.) 
AB*= AC*+ BC*, therefore AC»+BC* : 
BC* : : DA..AE : EC.CD, and, by divi- ^ 

sion, AC* : BC* : : DA.AE— EC.CD : 
EC.CD. But, by successive decompo- 
sition, D A.AE — EC.CD = D A.AC— 

DA.EC— EC.CD=:DA.AC— EC.AC- / Apii ' J 
AC.HD ; whence AC* : BC* : : AC.HD : 
EC.CD, and (V. 13. and cor.) AC.EC : BC*::EC.HD: 
EC.CD, or (V. 3.) HD : CD; consequently (V. 9.) BC*+ 
AC.EC : BC* : : HC : CD; but, AH being equal to BC, 
HC is equal to AE; wherefore BC*+*AC.EC : BC*:: 
AE : CD. 

Cor. 2. If the vertical lines BD, BE cut the bage 
AC of a right-angled triangle ACB externally ; then will 
BC*— AC.EC : BC* : : AE : CD. For make AHsEC, ft 
is demonstrated as before, that AC* : BC* : ; DA.AEr- 
EC.CD: EC.CD; but DA.AE — EC.CD s DA^AC + 
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DA.BC— EC.CDsfe 
DA^C— EC.AC=s 
AC.HD ; where- 
fore AO : BC» : : 
AC.HD : EC.CD, 
and AC.EC : BC» : : 
EC.HD : EC.CD : : 

HD : CD, and consequently BC»— AC.EC : B0» : : HC or 
AE : CD. 




PROP. XXIX. THEOR. 

Triangles which have a common angle, are to 
each other in the compound ratio of the containing 
sides. 



Let ABC and DBE be tv^o triangles^ haying the same 
or an equal angle at B ; ABC 
is to DBE in the ratio com- '-B 

pounded of that of BA to BD 
and of BC to BE. 

For join AE and CD. The 
ratio of the triangle ABC to 
DBE may be conceived as com- 
pounded of that of ABC to 
DBC, and of DBC to DBE. 
But (V. 24. cor. 2. and V. 3.) the triangle ABC is to DBC, 
as the base BA to BD ; and, for the same reason, the tri- 
angle DBC is to DBE, as the base BC to BE; conse- 
quently the -triangle ABC is to DBE in the ratio com- 
pounded of that of BA to BD>and of BC to BE^ or (V. 
32.) in the ratio of the rectangle under BA and BC to the 
rectangle under BD and BE. 






SIS ELEMENTS OF GEOMBTBY. 

Cor. 1. Hence similar triangles are in the duplicate ra- 
tio of their homologous sides. For^ if the angle at B be 
equal to that at 3 

E, the triangle /\ - •£• 

ABC is to DBF 
in the ratio 
compounded of 
that of AB to 
DE,andofCB 
to FE ; but^ 
these triangles/ being similar^ the ratio of AB to D£ is 
the same as that of CB to FE (VI. 130j and conse- 
quently the triangle ABC is to DEF in the duplicate ratio 
of AB to DE^ or (V. 23.) as the square of AB to the square 
ofDE. 

Cor. 2. Hence triangles which have the sides that coor 
tain an equal angle re- 
ciprocally proportional^ ^ ^ 
are equivalent. For, the 
angle at B being equal 
to that at E, the triangle 
ABC is to DEF, as 
AB.CB to DE.FE ; but 
AB : DE : : FE : CB, 
and (V. 6.) AB.CB= 
DE.FE ; consequently 
(V. 4.) the third and fourth terms of the analogy being 
equal, the first and second must also be equal. 




PROP. XXX. THEOR. 

Similar rectilineal figures may. be divided into 
corresponding similar triangles. 
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Let ABCDE and F6HIK be similar rectilineal figures^ 

cf which A and F are corresponding points ; these figures 
maybe resolved into a like number of triangles respec- 
tively similar. 

For^ from the point A in the one 'figure draw the 
straight lines AC^ AD^ and from F in the other draw FH^ 
FI; the triangles BAC^ CAD^ and DAE are similar to 
GFH, HFI, and IFK. 

• Because the polygon ABCDE is similar to FGHIK^ the 
angle ABC is equal to 
FGH,and AB:BC:: jC 

FG : GH; wherefore 
(VI- 15.) the trian- 
gle BAC is similar 
to GFH. Hence the 
angle BCA is equal to 
GHF; and the whole 

angle BCD being equal to GHI^ the remaining angle 
ACD must be equal to FHL But BC : AC : :GH : FH, 
and BC : CD : : GH : HI ; consequently (V. 15.) AC : CD : : 
FH : HI, and the triangles CAD and HFI (VI. 16.) are 
similar. Whence the angle CDA being equal to HIF and 
the angle CDE to HIK, the angle ADE is equal to FIK ; 
and since CD : DA : : HI : IF, and CD : DE ?: HI : IK, 
therefore (V. 15.) DA: DE::IF:IK, and the triangles 
DAE and IFK are similar. 

< The same train of reasoning, it is obvious, would apply 
to polygons of any number of sides. 




PROP. XXXL PROB. 

On a given straight line, to construct a rectili- 
neal figure similar to a given rectilineal figure. 
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Let FK be a straight lioe> oa whicb il is requiied 
to coofitraet a rectilineal figure similar to the fig^fe 
ABCDE* 

Join AC and AD^ dividing the given rectiUneal figme 
into its component triangles : From the points F and K 
draw FI and KI^ making the angles KFI ao^ FKI eqini Id> 
BAD and A£D; from F and I draw FH and IH making 
the angles IFH and FIH equal to DAC aad ADC; aid 
lastly from F and H draw FG and HO making the angles 
HFG and FHG equal to CAB and ACB. The %iii« 
FGHIK is similar to ABCDE. 

For the several triangles KFI^ IFH^ and HFG^ trhicK 
compose the figure FGHIK^ are^ by the construotion^ 0iU 
dently similar to the triangles £AD^ DAC^ and CAB> into 
which the figure 

ABCDE was resol- p 

ved. Whence FK: 
KI : : A£ : ED; 
alsoKI:IF:.ED: 
DA,andIF:ni:: 
DA : DC^ and con- 
sequently (V. 15.) 

KI:IH::ED:DC. Again, IH : HF :: DC : CA, and 
HF:H6f:CA:CB, and hence IH : HG :: DC : C& 
But HG : OF : : CB: BA; and the ratio of OF to FK be- 
ing compounded of that of OF to FH, of FH to FI, and 
of FI to FK,is the same with the ratio of BA to A£, which 
is compounded of the like ratios of BA to AC, of AC to 
AD, and of AD to AE. Wherefore all the sides about the 
figure FGHIK are proportional to those about ABCDE; 
but the several angles of the former, having a like com- 
position, are respectively equal to those of the latter: 
Whence the figure FGHIK is similar to the given figure. 

The same reasoning, it is manifest, would extend to 
polygons of any number of sides. 

SchoUum. The general solution of this probtem b deri- 
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ved from the principle^ that similar triangles, by their 
Gompositiooj form similar polygons. The mode of con- 
stractionj however^ admits of some variation. For in- 
stance, if the straight line FK be parallel to A£, or in the 
same extension with that homologous side, — ^the several 
triajQgles FIK, FHI, and F6H may be more easily con- 
stituted in succession, by drawing the straight Unes FI and 
iP; FH and IH, wd FG and 6H parallel to the corre- 
apcmding sides in the original figure ABODE; because 
(L 25.) a corresponding equality of angles will be thus pro- 
duced. 

. But, if FK have no determinate position, the construe- 
tion may be still farther simpli- 
$ed : For, having made AK 
^iial to that base and joined 
AD and AC, draw KI, IH, and 
UG parallel to £D, DC, and 
CB. The figure AKIH6 is 
evidently similar to AEDCB, 
since its component triangles 

have the same vertical angles as those of the original fi* 
gure, and the angles at the base are equal, on account of 
the parallelism. 

* If the given base FK be parallel to the corresponding 
side AE of the original figure, a more general constructioii 
will result. Join AF, EK and produce them to meet in 
O; join OB, OC, and OD, and draw FG, GH, HI, and 
tberefbie IK, parallel to AB, BC, CD, and D£ : The fi- 
gure FGHIK thus formed is similar to ABCDB. For the 
triangles KOF, FOG, 60H, 
HOI, and lOK are evidently 
&nilar tothe triangles EOA, 
AOB, BOC, COD, and DOE. 
But tiiese triangles compose 
severally the two polygons, 
#faeii the point O lies within the 
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original figure; 
and when that 
point of con- 
currence lies 
without the fi- 
gure ABCDEj, 
the similar tri- -^ 

angles lOK and DOE heing taken away from the similap 
compound polygons FGHIOK and ABCDOE^ there re? 
mains the figure F6HIK similar to the original one. 

It farther appears^ from these investigations^ that a reo?; 
iilineal figure may haye its sides reduced or enlarged in a 
given ratio, by assuming any point O and cutting the £» 
verging lines 0£, OA, OB, OC, and OD in that ratio; 
the corresponding points of section being joined^ will ea^«»' 
mit the fi^re required. 



PROP. XXXII. THEOR. 

Of similar figures, the perimeters are proportional 
to the correspondipg sides, and the areas are in the 
duplicate ratio of those homologous terms. 

■ 

L^t ABCPE and FGHIK be similar polygons, which 
have the corresponding sides AB and FG ; the perimetern 
or linear boundary, ABCDE is to the perimeter FGHIEj 
as AB to FG, BC to GH, CD to HI, DE to IK, or EA to 
KF ; but the area of ABCDE or the contained surface is 
to the area of FGHIK in the duplicate ratio of AB to FG, 
of BC to GH, of CD to HI, of PE to IK, or of EA to 

for, by drawing the diagguals AC^ AD in the oWji aa4 
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PH, IF in the other^ 
these polygons will be 
resolved into similar 
triangles^ Whence the 
several analogies AB : 
AC : : FG : FH, AC : 
AD : : FH : Fl, and 
AD : AE : : FI : FK ; 

therefore, by alternation, AB : FG : : AC : FH : : AD : FI : : 
A£ : FK, and consequently (V. 190 ^ one of the antece- 
dents AB, BC, CD, D£ or AE^ is to its corresponding 
consequent, so is the amount of all those antecedents, or the 
perimeter ABCDE, to the amount of all the consequents^^ 
or the ^rimeter FGHIK. 

Again, the triangle CAB is to the triangle HFG (VF. 
i9« cor. 1.) in the duplicate ratio of AB to FG, — ^the tri- 
angle DAC is to the triangle IFH in the duplicate ratio of 
AC to FH, or of AB to FG,— and the triangle EAD is to 
KFI in the duplicate ratio of AD to FI or of AB to FG ; 
wherefore (V. 19.) the aggregate of the triangles CAB, 
DAC, and EAD, or the area of the polygon ABCDE, is 
to the aggregate of the triangles HFG, IFH, and KFI, or 
the area oiF the polygon FGHIK, in the duplicate ratio of 
AB fo FG, of BC to GH, of CD to HI, or of DE to 
IK. 

Cor. Hence also the perimeter ABCPE is to the peri- 
meter FGHIK, as any diagonal AD to the correspond- 
ing diagonal FJ, ^nd the area ABCDE is to the area 
FGHIK in the duplicate ratio of AD to FI. 



PROP. XXXIII. PROB. 

To construct a rectilineal figure that shall be si- 
Bailor to one, and equivalent to another; given rqo 
tilineal figurev 



sift 
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Let it be required to describe a rectilineal figure aimikfi 
to A^ and equivalent to B. 

On CD a side of A^ and equivalent to that figure, describe 
(11. 11.) the rectangle CDFE^ and on DF describe the. 
rectangle D6HF equivalent to the figure B, findXVI. 18«) 
IK a mean propor- 
tional between CD 
and i)G, and on IK 
oonstruct in the 
same position a fi- 
gure X similar to 
the rectilineal figure 
A; it will be like- 
wise equivalent to 

For the figures A and X^ being similar, must (VL 98.). 
Ibe in the duplicate ratio of their homologous sides CD and 
IK; and since IK is a mean proportional between CD 
and DG, the duplicate ratio of CD to IK is the same as 
the ratio of CD to D6 (V. 23.) ; consequently the figure 
A is to Ae figure X as CD to DG, or (VI. d£.) as the 
rectangle CF to the rectangle DH ; but the figure A is 
equivalent to the rectangle CF, and therefore (V. 4«) the 
figure X iB equivalent to the rectangle DH, that is^ to tiba 
figure B. 




PROP. XXXIV. THEOR. 

A rectilineal figure described on the hypotenuse 
of a right-angled triangle, is equivalent to similar 
figures described on the two sides. 



Let ABC be a right-angled triangle ; the figure AGFfi 
described on the hypotenuse^ is equiyalent to the wbiImc 
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figures A6HB and BIKC, described on the sides AB and 

BC. 

For draw BD perpendicular to the hypotenuse. And 

since (IV. 17.) AC : AB : : 

AB : AD, therefore AC is 

to AD in the duplicate ra- 

tio of AC to AB, that is, 

(VI. 32.) as the figure on AC 

to the figure on AB. For 

the same reason, AC is to 

CD in the duplicate ratio of 

AC to BC, or as the figure 

an AC to the figure on BC. 

Whence (V. 19. cor. 2.) AC is 

to the two segments AD and CD taken together, as the 

figure on AC to both the figures on AB and BC ; and the 

first term of the analogy being thus equal to the second, 

the third must be equal to the fourth (V. 4.), or the figure 

described on the hypotenuse is equivalent to the similar 

figures described on the two sides. 




PROP. XXXV. THEOR. 

The arcs of a circle are proportional to the angles 
which they subtend at the centre. 



Let the radii CA, CB, and CD intercept arcs AB and 
BD ; the arc AB is to BD, as the angle ACB to BCD. 

For (I. 5.) bisect the angle ACB, bisect again each 
of its halves^ and repeat the operation indefinitely. An 
angle ACa wiU thus be obtained less than any assign- 
able angle. Let ifaia angle AC« or BCb (I. 4.) be re- 
ffMt(Mj applied about the point C horn BC towardi 
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DC ; it must thus^ by its multiplication^ fill up the an- 
gle BCD nearer than any possible 
difference. But the elementary 
angle ACa being equal to BCft, 
the corresponding arc Aa is (III. 
15.) equal to BA. Consequently 
this arc ha and its angle ACa, are 
like measures of the arc AB and 
the angle ACB^ and they are both 
contained equally in the arc BD 
and its corresponding angle BCD. 
Wherefore AB : BD : : ACB : BCD. 

Cor. Hence the arc AB is also to BD^ as the sector ACB 
to the sector BCD ; for these sectors may be viewed as 
alike composed of the elementary sector ACa. 




PROP. XXXVI. THEOR. 

The circumference of a circle is proportional to 
the diameter, and its area to the square of that 
diameter. 



Let AB and CD be the diameters of two circles ; — the 
circumference AFG is to the circumference CKL^ as AB 
to CD; and the area contained by AFG is\to the area con- 
tained by CKL^ as the square of AB to the square of 
CD. 

For inscribe the regular hexagons AEFBGH and 
CIKDLM. Because these polygons are equilateral and 
equiangular^ they are similar ; and consequently (VI. 
32.) the diagonal AB is to the corresponding diago- 
oal CD, as the perimeter AEFBGH to the perimetej 
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CIKDLM. But this proportion must subsist^ whatever be 
the number of chords inscribed in either semicircumfe- 
Insert a dodecagon in each circle between the 





2^^^^% 



rence. 

hexagon and the circumference, and its perimeter will 

evidently (I. I8.) 

approach nearer I.*!S5:=-==55JC 

to the length of ^- 

that circumfer* 

ence. Proceed- jv| ^BC 

ing thus, by re- 
peated duplica- 
tions, — the peri- 
meters of the se- 
ries of polygons which emerge in succession, will con- 
tinually approximate to the curvilineal boundary, which 
forms their ultimate limit. Wherefore this extreme term> 
or the circumference AEFBGH, is to the circumference 
CIKDIM, as the diameter AB to the diameter CD. 

Again, the hexagon AEFBGH is (VI. 32.) to the hex- 
agon CIEDLM in the dupUcate ratio of the diagonal 
AB to the corresponding diagonal CD, or (V. 23.) as 
the square of AB to the square of CD. Wherefore the 
successive polygons, which arise from a repeated bisection 
of the intermediate arcs, and which approach continually 
to the areas of their containing circles, must have still that 
same ratio. Consequently the limiting space, or the circle 
AEFBGH, is to the circle CIKDLM, as the square of AB 
to the square of CD. 

Cor, ] . It hence follows, that if semicircles be described 
on the sides AB, BC of a right-angled triangle, and on the 
hypotenuse AC another semicircle be described, passing 
(HI. 26.) through the vertex B, the crescents AFBD 
and BGCE are together equivalent to the triangle ABC. 
For, by the Proposition, the square of AC is to the square 
of AB, as the circle on AC to the circle on AB, or (V. 
3.) as the semicircle ADBEC to the semicircle AFB ; 
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square of AB to the rectangle under AS and £F ; and^ 
for the same reason^ the circle APBQ is to the space 
FOBME^as the square of AB is to the rectangle under BS 
and EF ; consequenlly (V. 19* cor. 8.) the circle APBQ 
is to the compound space ALEMBOFN^ as the square of 
AB to the rectangles under AS and EF and BS and CF, 
or the rectangle under AB and EF; but the square of AB 
is to the rectangle under AB and EF (V. ^4. cor. 2.) as 
AB to EF, which is the fifth part of AB ; wherefore (V. &•) 
any of the intermediate spaces, such as ALEMBOFN^ is 
the fifth part of thje whole circle. 



PROP. XXXVII. THEOTR. 



The area of any triangle is avmean proportional 
between the rectangle under the ^semiperimeter and 
its excess above the base, and the rectangle under 
the separate excesses of that semiperimeter above 
the two remaining sides. 



The area of the triangle ABC is a mean proportional 
between the rectangle under half the sum of all the sides 
and its excess above AC, and the rectangle under the ex- 
cess of that semiperimeter above AB and its excess above 
BC. 

For produce the sides BA and 6C, draw the stiaight 
lines BE, AD, and AE bisecting the angles CBA, BAC, 
and CAI, and let fall the perpendiculars DF, DG, and 
DH within the triangle, and the perpendiculars EI, EK, 
and EL without it* 

11 
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The tri^igles ADF and ADG, having the angk DAF 
equal to DAG^^ the angles F and G right angles^ and the 
common side AD,— are equal; for the same reason, the tri- 
angles BDG and BDH are equal. In like manner, it is 
proved, that the triangles AEI and AEK are equal, and the 
triangles BEI and BEL. Whence the triangles CDH and 
CDF, having the side DH equal to DF, the side DC com- 
mon, and the right angle CHD equal to CFD, — are (I. 
24.) equal; and, for the same reason, the triangles CEK 
and CEL are equal The 
perimeter of the triangle 
ABC is, therefore, equal to 
twice the segments AF, FC, 
and BG ; consequently BG 
is the excess of the semi- 
perimeter above the base 
AC, and AG is the excess 
of that semiperimeter, or of 
the segments BH, HC, and 
AG, — above the side BC. 
But the sides AB and BC, 
with the segments AK and 
CK, or AI and CL, also 

form the perimeter ; whence, BI being equal to BL, the 
part AI is the excess of the perimeter above the side AB. 

Now, because DG and EI, being perpendicular to 
BI, are parallel, BG : DG : : BI : EI (VL 2.% and con- 
sequently (V. 24. cor. 2.) BI X BG : BI X DG : : DG X BI : 
DGxEI. But since AD and AE bisect the angle BAG 
and its adjacent angle CAI, the angles GAD and EAI 
are together equal to a right angle, and equal, therefore,' 
to lEA and EAI ; whence the angle GAD is equal to lEA, 
and the right-angled triangles DGA and AIE are simitar. 
Wherefore (VI. 13.) DG : AG : : AI : EI, and (V. 6.) DGx 
EI=AGxAI; consequently BIxBG : DGxBI : : DGx 
BI : AGxAI. But the triangle ABC is composed of 
three triangles ADB, BDC, and CDA, whiqh have the 

p 
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same altitade ; and therefore its area is equal to the rect- 
angle under 1)6 and half their bases AB^ BC^ and AC^ 
or the semiperimeter BI. Whence the area of the triangfe 
ABC is a mean proportional betvreen BI and its excett 
above AC^ and the rectangle nnder its excess above BC 
and that above AB* . 

Cor. If the area of a triangle be eicpressed by A^ its 
sides by a, b, and c, and the semiperimeter by # ; then 
s(«— fl) : A : : A : (s—bXs—c), and consequently A^<*— «) 

(^6X»— c)> and A=-/(s(s— aX*— ftX«— <J)). 



PROP. XXXVm. PROB. 

Given the area of an inscribedi and that of a cir- 
cumscribedy regular polygon ; to find the areas of 
inscribed and circumscribed regular polygons^ har 
ving double the number of sides. 



Let TEINQ and HBDF be given similar inscribed and 
circumscribed rectilineal figures ; it is required thence to 
determine the surfaces of the corresponding inscribed and 
circumscribed polygons AKCNEQGT and VILMOPRS, 
which have twice the number of sides. 

From the centre of the circle^ draw radiating lines to 
all the angular points. It is evident that^ the triangles 
ZXK and ZAB are like portions of the given inscribed 
and circumscribed figures TKNQ and HBDF ; and that| 
the triangle ZAK^ and the quadrilateral figure ZAIK are 
also like portions of the derivative polygons AKCNEQGT 
and VILMOPRS. And since. XK is parallel to AB, 
ZX : ZA : : ZK : ZB (VI. e.); but ZX is to ZA as the 




triuigle ZXK IB to the triangle ZAK (V. 24. coi. S. and V. 
3>) andf for the eune reason, ZK is to ZB ms the triangle 
ZAK is to the triangle ZAB ; whence ZXK : ZAK : : 
ZAK:ZAB> and consequently the derivative inscribed po- 
lygon AKCN£QGT is a mean proportional between the 
inscribed and circnmscri- 
bed figures TKNQ and 
HBDF. 

Again, because Zl bi- 
sects the angle AZB, ZA 
is to ZB, or ZX is to ZK, 
asAI to IB (VI. 11.) and 
consequently (V . 24. cor. S. 
and V.S.) the triangle XZK 
is to the triangle AZK, as 
the triangle AZI to the tri- 
angle IZ6. Hence the in- 
scribed figure TKNQ is to ita derivative inscribed figure 
AKCNEQGTas the isiangle AZI to the triangle IZB; 
wherefore (V. 1 ]. and 13.)TKNQ and AKCNEQGT toge- 
ther are to twice TKN Q> as the triangles AZI and IZB, or 
AZB, to twice the triangle AZI, or the space AlKZ,— that 
is,as HBDF to VILMOPQRS. And thus, the two inscribed 
polygons are to twice the simple inscribed polygon, as the 
surface of the circumscribing polygon to the surface of 
the derivative circumscribing polygon with double the 
number of sides. 

Cor. Hence the area of a circle is equivalent to the 
rectangle under its radius and a straight line equal to half 
i(s circumference. For the surface of any regular circum- 
scribing polygon, such as VILMOPRS, being composed 
of a number of triangles AZI, which have all the same al- 
titude ZA, is equivalent (11. 7.) to the rectangle under 
ZA and half the sum of their basea, or the semiperimeter 
of the polygon. But the circle itself, as it forms the ulti-* 
mate limit of the polyg(»i, must have its area, therefore, 
equivalent to the rectangle under the radius ZA, and the 
semicircumference ACE. 
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SchoUum* This Proposition furnishes the hest element- 
ary method of approximating to the numerical expression 
for the area of a circle. Suppose the radius of a circle to 
be denoted by unit : The surface of the circumscribing 
square will be expressed by 4, and consequently (IV. 16« 
cor.) that of its inscribed square by 2. "Wherefore the 

surface of the inscribed octagon is= V^2 x 4=:2,8«84271 ; 
and the surface of the circumscribing octagon is found by 
the analogy^ 2+2^8284271 : 2X2 : : 4 : 3^3 137085. Again^ 
^(2,8284271 X 3,3137085)= 3,06 14674, which expresses 
the area of the inscribed polygon of i6 sides ; and 
2,8284271+3,0614674 : 2x2,8284271, or 5,8898945 : 
5,6568542 : : 3,5137085 : 3,1825979, which denotes the 
area of the circumscribing polygon of l6 sides. Pursuing 
this mode of calculationy by alternately extracting a square 
root and finding a fourth proportional, the following Table 
will be formed; in which the numbers expressing the sur- 
faces of the inscribed and circumscribed polygons con- 
tinually approach to each other,' and consequently to the 
measure of their intermediate circle. 





Area of the 


Area of the 


N amber of 


inscribed 


circumscribing 


. Sides. 


Polygon. 


Polygon. 


4 


2,0000000 


4,0000000 


8 


' 2,8284271 


3,3137085 


16 


3,0614674 


, 3,1825979 


32 


3,1214451 


3,1517249 


64 


3,1365485 


3,1441184 


128 


3,1403311 


3,1422236 


256 


3,1412772 


3,1417504 


512 


3,1415 J38 


3,1416321 


1024 


3,1415729 


3,1416025 


2048 


3,1415877 


3,1415951 


4096 


3,1415914 


3,1415933 


8192 


3,1415923 


3,1415928 


16384 


3,1415925 


3,1415927 


32768 


3,1415926 


3,1415926 
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Hence 3^141 5926 is the nearest expression^ consisting, 
of 7 decimal places^ for the area of a circle whose radius 
is 1. But the semicircumference in this case denot- 
ing also the surface^ the same number must represent 
the circumference of a circle whose diameter is 1. 
Conseqjuently, if D denote the diameter of any circle^ 
the circumference will be expressed approximately^ by 
5, (415926 X D ; whence the area will be JD* X 3,1415926, 
orD*.X7,8539815. 

Since the four last decimals 5926 come so near to 6000, 
it will, in most cases, be sufficiently accurate to reckon the 
circumference equal to D x 3,1416, and its area equal 
to I>*X, 7854. But other approximations, expressed in 
lower numbers, may be found, by help of Prop. 26. Book 
v. For 972=^3, n=:7, p=:l6, and q^ii ; whence the ratio 
of the diameter to the circumference of a circle, is denoted 
successively, by 1 : 3 — by 7 : 22 — by 1 Ts : 355 — and by 
1250 : 3927- Hence also the circle is to its circumscri- 
bing square nearly — as 1 1 to 14^ or still more nearly--as 
355 to 452. 
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The constructions used in Elementary Geome- 
try, were effected, by the combination of straight 
lines and circles. Many problems, however, can 
be resolved, by the single application of the straight 
line or the circle ; and such solutions are not only 
interesting, from the ingenuity and resources which 
they display, but may, in a, variety of instances, be 
employed with manifest advantage. This Appen- 
dix is intended to exhibit a choice collection of 
Geometrical Problems, resolved by either of those 
methods singly. It is accordingly divided into 
Two Parts, corresponding to the rectilineal and tiiie 
circular constructions. 
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PART I. 



Problems resohed by help of the Rukr, 
or hjf Straigbt Lines only. 

PROP. I. PROB. 
To bisect a given angle. 

Let BAC be an angle^ which' it is required to bisect^ by 
dr«kwiiig only straight lin^eu 

In AB take any two points J) and Ej from AC cut off 
AF equal to AD and AGt to AE, join the alternate lin^ 
£F and D6^ intersecting in the point H : AH will bisect 
Ihf^ angle BAC. ; 

_ For the triangleg EAF and PAG, having the rides EA 
and AF equal by construction to GA and AD^ and the 
contained angle DAG common to both, are equal (I. S.), 
and consequently the angle 

AEF is equal to AGD, And 
since AE is eqiial to AG, and 
the part AD to AF, the re- 
mainder DE must be equal 
to F6 ; wherefore the trian* 
gles DEH and HGF having 
the angle at E equal to that 
at G^ the vertical angles at H 
equal, and also their opposite 
sides DE and FG, are equal 

(I. 9,3.) ; and hence the side DH is equal to FH. Again, 
the sides AD and DH are equal to AF and FH, and AH 
is common to the two triangles AHD and AHF, which 
are, therefore, equal (I. 2.), and consequently the angle 
DAH is equal to FAH. 
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PROP. II. PROB. 



To bisect a given fiiiite etraight line. 

Let it be required to bisect AB, by a rectilineal con^ 
struction. 

Draw AK diverging from AB/and make ACsCDssDE, 
join £B and continue it beyond B till BF be equal to 
B£^ and lastly join FC ; which will bisect AB in the point 
G« 

For draw BH parallel to AE. 
And because BD bisects the sides 
EC and EF of the triangle CEF, 
it is parallel to the base CF (!!• 
4«) ; wherefore BDCH is a paral- 
lelogram^ which has its opposite 
sides BH and CD equal. But 
AC being parallel to BH^ the 
angles GAC and 6CA are equal 
to GBH and GHB, and the side 
AC^ being made equal to CD^ is 
hence equal to its corresponding 
interjacent side BH ; whence the triangles AGC and BGH 
are equal (L 23.)^ and therefore AG is equal to. B6« 




PROP. m. PROS. 

Through a given point, to draw a line parallel to 
a given straight line. 

Let it be irequiredi by a recttlineid cop8tr«cti<ni, to draw 
tbcQugb C ft panllel to Ap. 
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In AB take any two points D and F^ join CD, which 
produce till D£ be equal to it; 
again join £ with the point F^ 
and continue this till F6 be equal 
to EF : Then CG, being joined^ 
will be parallel to AB. 

For, since AB or DF evidently 
bisects the sides EC and £6 of 
the triangle C£G^ it must b^ pa- 
rallel to the base CG (II. 4.) 



^'^ 
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/• 


A. 


A 
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PROP. IV. PROB. 

From a point in a given straight liijiey to erect a 
perpendicular. 



Let C be a given pointy from which it is required^ -by 
help of straight lines merely^ to erect a perpendicular to 
AB. 

In'AB^ having taken any 
point D^ draw DE equal to 
DC and inclined to A3, join 
EC and produce it until CG 
be equal to CD or DE^ make 
CF equal to CE^ join FG 
and produce this till GH be 
equal to GC : Then CH will 
be perpendicular to AB. 

For the triangles DCE and 
GCF, having the sides DC, 

C£ equal to GC, CF, and the contained angles vertical at 
C, are equal (I. 3.) ; whence FG=CD=:CG=GH. G is, 
therefore, the centre of a semicircle which would pass 
through the points F^ C, H, and consequently the angle 
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FCH is a right angle (III. 26.), or CH is perpendicular to 
AB. 



PRaP. V. PROB. 

To let fall a perpendicular upon a given straight 
line, from a point without it. 



jte 
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Let C be a given point, from which it is required, by 
a rectilineal construction, to let fall a perpendicular to 

AB. 

In AB take any point D, draw DF obliquely, and make 
DE=DF=DG,joinFE, 

and produce it until EH ^H; 

be equal to EG, make ^ 

EIsEF, join HI, and 
(Appendix, Part I. Prop. 
3.) draw CK parallel to 
it : CK is the perpendi- 
cular requir<ed 

For the point D being 
obviously the centre of a 

semicircle passing through G, F, and E, thei angle GFE is 
a right an^e; and the triangles EGF, EHI, having the 
sides GE, £F equal to HE, EI, and their contaiiied angles 
vertical, — are equal (I. S.), and consequently the angle HIE 
is equal to GFE, or is a right angle ; but since CK and 
HI are parallel, the angle CKA is equal to HIE (I. 25.)> 
and therefore is also a right-angle, or CK is perpendicular 
toAB. 
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PART 11. 



Geometrical Problems resolved by means ofCcmpasses^ 
or by the mere description of Circles. 

PROP. I. PROB. 
To repeat a given distance in the same direction* 

Let A and B be two given points ; it is required to find, 
by means of compasses only, a series of equidistant points 
in the same extended line. 

From B as a centre, with the given distance BA, de- 
scribe a portion of a, circle, in which inflect that distance 
three times to C ; from C, 

with the sam^ radius, de- »c y^ — y^ — ^iv 

scribe another circle, and f / \/ \ \ 

insert the triple chords to J^'"""'^ c 1> e 

D ; repeat that process from 

D, E, &c. : The equidistant points A, B, C, D, £| &c. wifi 
all lie in the same straight line. 

, For, by this construction, three equilateral triangles are 
formed about the point B, and consequently the whole 
angle ABC, made by the opposite distances BA and BC, 
is equal to two right angles, or ABC is a straight line. 
The same reason applies to the successive points D, £^ 
8u:. 

PROP. 11. PROB. 

To find the direction of a perpendicular from a 
given point to the straight line joining another 
given point. 

12 



PAET ii; 



»9 



Given the points A and B ; to find a third pointy such 
that the straight line connecting it with B shall be at right 
angles to BA. 

From A and B^ with any bobvenidtit distance^ describe 
two arcs intersecting in C^ from which^ 
with the same radius^ describe a por- 
tion of a circle passing through the 
points A and B^ and insert that ra- 
dius three times from A to D : BD is 
perpendicular to BA* 

For^ it is evident^ from the lait Pro* 
position^ that the arc ABD is a semi«- 
circumference^ and consequently that 
the angle ABD contained in it is a right angle* 

The construction would be somewhat simplified^ by ta^ 
king the distance AB for the radius. 




PROP. III. PROB. 

To find t^e direction of a perpendicular let fall 
from a given point upon the straight line which 
connects two given points. 

Let C be a pointy from which a perpendicular is to be 
let fall upon the straight line joining A and B. 

From A as a centre, with the 
distance AC, describe an arc, and 9 

from B as a centre, with the dis- 
tance BC, describe another afC, 
intersecting the former in the 
point D : CB is perpendicular to 
AB. 

For CAD and CBD are evi- 
dently isosceles triangles, and con- 
sequently (I. 7.) their vertices must lie in a straight line 
AB which bisects their base CD at right angles. 



JV 
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PROP. IV. PROB. 



To bisect a given distance. 



Let A and B be two given points ; it is required to fini 
the middle point in the same direction* 

From B as a centre^ with the radius BA^ describe a 
semicircumference^ by inserting that distance saccessively 
from A to C^ D^ and £; from A as a centre^ with the dis^ 
tance AE^ describe a portion of a circle FEG^ in whicb^ 
and from £^ inflect the chords EF and EG equal to EC ; 
and from the points F and G^ with the same radius EC 
describe arcs intersecting in H : 
This point bisects the distance 
AB. 

For the points A^ B^ and E 
extend in a straight line; but 
the triangles FAG, FHG, and 
FEG, being evidently isosceles^ 
their vertices A, H, and E most 
lie in a straight line ; whence the 
point H lies in the direction AB. 
Again, because EFHG isarhom- 
bus, its diagonals FG and HE 
bisect each other (I. 31.), and . 
consequently (I. 7.) AP is at 

right angles to FG. But AE being equal to AF, EP or 
EC»=2AE.EP (II. ^1. cor.), or 2 AB.HE; wherefore, 
since (IV. 20. cor. 2,) EC»=3AB», 2AB.HE=3AP, 
whence 2 HE s 3 AB, that is, 2 HB + 2 BE = 3 AB, and 
consequently 2 HB=AB. 
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PROP. V. PROB. 



risect a given distance. 



; be required to find two intermediate . points that 
ite at equal iatervdls in the line of communication 

jat (App. P. 11. 1.) the distance AB on both 
> C and D^ from these points^ with the radius 
scribe the arcs EDF 4nd GCH^ from D and C 
the chords DE 
?, CG and CH, 
al to DB^ and 
3 same distance^ 
m the points E 
G and H, de- 
ircs intersecting 
d K: The dis< 
.B is trisected by 
! and K. 
t may be demon- 

as in the last 
bion^ that the 
'. and K lie in the 
rection AB. In 
nner^ it appears 
cor.) that CG»= 

: ; consequently (2 AB)»=3 AB.CK> that is 4 AB*= 
IK, and therefore 4 AB=3 CK = 3 BK+3 AB ; 

AB=3 BK. $ut, foi; the same reason, AB=3 AL 
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PROP. VL PROB. 

To cut off any aliquot part of a given distance. 

Sappose it were required to cut off the fifth part of the 
distance between the points A and B. 
. Repeat (App. P. II. 1.) the distance AB four times, U) 
F; from F, with the radius FA, describe the arc 6AH; 
inflect the chords AG 
and AH equal to AB, ^. 
and, with that radius and " / ^ 
from^ the points G and 
H, describe arcs inter- A 
meeting in I : AI is the 1 

fifth part of the line of ^ 
communication AB. 

For, as before, the point I is situate in AB. Bot 
AG*=AF.AI, and consequently AB=:*5AB.AI; whence 
AB=:5AI. 



i3 6 i> E i 



PROP. VII. PROB. 
To divide a given distance by medial section. 

JLet it be required to cut the distance AB^ sack that 
BH»=zBA-AIL 

From B describe a circle with the radius BA, which in- 
sert successively from A to D, E, C, and F ; from the ex- 
tremities of the diameter AC, and with the double chord 
A£, describe two arcs intecsecting inG; and from the 

10 



PAQT II. 



^S 



-R 



ppinjs E and F, with the dist^ce BG, describfs oAer 
two ^C8 inlbe^sectiag in ]EI : T^ifi is tl^e point of medial 
section. 

For it is evident, that this 
point H lies in the straight 
line AB. And because the tri- 
angles AGB, COB have their 
sides respectively equal, the an- 
gle ABG (I. 2.) is a right an- 
gle, and consequently (II. 14.) 
AG*=AB*+BG»; but AG= 
AE, and AE*=3 AB» (IV. 20. 
cpr.); wherefore 3 AB*^Ap.»+ 

BG^ jjind BG»=:a AW. N^w 

^iiice PflCjF is ^ rhpmjbufi, it^ ^i^gpi^s {bisect each other 
m right ox^gles ; whei^ce HJE*— BE*3=(Ij;. 29. cor.) UP»— 
BP*s? (IL 23.) Biji.ftt:; >m^^ flP»-BE?;F^»-PE»=AB% 
and therefore AB»q:i^i^.JlC. Again, (II, gp.) AB*5s 
AI?.5A+BfI.Ag, apd .9H,HC=BJ^»^,BH.AB; conse- 
quently AH.AB+BH.AB=BH»+BH.AB, and therefore 
BH»=AH.AB. 




PROP. VIII. PROB. 



To bisect a given arc of a circle. 



Let it be required to bisect the arc AB of a circle whose 
centre is €• 

From the extremities A aijid ^, with the radius AC, de- 
scribe opposite arcs, and from tbe centre C inflect th^ 
chord AB to D and £; from these points, with the dis- 
tance DB describe arcs intersecting in F ; and frq^ D or 
£, with the distance CF, cut the given arc A^ ^n G : AB 
18 bisected in that point. 
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For the figures ABCD and A6EC being rhomboids^ 
DC and CE-are parallel to AB^ and hence constitute one 
straight line ; conse- 
quently the triangles yK 
DFC and EFC hav. 
ing their correspon- 
ding sides equals the 
angle DCF is a right 
angle^ and (II. 14.) 
J)F»=DC» + CF'. 
But in the rhom- 
boid ABCD, DB»+ 
CA»=2 DC»+2CB» (II. 34), or DB»=2 DC»+CB* ; and 
since DB=DF, 2DC»+CB»=DC»+CF», whence DC*+ 
CB»=CP, or DC*+CG»=DG*; and therefore (U. 15.) 
DCG is a right angle; And because CO is perpendicular 
to DC, it is likewise (L 250 perpendicular to AB> and die 
triangles CAP and CBP ate equal (I. 24.) and the angle 
ACQ equal to BCG; whence (III. 15.) the arc AGssBG. 




PROP. IX. PROB. 



Given two points, to find the intersection of their 
connecting line with a given circumference. 

1. Let one of the points be the centre of the circle. 

Take any point D within the circle, and from A, with 
the distance AD describe an arc cut- 
ting the circumference in E and F, 
bisect the arc EGF in G (App. P. 11. 
8.), and determine the semicircle G EH 
(App. P. 11. 1 .) : "G and H are the 
points of intersection of the straight 
line AGH. 
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For the triangles AEB and AFB have their sides re- 
spectively equals and consequently the angle ABE is equal 
to ABF (I. 2.); wherefore (HI. 1^.) die arc EG is equal 
to GF, or the straight line AH must bisect the arc EF. 

2. Let neither point lie in the centre 
of the circle. 

From A and B, with the distances 
AC and BC^ describe arcs intersecting 
in D, from which, with the radius CE, 
cut the circumference in E and F : The 
straight line AB would extend through 
these points* 

, For the triangles CAP and CBD 
being isosceles, it appears from Book 
I. Prop. 7, that their vertices A and B 
lie m a perpendicular passing through 
the middle of the common base CD^and 
consequently the points E and F, which . 
are vertices of the isosceles triangles CED and CFD, must 
JikewisevOccur in the jsame straight line. 





PROP. X. PROB. 

To find the sum or difference of two given dis- 
tances. 



Let AB and CD be two distances, of which it is requi- 
red to determine the sum and the difference. 

From A with the distance CD 
describe a circle, cut the circumfe- 
rence tn E and F by any arc de- 
scribed from B, bisect Jthe arc EF 
(App. P. IL 8.) on both sides at G and 
H ; BG will be the sum of the two 
distances) and BH their difference. 
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For GBj bisecting the chotd EF at right angles^ must 
pass through the trentre A^ and can's^xkehilf the tiatAinh 
AG or CD is^ on either ^id^^ added or taken aWiiy ^om 
AB. 



PROP. XL PROBi 
To find the centre of a circle. 

Assume an arc AB greater tbah a quadrant^ and froiA 
one extremity B, with the distance BA, describe a semi^ 
circle ADC, cutting the given circumference in D ; from 
the points B and C, with the distance CD, deseribe ah* 
intersecting in £, and frotti that point, with the ^w6 dts- 
t^nce> describe an arc cutting ADC ih F ; and lastly^ from 
the points A and B, with the distance AF, desncHb^ itits 
intersecting in G : This point h the centre of Ihfe drtk 
ABB. 

For the isosceles triangles BEC, BED, being evidetitijir 
equal, the angle DBC is equal to both the angles at the 
base; but DBC is (I. 34. El.) equal to the interior angles 
ABD and BD A of the isosce- 

les triangle ABD, and hence ^??<c 

that triangle is similar to r' / \ 

BED. Wherefore BE : BD .'' / \ 

::BA:AF, or CD:BD:: ^^^^<r ^N<^ \ 

BA:AG; consequently the //^ ^^ • ^Ni 
jsoscfeles ttiah^es CBD and /*^*. \ / \ 

BGA are similar^ and the I /• /-^ v J A 

angle BCD isequaltoGfeA; N^ill... „;::/. j 

BG is, therefore, paraltel trt ''^a^^^/^^^^^X^ ' ^ 

CD, and hence (I. 34. El.) 

the angle BDC, or BCD, is equAl to GBD» The triatigks 
BGA and BGD, having thus the side BA t^ual to BD, 
BG common, and equial fconlsaiBfed anglt^s GBA ahd GBD, 
nrc ([, 3. El.) equal, aqd therefore thie side GA is cqud to 
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GD« The 'point G^ being ;tbii8 equidistant from three 
points^ A^ D^ and B in the circumference^ ig hence (III. 
9, corO the centre pf the circle. 



PROP. XII. PROB. 



To divide the circumference of a given circle 
successively into 4, 8, 12, and 24 equal parts. 

1 . Insert the radius AB three times from A to D, E^ 
and C ; from the extremities of the diameter AC^ and M^ith 
a distance equal to the double chord A£^ describe arcs in- 
tersecting in the point F; and from A^ with the distance 
BF^ cut the circumference on opposite side^ at 6 and H : 
AG, GC, CH, and HA are quadrants. 

For, as before, AF*5=AE*=3AB»; and the triangle ABF 
being right-angled, 8AB*= AF*=:AB»+BF% and there- 
fore BF*=AG*=3AB*; whence (U. 15.) ABG it a right 
angle, and AG a quadrant. 

fi. From the point F with the 
radius AB, cut the circle in I 
and K, and from A and C in- 
flect the chord AI from L and 
M ; the circumference is di- 
vided into eight equal portions 
by the points A, 1, G, K, C, M, 
H, and L. 

For BF*, being equal to 2 AB*^ 
is equal to the squares of BI jand 
IF, and consequently BIF is a 

right angle; but the triangle BIF is also isosceles, and 
therefore the angle IBF at the base is half a right aqgle^ 
4¥hence the arc IG is an octant. 
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• 3. The iri^DG, on being repeated, will fotm twelve 
equal se^ons of the circumference. 

For the arc AD is the sixth or two-twelflh parts of &€ 
circumference, and AG is the fourth or three-twelfths ; 
consequently the difference DG is one-twelfth. 

4. The arc ID is the twenty-fourth part of the circum- 
ference. 

For the octant AI is equal to three twenty-fourths, and 
the sextant AD is equal to four twenty-fourths ; their dif- 
ference ID 16 h€fnce one twenty-fourth part of the circum- 
ference, I 



PROP. XIII. PROB. 

, To divide the circumference of a givea circle 
successively into 5, 10, and 20 equal parts. 

Mark out the semicircumference ADEC by the triple 
insertion of the radius/ from A and C with the donUe 
chord AE describe arcs intersecting in F, from A with 
the distance BF cut the circle in G and H^ inflect the 
chords GH and GI equal to the radius AB^ and firom the 
points H and I^ with distance 
BF or AG, describe arcs in- ^X^ 

tersecting in L. _J:^&^ 

It is evident from App. P. II. ^0;><^ "S3^ 

7, that BL is the greater seg- jjv/^ \.X 

ment of the radius BH di- 7 \ 

vided by a medial section; jd !- -U 

wherefore (IV. 23. cor. 2. El.) V ^ / 

AL is equal to the side of the V v / 

inscribedpentagon, andBL, to i?\^^^ X- ^/ 
that of the decagon inscribed M'"^^^"'^^^ 

in the given circle. Hence 
AL may be inflected five times in the circumference^ and 
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BL ten times;, and consequently the: arc MH^ or the ex- 
cess of the fourth above, the fifth^is equal to the twentieth 
part of the whole circumference* 



B; 



PROR XIV. PROB. 
From a given side to trace out a square. 



Iiet the points A and B terminate the side of a square^ 
which it is required to trace. 

From B as a centre describe 
the semicircle ADEC, from A 
and C, with the distance AE, 
describe arcs intersecting in F, 
from A, with the distance BF, 
cut the circumference in G, and 
from A and 6^ with the radius 
AB^ describe arcs intersecting 

in H : The points H and G are corners of the required 
square. 

For (App. P. II. 10.) the angle AB6 is a right angle, 
and the distances AB, AH, HB,and GB, arc, by construc- 
tion, all equal. 




PROP. XV. PROB. 



TTir.: 



Given the side of a regular pentagon, to find the 
traces of the figure. 

From B describe through A the circle ADECF, in 
which the radius is in£ected four times, from A> and C with 
the double chord A£ describe arcs intersecting in G, from 
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From B as a centre describe the semicircle ADEC^ from 
A and C with the double chord AE describe arcs inter- 
secting in F, from C with^e distance BF describe an 
arc and cut this from A with the 
radius AD, and lastly from B and 
A with the distance BG describe 
arcs intersecting in H and I : 
AHBI is the required square. 

For, in the triangle AGC, the 
straight line GB bisects the base^ 
and consequently (11. 30.) AG*+ 
CG* = 2AB'+2CG*; but, (by 
App. II. Prop. 10,) GB»=BF»= 
2AB» ; whence AG*=AB' = 2BG% and (II. 15:) AHB 
is a right angle ; wd the sides AH, HB, BI, and lA bei 
ing all equal, the figure is therefore a square. 




^ 



. PROP. XVIII. PROB. 

Two distances being given, to find a third pro- 
portional. 
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Let it be required to find a third proportional to the 
distances AB and CD. 

From any point E, e 

and with the distance 
AB, describe abortion 
of a circle, in which in- 
flect FG equal to CD, 
and from G with that 
distance describe the F 
seniicircle FHI; HI is 
the third proportional required. 
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For the angles GEH and Ai iB 

IGH are each of them double ^ H 

the angle GFH or IFK at the 
circumference (III. 19. El.); ^-'^ 
whence the triangles GEH and 

IGH must also have the angles • I"'<:^_::.>^g: " . X 
at the base' equals and are con- 
sequently similar : WhereftMre (VI. 13. El.) EG:GH:: 
GH:HL 

If the first term AB'be less than half the second term 
CD^ this construction) without some help^ would eridendy 
not succeed. But AB may be previously doubled^ or as- 
sumed 4, 8, or 16 times greater, so that the circle FGH 
shall always cut AHI ; and in that case> HI, being like- 
wise doubled, or taken 4, 8, or 16 times greater, will give 
the true result. < 



PROP. XIX. PROB. 

To find a fourth proportional to three given dis- 
tances. 



I4et it be required to find a fourth proportional to the 
distances AB, CD, and EF. 

From any point G describe 
two concentric circles HI and 
KL with the distances AB and 
EF, in the circumference of 
the first inflect HI equal to 
CD, assume any point K in the 
second circumference, and cut 
this in L by an arc described 
from I with the distance HK ; 
the chord LK is the fourth 
proportional required. 
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evident ihatAK*=2AB* and AP*=SAB ; and since AEss 
2 A6, A£'=4 A6^ In the right angled triangles IBK 
and IBG, IK»=IB»+BK»=4EB»+BK»=5ABS IG*=IB» 
+BG*=4 AB»+« AB*=6 AB» ; but (II. Si. El.) IC*=IB» 
+BC»+IB.2BO=4 AB*+ AB»+2 AB*=7 AB». Again, 
GH being donUe of BG, GH*=4X52 AB*=z8 AB% and 
AI being the triple of AE^ AP=g AB* ; and lastly, lAL 
being a right angled triangle, IL*=IA*+AL*=9 AB*^. 
AB*=rlOAB». 

If AB^ therefore, denote the unit of any scale, it will 
follow, thafAKsv'S, PlD^^S, IK=-/5, IG=i/6, IC= 
^1, GiEI=-v/8, and IL=\/IO. 
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GEOMETRICAL ANALYSIS 



Analysis is that procedure by which a propo- 
sition is traced up, through a chdn of necessary 
dependence, to some known opeiiitiofl> or some 
admitted principle. It is alike applicable to the 
investigation of truth in a theorem, or the discovery 
of the construction of a problem. Analysis, as its 
name imports, is thus a sort of inverted form of 
solution. Assuming the hypothesis advanced, it 
remounts, step by step, till it has reached a source 
already explored. The reverse o£ this process con- 
stitntes Synthesis^ or Cam^i>iM,*-^which is the mode 
usually employed for explaining the elements of 
science. Analysis, therefore, presents the medium 
of invention ; while synthesis naturally directs the 
course of instruction. 
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DEFINITIONS. 

r 

1. Quaniities are said to be gioen, which are either eachi- 
bited^ or may be found. 

£. A ratio is said to be given, when it is the same as that 
of two given quantities. 

3. Points, lines, and tpaces, are said to be given mpodtiom, 
if they have always the same situation^ and are either ao 

« tuajly exhibited^ or may be found. 

4. A circle is gfioen in position, when its centre is given; 
it is given in magnitude, if its radius be given. 

5. RectiHneal Jigures are said to be given in species, whea 
figures similar to them are given. 
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PROP. L PROB. 



From two given points, to draw straight lines, 
making ^qual angles at the same point in a straight 
line given in position. 

Let A^ B be two given points^ aad CD a straight line 
given in position ; it is required to draw A6^ GB^ so that 
the angles A6C and B6D shall be equal. 

ANALYSIS. 

From B, one of the given 
points^ let fall the perpendi- 
cular B£^ and produce it to 
meet AG^ or its extension in 
F. The angle BGE, being 
equal to AGC^ is equal to the 
vertical angle FGE, the right 
angle BEG is equal to FEGj, 
and the side GE is common to 
the triangles GBE and GFE^ 
which^ (I. 23. El.) are there- 
fore equals and hence the side 
BE is equal to FE. But the 
perpendicular BE is given^ 
and consequently FE is given 
both in position and magni- 
tude ; whence the point F is 
given, and therefore G the 
intersection of the straight line AF with CD. 

COMPOSITION. 
Let fall the perpendicular BE, and produce it equally 
on the opposite sid^, join AF meeting CD in G ; AG and 
BG are the straight lines required. 





2d2 6B0MBTB1CAX. ANALYSIS. 

For the triangles GBE and GFE^ having the side BE 
equal to FE^ 6E common^ aad the contained angle BEG 
equal to FEG^ are (t. 3. El.) equal ; and consequently the 
angle BQJ^ i» equsJ to FGE, or AGC. 
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PROPtU. PROR 

Through a given point, to draw a straight line at 
equal angles with two straight fines given in position. 

Let A be the giren pointy and CB^ CD the straight lines 
which are given in position. 

ANALYSIS. 

Draw (1. 26. El.) CH parallel to FE^and produce DC. The 
exterior angle GCH(1. 34. £1.) is 
equal to CFE> and ECH is equal 
to the alternate angle CEF; but 
the angle CFE is equal to CEF, 
and consequently GCH is equal 
to ECH, and the angle GCE is 
bisected by the straight line 
CH. Wherefore (L 5. El.) CH 
is given in position, and hence 
(L 26. El.) the parallel EF is also given. 

COMPOSITION. 

Bisect (I. 5. EL) the adjacent angle GCB by the straight 
line CH, and parallel to this draw EF (I. 20. El.) through 
the given point A; the angle CEF is equal to CFE. For 
these angles are equal to the exterior and alternate angles 
GCH and ECH, and are consequently equal to each other 
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'fhfoi^h a given pbint, to draw a straght Ijfle^ 
such that the d^gmratt intereepted l^ p«rpdiidica«* 
lars let fall upon it from two given pointS; shall be 
equal 

The points A^ B^ and C beii^ given^ — ^to draw a straight 
line F£^ so that the parts CF and C^ cut off by the p^- 
pendiculars AB and BE^ shall be equal. 



^ ANALYSIS. 

Produce AC to meet BE in D« The right angkd tri- 
angles AFC and DEC^ having 
' the vertical angle ACF equal to 
'PCE^ and the side CF equal to 
C£^ are (I. 2S. El.) equalj and 
hence the side C A is equal to CD.. 
But CA i» evidently gi^n ; 
wherefore CD and the point Dare 
given; BD is consequently given^ 
and hence the perpendicular C!E 
is given. 

COMPOSITION. 

Produce AC till CD be equal to it, join BD^ and from C 
(I. 9. El.) let fall the perpendicular CE upon BD; FE is 
liie line reqmred. For the tri^iogles FAC and EDC^ hav- 
ing the angles ACF, AFC equal to DCE,: DEC, and the 
side AC equal to CD, — are equal, and consequently CF is 
equal to CE. 
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t6S GEOMBTRIOM. ANALYSIS. 

COMPOSITION. 

Bieect AB and BC (I. 7. El.) in H and G, join CH mi 
AG> and; from then point of intsfaectioD, draw FA^ FB, 
and FC; the triangle ABC will thus be divided iota three 
equal portions. 

For, from the pointB A and Blet fail the pnpendicilatfl 
AI and BL. The triangles HAI and HBL, having the n|^ 
AHI and AIH equal to BHL and BLH, and the side AH ' 
equal to SH;eFc(I. 29. EI.) equal, and ccRueqaeatlyAiai 
BL. The triangles AFC and BFC, standing aa the mma 
base OF, and having equal altitudes AI and BL, ate equal 
(II. 0. El.) And, in the same manner, it is shown that 
the triang^ AFC and AFB are eqaaU Whefefbn Ac 
whole triangle ABC is divided into three equal tiianglff, 
haviQg their common vertex at the poiot F. 



PROP. VI. PROB. 

To trisect a given triangle, by straight lines drawn 
from a given point within it. 

Let ABC be a triangle which it is required to divide in- 
to three equal portions, by the straight lines OB, DO, 
and DH, drawn from the point B. 

anaIysis. 

Join BG, draw DE (1. 26. El.) parallel to it, an Jjoiu BE, 
The triangle BDG isequal to BEG, 
and couEequently the compound 
space ABDG is eqaal to the tri- 
angle ABE, which is, therefore, 
the third part of the triangle ABC. 
Hence the base A£ is the third 
part of AC, and the point E is 
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^(Hiseqtietitly given ; wherefore the parallel BG is gwen, 
and also the point O and D6. In Kke manner^ Joining 
BH^ drawing DF parallel to it^ — and jointng I^^ it may 
he shown that BH is ^en. 

COMPOSITION. 

Trisect (L 4a £K) the base AC in; the points £ wd F^ 
join D£, DF^ and paralld to these df ay BQ, Bl^, and 
join DB^ DG^ DH ; the triangle ABC is thus divided into 
three equal portions. 

For DE being parallel to B6^ the triangle BDG is equal 
to B£6^ and therefore the space ABD6 is equal to the 
triangle ABE. In the same manner^ it is shown that the 
fpace BDHC is equal to the triangle BFC ; and consequent- 
ly the remaining triangles GDH and £BF are equal. . But 
the triangles ABE^ EBF, and FBC^ standing cm equal 
bases^ are equal ; wherefore the spaces ABDGj GDH^ and 
BDHC^ are each of them the third part of the original tri- 
angle ABC. 



PROP- VII. PROB. 

To inscribe a square in a given triangle. 

Let ABC be the triangle in which it is required to in^ 
scribe a square IGFH. 

ANALYSIS. 

Join AFj and produce it to 
meet a parallel to AC in E> 
and let fall the perpendiculars 
BD and £K. 

Because EB is parallel to 
FGorAC,AF:AE::FG:EB 
(VI. S. El.); and since the pc»* 
pendicular £K is parallel to 
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rH,AF:AE::FH:EK. Wherefore FG:EB::FH:EK; 
but FG = FH, and consequently (V. 8. and 4. EL) EB 
= EK. Again^ £K^ being equal to BD, the altitude of 
the triangle ABC is given^ and^ therefore^ EB is given 
both in position and magnitude ; whence the point E is 
given^ and the intersection of AE with BC is given^ and 
consequently the parallel F6 and the perpendicular FH 
are given^ and thence the square I6FH« 

COMPOSITION. 

From B draw BD perpendicular and BE parallel^ to 
AC^' make BE equal to BD^ join AE^ intersecting BC in 
F, and complete the rectangle IGFH. 

Because BE and EK are parallel to GF and FH^ AE: AF 
: : BE : GF, and AE : AF : : EK : FH ; wherefore BE : GF 
: : EK : FH; but BE z= EK, and consequently GF =: FH. 
It is hence evident that IGFH is a square. 



PROP. VIII. PROB. 

To draw a straight line through a given point, 
so that its portions, terminated by two straight 
lines given in position, shall have a given ratio. 

Let A be a given point, and BC, BD two straight liifts 
given in position ; it is required to draw EAF such that 
£A shall be to AF as M to N. 

ANALYSIS. 

Draw AG parallel to BC, and meeting BD in the point G^ 
which is thus given. The diverging Imes FE, FB are cut 
proportionally by parallels BE> GA, (VI. 1. El.), and conse- 
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quently E A : AF : : BG : GF; 
but the ratio of £A to AF 
is given, and therefore the 
ratio of BG to GF ; and 
BG being given, GF is gi- 
ven, and the point F, and 
hence the s traight line £AF 



IS given. 




FD 



/ I 



COMPOSITION. 

Draw AG parallel to BC, make (VI. 3. El.) BG : GF 
: : M : N, and join FAE. 

For, BE and AG being parallel, EA : AF : : BG : GF; 
but BG : GF : : M : N, and therefore EA : AF : : M : N. 



PROP. IX. PROB. 

Through a given point, to draw a straight line 
that shall be cut in a given ratio, by the circum- 
ference of a given circle. 

Let A be the given point, and BDCE the given circle • 
it is required to draw BC, so that BA shall be to AC as M 
toN. 

ANALYSIS. 

Draw the diameter DAE, join DB, 
C£, and draw CF parallel to DB. 
Because the point A and the centre 
of the circle are given, the diame- 
ter DE is given in position, and 
consequently its extremities D and 
E. But, DB being parallel to CF, 
BA : AC : : DA : AF (Vl. 1. EL); 
wherefore the ratio of DA to AF is 

1 
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gireu, and since DA is given^ 
AF is also given. Again^BA.AC 
SB AD.AE(II[. 56. £L)i and con- 
sequently AE : AC ; : BA : DA; 
but BA:DA::AC:AE (VI. 1. 
El.), whence AE : AC : : AC : AF, 
or AC is a mean proportional 
between AF and AE, and is, therefore, given. The point 
C is thus given, and consequently BC. 

COMPOSITION. 

Having drawn the diameter DE, make DA : AF : : M : N, 
find (VI. 18. £1.) AG a mean proportional between AF and 
A£^ and inflect AC equal to it ; B AC is the straight liiM 
required. 

For join DB, CF, and C£. Since the rectangle BA, 
AC is equal to the rectangle DA, AE, it follows that 
AE : AC : : BA : DA ; but, by construction, AE : AC 
: : AC : AF, and therefore AC : AF : : B A : DA ; hence 
(VL 1. cdr. 1. El.) CF is parallel to DB, and conaequeutly 
BA is to AC^ as DA to AF> that is, as M to N. 



PROP. X. PROB. 

From two given points in the circumference of 

a given circle, to inflect, to another point in the 

circumference, straight lines that shall have a given 
ratio. 

From the points A and B, let it be required to inflect 
AC and BC in a given ratio. 



13 
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ANALYSIS, 

Draw (I. 5. El.) CE bisecting the vertical angle ACB. 
Therefore (VI. 11. El.) AC : CB : : AD : DB, aqd conse- 
quently the ratio of AD to DB is 
given^ and thence (VI. 4. El.) the 
point D is given. But since the angle 
ACE is equal to BCE^ the arc A£ is 
(III. SO. cor. ]£1.) eqyal to the arc EB^ 
und therefore the point E is given. 
Whence, the points E and D being 
given, the straight line EDC is given 
in position, and consequently the point C and the chords 
AC and PC, are given* 

COMPOSITION. 

Bisect (III. 17. El.) the arc AEB in E, divide AB (VI, 
4. £1.) in the given ratio at D, join ED, and produce it to 
meet the opposite circumference in C ; the chords AC and 
CB are in the given ratio* 

For since the arc A£ is equal to BE, the angle ACD is 
(III. 20. cor. El.) equal to BCD, and consequently (VI. 11. EI.) 
AC : CB ; : AD : DB, that is, in the given ratio. 



PROP, XI. PROB. 

Through a givea pointy to draw a straight line 
to a circle, so that the re^ngle under the part li- 
mited by the circumference and the s^ment in* 
eluded within the circle, shall be equal to a given 
space. 
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Let it be required through the point A to draw ABC^ 
such that the rectangle AB^ BC shall be equal to a given 
space, 

ANALYSIS. 

Through the centre O draw 
AF, and (U. 11. £1.) find AE, 
which forms with AD a rect- 
angle equal to the given space. 
Because (lU. 36. £1.) AB.AC 
= AD.AF, and, by construc- 
tion, AB.BC = AD. AE ; it fol- 
lows (V. 6. El.) that AD : AS 
: : AC : AF : : BC : AE; whence 
(V. 19. cor. 1. El.) AD : AB 
: : AC — BC, or BC — AC, 
that is, AB : AF — AE, or 
AE— AF,thatis,EF. Where- 
fore AB is a mean propor- 
tional between AD and EF ; but AE being given, EF is 
also given, and consequently AB is given both in magni- 
tude and position. 




COMPOSITION. 

Draw AF through the centre of the circle, make (II. 
11. El.) the rectangle AD, AE equal to the given space, 
find (VI. 18. El.) a mean proportional to AD and EF, and 
infiect this from A towards B ; the rectangle AB, BC is 
equal to the given space. 

For (III. 26. El.) AD : AB : : AB : EF, and (V. 6. El.) 
AD : AB : : AC : AF, whence (V. IQ. cor. 1. El.) AD : AB 
: : ACzp AB, or BC : AF =F £F, or AE^ and consequent- 
ly AD.AE = AB.BC. 
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PROP. Xil. PllOB. 

Through two given points, to describe a cirde 
bisecting the circumference of a given circle. 

Let A and B be two points^ through which it is required 
to describe a circle ADGEB^ that shall Bisect the circuin«» 
ference of the circle HDFE. 




ANALYSIS* 

Join D, % the {)6iat6 of iin^raeclioA. Be^atise DFE 
is, by hypothesid^ a semieircooi*- 
ference^ DE is a diameter^ and 
must^ therefore^ pass through the 
centre C. Join AC^ and produce 
It to P. Since DC = CE, it is 
etid^nt (III. 36. El.) that AC.CG 
ss DC* = HC.CF ; but the rect- 
angle HC^ CF is given^ and con- 
sequently the rectangle AC^ CG is 
Ao giv^H ; and AC being given^ 
CG is hence given^ and the point 

G. Wherefore the three points A^ G> and B beiftg glv^fi/ 
the circle AGB is (IIL i h £1.) gitem 

COMPOSITION: 

Through C, the centre of the given cirde, drtw ACP, 
make (VL 8. El,) AC : HC : : CF, or HC : C6, aftd through 
the three points A, G, and B, describe (ItL 11. coir. Et.) 
the circle AGB : This will bisect the circumference HDF£. 

For, through one of the points of intersection, dr&w the 
diametcfr BCf, and produce it to meet the <;}rcui]kfer^ii6e 

s 
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of the circle AGB in K. Because AC : HC : : HC : Cfe, 
the square of HC is (V. 6. £1.) equal to the rectangle AC^ 
CG ; but (III. S6. EI.) HC* = DC.CI, and AC.CG = 
DC.CK ; wherefore DC.CI = DC.CK, and CI = CK, or 
the points I and K are one^ and the circle AGB passes 
through both extremities of the diameter of HDFE. 



PROP. Xm. PROB. 

To find a point in the diameter of a circle, such 
that the square of a straight line inflected from it 
at a given angle to the circumference, shall have a 
given ratio to the rectangle under the segmefits of 
the diameter. 

Let it be required to draw DE at a given angle with DB, 
and so that the square of DE shall have a given ratio to 
the rectangle AD, DB. 

ANALYSIS. 

Make EG = FD, join CF, draw the radius CGH, jom 
AH, and produce it to meet the 
extension of CE in I. 

Because CE is equal to CF, the 
angle CEF is (I. 8. El.) equal ^to 
CFE. Wherefore the triangles CGE 
and CDF, having thus the angle 
CEG equal to. CFD, and the sides 
CE and EG equal to CF and FD,— 
are equal, and consequently the 
angle ECG is equal to FCD; whence (HI. 15. El.) the.aie 
HE is equal to AF, and therefore (III, 22, cor..E10-ABLi« 
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parallel to DE. Bat the angle BDE is giten^ and thence 
fiAH ; wherefore the chord AH is giyen. Again^ the 
rectangle AD,DB, being equal to FD^DE (III. 86. El.)> is 
also equal to DE,EG ; and therefore DE* is to DE.EG, or 
(V. 24, cor. 2. EI.) DE is to EG, in the given ratio ; but (VI. 
2. El.), DE : EG : : AI : IH, consequently AI is to IH in 
a giren ratio, and hence AH is to HI in a given ratio. 
Wherefore, since AH is given, IH arid the point I are 
given; and thence IC, the point E, and DE, are all given. 

COMPOSITION. 

Draw AH at an inclination with A6 equal to the given 
angle, and produce it to I, so that AI shall be to AH in 
the given ratio, join IC, and draw ED parallel to lA ; D 
is the point required. 

Because AI : IH : : DE : EG, DE is to EG in the given 
ratio, and consequently DE* is to DE.EG in the same 
ratio. But FE being parallel to AH, the arc HE is equal 
to AF, and thence the angle HCE is equal to ACF; the 
triangles CGE and CDF, having thus the side CE equal 
to CF, and the angles ECG and CEG equal to FCD and 
CFD, — are equal, and hence the side EG is equal to FD. 
Wherefpre DE.EG = DE.FD = AD.DB, and consequent- 
ly DE* is to AD.DB in the given ratio. 



PROP. XIV. PROB. 

Through two given points, to draw straight lines 
to a point in the circumference of a given circle, so 
that the chord of the intercepted segment shall be 
parallel to the straight line that connects the givea 
points. 

r 
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Le< it be requited^ from the poiilts A and B^ to inflect 
AC and BC cutting the ^iven cironmfi&reiicd in D and Jig 
9«ch that D£ shillrbe {larallel to AB. 



ANALYSIS. 

Draw the tangait DF meeting AB in F. The angle 
Fl)£ is equal to the angle BCD 
in the alternate segment (IlL 
^. £1.) ; but D£ bemg parallel 
to AB^ the angle FD£ is equal 
to the alternate angle APT^, 
which ia conseqiiently equal t0 
the angle ECD or ACB i wherfeu 
fwe the triangle* ADF and 
ABCj having besides a com- 
mon angle ABC^ are similar^ add 
AD : AF : : AB : AC, and hence 
AD.AC ±2 AF.AB. But Ante the 
poidt A and th^ Circle DCE are 
given^ the rectangle AD, AC Is also 
given ; for it is equal to the square 
of the tangent AG (HI. 56. cor. 2. 
EU), when A lies without the circumference,-^and equal t# 
the square of AG (III. 96* cor. 1« El.) a perpendicular tc> 
the diameter, in the case where that point lies within the 
circle. Hence the rectangle AF, AB is given ; and AB 
being given, AF is likewise given, and consequently the 
point F. Wherefore the tangent FD is given in position ; 
and since the point A is given^ the straight line AC is 
given, and thence BC and the intersection £. 




COMPOSITION. 
If the point A be without the circle, draw the tangent 
AG ; or if it lie within the circle, erect AG perpendicular 

to the diameter which passes through it. Make (VL 3. 



BOOK I. £77 

£L) AB ! AG : : A(a( : AF, from F draw the tangent FD^ 
join AD^ and produce it to meet the opposite cirenmfer- 
ence in C, join CB, cutting the circle in £; the straight 
line D£ is par^tliel to AB. 

For, lince AB : AG : : AG : AF, AG» = Ae.AF ; bat 
(III. 36. oor. 1. and fL £1.) AG* s CA.AD, whence AB.AF 
W CA.AD, and consequently (V. 6. £i.) AB ! AC : : 
AF : AD. Wherefore (V. 15« £1.) the triangles BAG and 
DAF, having the sides about their common angle propor- 
tional, jare similar, and hence the angle A<3B is equal t0 
AFD ; but (HI. 29. £1.) ACB or DC£ is equal to £DF, 
and consequently the angle AFD is equal to £DF^ and 
(III. 22. con £1.) the chord D£ is parallel to AB. 



PROP. XV. PROB. 

Froni two given points in the circumference qf 
^ giv^ circle, to inflect straight lineisi to mother 
point in the opposite circumference, such as to in- 
tercept, on either side of the centre, equal segi- 
ments of a given diameter* 

Let it be required, from the point3 A and B, to inflect 
AC and BC, so as to intercept^ on the diamet^j: D£^ equal 
portions from the centre. 

ANALYSIS. 

Join BA, and produce it and the diameter £P to p^eet 

in M, draw COL, from O let fall the perpendicul^ OK 

upon AB^ join LK| through A draw AHI pitifdl^ tp ]>f > 

and join HK« 

n 
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The parallels F6 aiid AI are cut proportionally by the 
diverging liDes CA, CH, and CI (VI. 1. £1.); bat TO is 
equal to OG^ and consequently AH is equal to HL 
Wherefore (II. 4. El.) HK is parallel to IB, and the angle 
AKH is equal to ABI (I. 25. EL); and since the angle ABI 
or ABC is equal to ALC (III. 20. El.), the angle AKH 
IS equal to ALC or ALH, and hence (III. 20. cor. El.) the 
quadrilateral figure AHKL is contained in a circle. Con^ 
sequently (HI. 20. El.) the angle HAK is equal to HLK ; 
but HAK is e- 

qual (I. 25. El.) ^ ^ 

to OMK, which 
is, therefore, e- 
qual to HLK 
or OLK,'and 
thence the qua- 
drilateral figure 
MOKL is also 
contained in a 

circle. Wherefore (HI. 20. El.) the angle MLO is equal 
to MKO; but MKO is a right angle, and consequently 
MLO is likewise a right angle, and thence (HI. 28. £1.) 
ML is a tangent. But the point M, being the concourse 
of ED and B A, is given, and, therefore, the tangent ML (o 
the given circle is given (III. SO. El.) ; whence the diame- 
ter LC, and the point C^ are given. 

COMPOSITION. 

Produce ED and BA to meet in M, draw the tangept 
ML and the diameter LC ; the straight lines AC and BC 
will cut off from the ceqtre equ^l portions, OF and OG, of 
the given diameter ED. 

For draw AI parallel to DE, and OK perpendicular to. 
AB, and join LK and KH. 

Because ML is a tangent, MLO is a right angle, and, 
therefore, equal to MKO; consequently (III. 20. El.) MKL 
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is equal to MOL, that is, (I. 25. El.) to AHL. Where- 
fore the quadrilateral figure AHKL is contained in a cir- 
cle, and hence (III. 20. £1.) the angle ALH is equal to 
AKH ; but, for the same reason, ALH or ALG is equal to 
ABC or ABI, and consequently AKH is equal to ABI, 
and (I. 25. El.) KH parallel to BI. Mow since AK isequal 
to KB, it follows that AH is equal to HI, and hence that 
FO is equal to OG. 



PROP. XVI. PROB. 

Through a given point to draw a straight line,, 
so that the rectangle under its segments, intercept- 
ed by two straight lines given in position, shall be 
equal to a given space. 

Let AB, AC be two straight lines, and D a- pointy 
through which it is required lo draw EF, such that the 
rectangle under its segments ED, DF shall be equal to a 
ffiven space. 



ANALYSIS. 



Join AD, from 
F draw (I. 4. El.) 
FG, making an 
angle DFG equal 
toDAE, and meetp 
ing AD or its ex- 
teosion in G, and 
joinFG: The tri- 
angles ADE and 
FDG, being thus 
evidently similar, 
AD:ED::DF:DG, 




^ 
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aqd CQ^equsqtty (V. & £1.) 
Ap,DQ:« ED.PF. 9fit the 
r«:taogk PD, PF w gi'J^i 

^nd therefore bIbo the recU 

aq^f AP, DG ; ■ ^ «i|pe AO 

is given in ppsituHi md □tiigiur' 

PtM, DG apd the point G «e . 

given. Again^ the angle DFG, 

beiDg equal to DAC, is given, 

and thence (III. 31. El.) the 

segment of the circle which contwns it ; wherefore the 

contact or intersection of that arc with the strught line AB 

is given^ and COTiseqaently the position of EF o' E'P is 

hkewise given. 

COMPOSITION. 

Join AD, make the rectangle AD, DG equsl |o tbo 
given space, and on DG describe (III. 31. El.) an (trc con- 
taining m Wgle equal to DAC, and meeting AB in F Pt. 
F i EDF or EDF' is the straight line required- 

For the trian^^ ADE ond FDG are similar, wd conM* 
quently(VI. 13. El.) AD : ED : : DF : DG; whence (V.G. 
EI.) ED.DF = AD.DG ; but the rectangle AD.DG is eqoat 
to the given space, and therefore the rectangle EPJ}Ft| 
Itlso equal to that space. 



PROP. XVII. PROS. 



Two straight lines being given, to draw, through 
a given point, another straight line, cutting off segt 
ments which are together equal to a ^ven straight 
line^ 
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Jjdt AB, AC be two straight lines^ and J) a given pointy 
ibrovgh which it is required to dinaw a 9t;raight line EP, to 
iu( to cut off the segment^ A£ and AF^ that are together 
i^ual to ON • 

The point D may lie either within or without the angle 
Iprmed by the straight lines AB and AC. 

|. jiet X> haye m internal position. 



ANALYSIS. 

Draw DG and DH (L 9fi. £1) parallel to AB and AC. 
Because the point D is given, and AB, AC are given in po- 
jjition^ the parallelo- 
gram AGDH is gi- ^^ 
yen. And since the 
triangles EDO and 
DFH are evidently 
gimilar, EG : GD 
:: DH : HF, and 
Aerefore EG.HF s 
GD.DH. But AG 
and AHj or DH and 
GD, being given, 
the rectangle GD, 
DH is given, and, 
therefore, EG.HF 
is given. Make FK 
s: EG, and the rectangle HF, FK is hence given ; but HE, 
being the excess of AF and AE above GD and DH, is 
given, and consequently its point of section F or F, and 
the straight line EDF or E'DP, are given. • 




O 



K 



COMPOSITION. 

Draw the parallels DG and DH. From ON, the sum 
pf the two segments AE and AF, cut off OP = AG + AH, 
ai^d make HK ;s: PN. On HK describe a semicircle^ 
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from the extremities of the diameter erect the perpendi- 
colan HI and KL equal to AH and AG, join IL, and at 
right angles to this, and from the point or points where it 
meets the circumference, draw MF or MT^; EDF or 
E!D¥' is the straight line required. 

For (VI. 20. £1.) HLKL = HF.FK, and consequenttf 
AH.A6 = HF.FK. But, from the similar triangles £GD 
and DHF, EG : GD, or AH : : DH, or AG : HF, and 
therefore (V. 6. El.) AH^G = HF.EG ; whence HFJFK 
=: HF.EG, and FK =: EG. And since AG + AH = OP> 
and HF + EG 3 HK = PN, it foUows that AG + EG 
+ AH + HF, or AE + AF = ON. 

2. Let the point D have an external poisition with r^ 
spect to the straight lines AB and AC. 



ANALYSIS. 

Draw DG parallel to AB, and DH parallel to AC and 
meeting AB produced. The triangles EDG and DHF be^ 
ing similar, EG : DG : : DH : HF, and (V. 6, El.) EG.HF 
=: DG.DH ; but DG and DH are both given, and hence 
the rectangle under EG and HF is given. Make FK 

C 




P 



o 
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= EG, and therefore HK = HF — EG := DG + AF — 
(DH — AE) = AF + AE — (DH — DG) ; whence HK 
and the rectangle HF,FK are given, and consequently 
(VI. 20. El.) the point F is given. 

If DF'E' intersect the straight lines AB and AC on the 
other side of their vertex A, the triangles E'DG and DF'H 
aife still similar, and E'G : DG : : DH : HF; wherefore 
FG.HF, being equal to DG.DH, is given. Make FK 
= EG, and thence HK' =? EG — HF = AE' + DH — 
(DG — AF) = AF + AE' + (DH — DG); consequent- 
ly HK and the riBctangle HF.F'K' ure given, and' there* 
fpre (VI. 20. El.) the point F is given. 

COMPOSITION. 

Make OP or OP equal to the difference of the paraU 
lels DH and DG, from H place likewise towards opposite* 
parts HK z= PN and HK = FN, on HK and HK' de- 
scribe semicircles, from H erect the perpendicular HI 
equal to DG, and, from K and K, the perpendiculars KL 
and K'L', each equal to DH, join IL and IL', and, at 
right angles to these, from the points of section M and M ^ 
drawMFand MT'; the straight lines DEFand DFE' will 
cut off segments from AB and AC, which are together 
equal to ON. 

For (VI. 20. El.) HF.FK = HI.KM = DG.DH ; but 
DG.DH = HF.EG, and consequently HF.EG = HF.FK, 
or EG = FK. Wherefore HK = HF — EG = AF + 
AE — (DH — DG) ; and since HK = PN = ON — 
(DH — DG), it follo^ys that AF + AE = ON. 

In like manner, it is shown that E'G = F'K', and hence 
HK' = EG — HF = AF + AE' + (DH — DG) ; but 
HK = PN: = on + (DH — DG), and consequently lij^ 
.^ AE = ON. 
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PROP. XVIIL PROB. 

From one of the corners of a given square, to 
^raw a straight line, such that its portion, inter- 
cepted between the opposite sides of the figure, 
shall be equal to a given straight line. 

Let ABCD be a square^ and from the point A let it be 
required to draw AEF^ so that the part EF^ intercepted 
between CD and BC^ or theii: extension^ may be equal to 
a given straight line. 



ANALYSIS. 

Draw FG perpendicular to AF^ meeting AD prodncad 
iQ O^ from G let fall the perpendicular GH upon BC pro- 
duced^ and join EG. 

The angle EFH is (L 34. EL) equal to ECF and FEC, 
and it is also equal to EFG and GFH ; consequently^ ECF 
and EFG being right 
angles^ the remaining /^ 

abgles FEC and GFH 
areequal;whencethetri« 
angles EAD and FGH, 
having the angle AED 
or CEF equal to GFH, 
the angles at D and H 
both right angles^ and 
the side AD equal to 
GH or CD, — are (L 23. El.) equal, and therefore the side 
AE is equal to FG. But EFG and EDG being right- 
angled triangles, EF» + FG* = EG* = ED* + DG*, (IL 
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U. EI.), <ir EP + AE* =- ED* + DG* ; but AE* t- AD* 
^ ED», and hence EF* + AD* + ED* si ED* + DG% 
or EF» + AD» =: DG*. Wherefore, since EF and AD 
are both given, DG is also given, and cotiseqiiently AG ; 
but the right angle AFG being confaincd in a ftetnicirde 
described upon AG, the point F or V, itd contact or in- 
tersectipn with BC, is given, and consequently the straight 
Une AEF. 

COMPOSITION. 

Make AI equal to the given straight li&e, join DI, and, 
^nal to this, produce AD to 6, ilpon AG describe a se- 
micircle meeting the extension of BC in F or F, and join 
AEF or AF'E' ; EF, the external part of that straight line, 
is equal to AI. % 

For join EF, FG, EG, arid let fall the perpendicular 
GH upon BF. It is evident that EF* + FG* s- ED» + 
DG* ; and FG being equal to AE, EP + AE* = ED» 
+ DG*. But AE* = AD* + ED*, and DG» 3= DI* a 
AD* + AI* ; virhence EF* + AD* + ED* a ED* + AD* 
+ AI*, and therefore EF* = AI*, and EF = AI. 



PROP. XIX. PROB. 

Given the base of a triangle, its altitude, and the 
rectangle under its two sides,— to determine the 
triangle. 

ANALYSIS. 

About the triangle ABC describe (III: 11. cor. El.) i^ 
circle^ aod draw the diameter BF and the radii AE and 
CE. 
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Because the given rectangle AB.BC is (VI. 22« EI.) 
equal to BD.BF^ . this rectangle is likewise given ; aAd 
I since . the perpendicular BD is 
given^ the diameter BF^ and there- 
fore the. radii AE, CE, are given. 
.But the base AC being given, the 
. triangle. AEC is hence given, and 
consequently the centre E and the 
circle ABCF are given. Again, 
because BD, the distance. of the 
vertex of the triangle from its bfise, 

is given, that point must occur in the parallel BB', and, 
being thus placed in. the contact or intersection of a given 
straight line with a given circle, is itself given. 

COMPOSITION. 

On AC construct (11. 1 1 . El.) a rectangle equal fo the 
given space, also form on AC the triangle AEC, having 
AE and CE each equal to half the side of that rectanglCf 
from. £ with the radius E A describe a circle, on AC erect 
a perpendicular DB equ^l to the altitude of the triangle, 
and through B draw a parallel meeting the circumference 
in B or B' ; ABC is the triangle required. 

For ABC has evidently the given altitude BD, and the 
rectangle AB.BC, being equal (VI. 22. El.) to BF.BD, is 
therefore equal to the given space. 



PROP. XX. PROB. 

Giveh the hypotenuse of a right-angled triangle, 
and the sum or difference of the base and perpendi- 
cular, to construct the triangle. 
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ANALYSIS. 

In the base AB, or its production, make BD or BE 
equal to the perpendicular BC, and join CD or CE. 

The triangles CBD and CBE are right-angled and isos- 
celes, and therefore the angles at D and E are each o£ 
them half a right angle. If AD, 
the sum of AB and BC, be 
given, the point D is given, and 
consequently the strlaight line 
DC, making a given angle with 
DA, is given in position ; or if 
AE, the difference between the 
base and perpendicular, be gi- J^ ^^ j^ ^ 

ven, the point E is given, and the straight line EC is given 
in position. But the hypotenuse AC being given, the 
point C must, therefore, occur in the contact or intersec- 
tion of a circle described from A with that radium and the 
straight line CD or CE. Consequently C is given, the 
perpendicular CB, and thence the right-angled triangle 
ABC. 

COMPOSITION. 

Make AD or AE equal to the sum or difference of AB 
and BC, draw (I. 5. and 4. El.) DC or EC at an angle 
CDE or CED equal to half a right angle, from A with 
the radius AC describe a circle meeting DC or EC in the 
point C, and from C (I. 6. El.) let fall the perpendicular 
CB ; ACB is the triangle required. 

For the right-angled triangles CBD arid CBE are evi- 
dently isosceles, and therefore AD is equal to the sum, 
and AE to the difference, of AB and BC. 
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PROP, XXI. PROB. 

To investigate the constructiou of a regular pen- 
tagon or decagon. 

1. Eveiy regular polygon is capable of being inscribed 
in a circle, and therefore the angles, formed at the ceiiM 
by drawing radii to the several comers of the figure, Btt 
each of them equal to that part of four right angles c6if» 
responding to the number of sides. Consequently tbd 
central angles of a pentagon are each equal to th6 fifths 
and those of a decagon are each equal to the tentb> pari 
of four right angles ; but an angle at the circumference 
being half of that at the centre, the vertical angle of th^ 
isosceles triangle, formed in the pentagon by driiwing 
straight lines from any corner to the extremities of the 
opposite side, must also be the tenth part of four right 
angles. Whence the construction of a regular pentagon 
or decagon involves the description of an isosceles triangle, 
whose vertical angle is equal to the tenth part of four 
right angles^ or the fifth part of two right angles. 

S. Since the vertical angle of that isosceles triangle is 
the fifth part of two right angles, the angles at its base 
must be together equal to the remaining four fifths^ and 
each of them is consequently two fifths of two right angles. 
Wherefore each of the angles at the base of that compo- 
nent triangle is double of its vertical angle. 

3. Let ABC be such an isosceles triangle, having each 
of the angles at A and C double of the angle at B. Draw 
CD bisecting the angle ACB. The angle BCD must then 
be equal to CBD, and consequently the side CD is equal 
U) BD. But in the triangles BAC and CAD, the angle 
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equal to ACD, the angle CAB coni- 

both, and consequently the remaining 

JCA is equal to CDA; whence CD A 

I to CAD, and therefore the side AC 

1 to CD. Thu^ the three straight 

Z, CD, and BD are aQ equal. Again, 

: CD bisects the angle ACB, (VI. 1 h, 

; : AC :: AC : AD, that is, AB : ^EI :: fiD : AD. 

AB is divided in extreme and mean iratib at the 

), — or the square of BD, or AC, the base of the 

s triangle, is equal to the rectangle under the side 

\ the remaining segoient AD. WheHce the con- 

»n of a regular pentagon or dcftagbn, de|)ends on 

dial section of d straight lihfe. 

ow let the straight line AB be divided bjr a medial 

, or BC» = BA.AC. Add to each the rectkngle 

, and BC* + BA.BC ±: BA.AC + BA.BC, of 

\ + BC)=BA*i 

annex BD equal ]f j- .q. 

dBC.CD = BD». 
BD in E, and the 
tlinesCDandBC 

sum and differ-^ 
)f CE and BE; 
; the rectangle un- 
) and BC, or the square of BA, is equstl to the ex* 
the square of CE above the square of BE, and there- 
E* == BA* + BE»; Erect the perpendicular BF =5 
id join EF. It is evident that, EF* = BA* + BE*, 
nsequently EF* =i CE% and EF = CE ; but EF being 
CE and BC are therefor^ given. 

composition of this general probleni forms a dericfs' 

most interesting propositions in elementary geo- 

Art. 4. corresponds to Prop. 26. Book IL; Art. 5. 

). 3. and4. Book IV. ; and Art« 2. and 1. coincide with 

ind 8. Propositions of the same Book. . 
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PROP. XXI. PROB. 



To discover the conditions required for the trif 
section of an angle, 

ANALYSIS, 

Let the angle ABD be the third part of ABC. Erect 
the perpendicular ADC^ complete the rectangle BACE| 
extend the side EC to meet BD produced in F^ and draw 
CG making the angle FCG equal to CFG. 

Because the angle FCG is equal to CFG, the side GF 
(I. 9. El.) is equal to GC, and the exterior angle CGB 
(I. 34. El.) is double of either of those angles. But tb^ 
angle CBA being triple 
ofABD, the angle CBG - C 

is double of ABD, or of 
CFG, and is therefore 
equal to CGB ; whence 
the side BC is equal to 
GC. Again, from the 

right angles EBA and FCD, take away the equal angles 
ABD and FCG, and the remaining angles EBD and GCD 
are equal; but EBD is equal (I, 9,5. El.) to the alternate 
apgle BDA, which is equal to the vertical angle CDFi 
consequently the angle GCD is equal to GDC, and there- 
fore the side GD is equal to GC. Thus it appears, that the 
four straight lines BC, GC, GD, and GFj are all equal 
Whence DF, the external segment of the trisecting line 
BF, is double of BC the diagonal of the rectangle BACE* 

Scholium. Such is the final condition on which the 
trisection of an angle is made to depend. But to fulfil 
)tin general, exceeds the powers of elementary geometiyt 
In spme very limited cases indeed^ the trisection of W 

U 
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angle can be eflFected bj the mere help of slraight lines 
and circles. Thus^ when the proposed angle ABC is 
half a right aDgle^ it may be trisected by the application 
of Prop. 18. Foi, pro- 
dace BE so that BH s I^ ) 
iBC, join AH> produce 
BA till AI = AH, and 
on BI describe a semi- 
circle meeting the pro- 
duction of EC in F ; the 
angle ABF is the third 
part of ABC. 

This result agrees with 
what is derived from sim- 
pler views. For BH* = 4BC» = 8BA% and Al» = BH* + 
BA* = 8BA* + BA* = 9B A* ; whence AI = SBA, the dia- 
aieter BIsc4BA, and consequently the radius OI=2BA. Let 
fall the perpendicular FL^andproduceitequally on the other 
side, join OF andOM. The triangles OFLand MOL are 
evidently equal, and therefore OF, OM, and FM, are all 
equal to 2BA, or £FL^ consequently the triangle FOM is 
eqiitlalieral,and the angle FOM twortbirds of a right angle; 
the angle FOL is hence one-third of a right angle, and the 
angle ABF at the circumference> being the half of it, is 
therefore equal to the sixth part of a right angle. 




PROP. XXH. PROB. 



To investigate the conditions required in finding 
two mean proportionals* 

ANALYSIS. 

' Let AB and AC, the extreme terms of the continued 

proportion, stand at nght angles,, and having produced CA 
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3CG*c=8AC* + EC»=«AC* + «eC* + AC*~EC». Now, 
«AC* + 2EC* = AE» + EB% and AC» — EC* = EF»j 
wherefore 3AG» = AE» + EF» + EB». 



PROP. XXIV. THEOR. 

If a triangle have a given angle, the excess of 
the square of the sum of the containing sides abovq 
the square of the base, has a given ratio to the area 
of the triangle. 

Let ABC be a triangle, in which AB is prodaced till Bp 
be equal to BC ; the excess of the square of AD above the 
square of AC> has a given ratio to the area of the triangle. 



ANALYSIS. 

Draw AE parallel to BC, and 
meeting DC produced in E, from 
B let fall the perpendicular BF, and 
join BE. 

The triangle CBD being isos- 
celes, the angle CDB (1. 8.) is equal 
to DCB, but (I, 25.) DCB is equal 
to CEA; hence the angles EDA , 
and DEA are.equa], and the trir 
angle DAE is isosceles. Where^- 
fore(IL27.)AD»= AC» + DCCE, 
or AD» — AC» 5= DC.CE. Again, 
because AE is parallel tp BC, the 
triangle ABC has (11. I.) the same 
area as EBC, or (IL 7.) is half the 




• 

rectangle BF,CE. Consequently the excess of the square of 
AD above the square of AC> is to the area of the triangle 
ABC, as DC.CEto JBF.CE, that is,(V. 3.) asDCto^BF, 
or as 4DF to BF. But the given angle ABC^ being (1. 34.) 
equal to the two angles CDB and BCD, is double of either> 
and thus the angle BDF is given ; whence the right angled 
triangle DFB is given in species^ and therefore the ratio of 
DF to BF is given. It thence follows^ that the ratio of 
4DF to BF, or that of the excess of the square of AD 
above the square of AC to the area of the triangle ABC> is 
given. 
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DEFINITION. 

. A. variable. quantity derived fjrom another given or 
constant quantity^ or which . depends on it by some reIa-» 
tion according to a given law^ is necessarily confined be- 
tween certain extreme limits. When it has acquired the 
greatest possible expansion^ it is said to have reached its 
maximum; and when it has contracted into its lowest di* 
m^sions^ it occupies tt^estatfs of mit^hnufn^ 



PROP. I. PROB. 

' From a given point, to draw a straight line inter^f 
cepting, on two given parallels^ segments which 
shall have a given ratiq. 

Let AB and CD be two parallels^ in which are two given 
points^ A and O ; and let it be required, from another given 
point E, to draw EF^ such that PG shall be to OF m th^ 
^ratio of M iQ N. 
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ANALYSIS. 
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Join PO,and produce 
it to meet EF, or its ex* 
tension in I. 

Because PG and OF 

are parallel^ iPI : Ol :: 

PG : OF (VI. 2. El.) ; 

but the ratio of PG to 

OF is given^ and hence 

that of PI to 01, and of 

PO to OI, are given. 

And since PO is given, 

OI and the point I, are 

giv'en ; wherefore lEF, and the segments PG and OF are 

given. . . ; 

COMPOSITION. 

Malce PE - M and OL = N> join KL, PO, airf ptodttce 
tbenl to meet in I> and draw lEF ; PG and OF jure tiie 
required segments* 

For (VI. 2. Ei.) the parallels AB and CD being cut pro- 
portionally by the diverging lines IK, IP, and IG, — JPG is 
to OF as KP to OL, that is, as M to N. 

If M be equal to N, the point I vanishes, and EF be- 
comes evidently a parallel to OP. 

If the straight lines KL and PO meet in the given point 
E, the problem is by its nature ipdetertpinate, or it admits 
of indefinite solution ; for, in that case, the segments P£ * 
and OF, intercepted by any straight line whatever, drawn 
throagb D, have all the saoie ratio. 



PROP. II. PROB. 

Two diverging lines being given in positioii^ to 
draw, through a given pointy a straight line inter- 
cepting segments which shall have a givea ratio. 
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Let it be required, through D^ to draw EDF, so ihatAE 
shall be to AF in the ratio of M toN. 

ANALYSIS. 

Through D,(L 36. El.) 
draw DG parallel to AE, 
and meeting AC, or its 
production, in G. 

The triangles EAF 
and DGF are similar, 
and therefore (VL 13.) 
AE:AF::GD:GF;but 
the ratio of AE to AF is 
given, and consequently 
thatofGDtoGF. And ^ 

since GD and the point G are evidently given, GF and the 
point F are likewise given. 

COMPOSITION. 

From AB and AC cut off AK = M, and AL = N, join 
KL, and parallel to it draw EDF through D ; AE and AF 
are the segments required- ' 

For (VI. 1. El.) the parallels EF and KL cut the diver- 
ging lines AB and AC proportionally, and therefor^ AB ir 
to AF, as AK to AL, that is, as M to'N. 
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PROP.IIL PROS. • 

Two diverging lines being given in position; to 
draw> through a given point,, a straight line cutting 
off; segments^ — on the one from, their intersection, 
and on the . other from a given point-r>tlmt shaU 
have a given ratio. 



doo 



GEOMBTBICAL ANALYSIS. 



Let AB and AC be twb diverging lines, it is required^ 
ibrongh the point Dy to draw EDF, so that AE shaU be to 
the part OF, in the ratio of M to N. 



ANALYSIS. 

Draw DG parallel to AE, and meeting AC, or its pro- 
duction in G, and make AE : GD : : OF : OH. 

By altemaUon, AE : OF : : GD : OH ; but the ratio of 
AE to OF is given, and thence that of GD to OH ; ^d 
since GD and the point G are 
given, OH and the point H are 
also given. Again, because 
AE : GD : : OF : OH, and (VI. 
1».pi,)AE:GD::AF:GF,it 
foUQW8thatOF:OH::AF:GF; 
whence (V. 10. £1.) FH : OH 
: : AG : GF, and (V. 6. El.) 
GF.FH = AG.OH. But AG 
and OH are both given, and 
consequently the rectangle un- 
der the segments OF and FH of the given portion GH is 
^Iso given, and thence the point of section F is given, and 
the straight line EDF, 
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COMPOSITION, 

Make GD to OH, as M to N, and (VI. 20. El.) divide 
GH in F, so that the rectangle GF, FH shall be equal to 
AG,OH, and draw EDF; then the segment AE is to OF 
as M to N. Since GF.FH = AG.OH, therefore FH : OH 
: : AG : GF, and (V. 10. El.) OF : OH :: AF : GF: but 
(VI. 2. El.) AE : GD : : AF : GF, and consequently AE : GD 
: : OF : OH, and alternately AE : OF : : GD : OH, that i^ 
\a the given ratio. 
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PRORIV, PBOa 

Two diverging lines being given in position^ to 
draw, through a given point, a straight line, cutting 
off segments from given points in a' given ratio. 

Let AB and AC be two diverging lines ; it is required^ 
through the point D> to draw EDF^ so that P£ shall be to 
OF in the ratio of M to N. 

ANALYSIS. ; 

Join DP cutting 
AFin I, and, through 
I, draw IK parallel to 
AB, and meeting EF 
inK. 

Because the points 
D and P are given, 
the straight line DP 
is given in position, 
and consequently its 
intersection! with AC 
is given, whence IK, being parallel to AB, is likewise given 
in position. But (VI. 2. El.) PE : IK :: PD : ID, and 
since PD and ID are both given, the ratio of PE to IK is 
given; consequently, the ratio of PE to OF being given^ 
the ratio of IK to OF is given. Wherefore, by the last 
proposition, the straight line KDF is given in position. 

COMPOSITION. 

Join PD atid draw IK parallel to AB, make M toL, as 
PD to lD^,anddra^, by the last ()roposition> KDF, so that 
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and GH being given, their ratio is given, and hence that 
of PF.OE to HE.OE; wherefore the rectangle PF, OE 
being given, the :recttogle nnderthe segments HBand OE 
of the given straight line HO is likewise given ; whence 
(VL £0. EL.) the point £ is given, and consequently the 
straight line PGE» 

(Composition. 

Draw GO and GP, find (II. 8. El.) HK the side of rect- 
angle GP, HK which is equal to the given space, and (VL 
90. El.) divide HO in the point E> so that the rectangle 
under its segments HE and OE shall be equal to the rect- 
angle HG,HK, and join GFE ; this is the straight line re* 
quired. 

For HEiPF :: HG : GP, and hence (V. IS- EI.)HE.OE 
: PF.OE :: HG.HK : GP.HK; but, by construcUon, the 
rectangle HE.OE is equal to GH.HK, and consequently 
(V. 4. El.) PF.OE = GP.HK, or the given space. 



PROP.VIL PROB. 

To draw through a given point a straight fine, 
cutting from two given diverging lines,, segments 
which shall contain a given rectangle. 

Let AB and AC be two diverging lines given in position^ 
and let it be required from the point D, to draw DFE, so 
that the rectangle under the segments AE, AF shall be 
equal to a given space. 

ANALYSIS. 

Draw HD parallel to AB, and make (II. 8. EL) the 
rectangle DH.AI equal to the given space. 
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Because AE. AF = DH.AI, AE : DH : : AI : AF (V. 6. 
EL), but AE : DH : : AF : FH (VL «. EL), and therefore 
AF : FH 2 ; AI : AF{ whence 
(V-9.EL)AH:AF::IF:AI, 
and (V. 6. EL) AH.AI = 
AF.IR Now DH, being pa- 
rallel toAB,is given, and con- 
sequently AI is given ; where- 
fore the rectangle AH, AI 

being given, AF.IF is also 

given ; and since AI is given, its internal or external section 

is ( VL 20. EL) given. 

COMPOSITION. 

Draw DH parallel to AB, find (11. 8. El.) AI, which con- 
tains with DH a rectangle equal to the given space, and 
divide AI (VL i20» EL) so that the rectangle under its seg- 
ments AF, FI shall be equal to the rectangle AI, AH ; 
EDF is the straight line required. For, by construction, 
AF.IF = ALAH, whence (V. 6. El.) AH : AF ;: IF : AI, 
and (V. 10. El.) AF : FH :: AI : AF; but AF : FH :: 
AE : DH, and coAseqqently AE : DH : : AI : AF, and 
(V. 6, EL) AEJIF s BHAl. 



PROP. VIII. PROB. 

Through a given point to draw a straight line, 
shall, by its intersection with two given di- 
ver^hg lines, form a triangle Containing a given 
space. 

Let it be required, through the point D, to draw a 
straight line, EDF intercepting, between the diverging 
fines AB and AC, a triangle AEP, which shall contain a 
given space. 
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ANALYSIS. 

Draw DH parallel to AC, upon which let fall the per- 
pendiculars ES and DT, and find (H. 1 1 . and 7. El.) AI the 
base of a triangle, having the altitude DT,and containing 
the given space. 

Because the rectangles 
ES.AF and DT.AI are 
(t. ?• El.) each double 
of the triangles AEF and 
ADI, they are equal, and 
consequently (YI. 13. 
E1.)ES:DT::AI:AF. 
But the triangles AES -A. H 
and HDT are evidently similar, and therefore AE : ES :: 
HD : DT, or alternately AE : HD :: ES : DT ; whence 
AE : HD :: AI : AF, and AE.AF = HD.AL Now HD 
is given, and consequently AI; wherefore the rectangle 
AE.AF is given, and thence, by the last proposition^ the 
straight line EDF is given in position. 

COMPOSITION. 

Draw DH parallel to AB, let fall the perpendicular DT, 
bisect this in the point R, find (II. 11. El.) the side AI, 
which with RT contains a rectangle equal to the given 
space, and, by the last proposition, draw EDF, such that the 
rectangle AE.AF shall be eqtial to DH.AI. 

paving let fall the perpendicular ES, and bisected it 
in.Q, the triangles AES and HDT' are similar; whence 
AE : ES : : HD : DT, and alternately AE : HD : : ES : DT, 
or (VI. 13. El.) AE*: HD :: QS : RT; wherefore AE.AF 
: HD.AI : : QS.AF : RT.AI; but the rectangle AE.AF = 
HD. AI, and hence (V. 4. El.) QS.AF = RT.AI^ or the tri- 
angle AEF is equal to the given space. 

This problem will admit of a^simpler construction, in the 

case where the given point D lies between the divejrjg^og 

8 
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lines AB and AC. For draw DG parallel to AC, and make 
(II. 11. El.) the rhomboid AGKI equal to the given space. 
Because the triangle. AEF is ^equal ^to the rhomboid 
AGKI, take away from both the figure AGDLI, and the 
triangles GED and ILF remain equal to the triangle DLK ; 
but these supplemen- 
tary triangles, being 
formed . by parallel 
lines, are evidently 
similar, and conse- 
quently the homolo- 
gous sides '6D and 
IF are (VI. 34. El.) 
sides of a right ang- 
led triangle, of which 
DK is the hypote- 
nuse; wherefore (II. 
14. El.) GD» + IF» 
= DK*, or (I. 29. 

El.) IF» = HP — AH». And since HI and AH are both 
given^ it follows that IF is given. 

COMPOSITION. 

Construct the rhomboid AGKI equal to the given space^ 
draw DH parallel to AB, on HI describe a semicircle, in 
virhich inflect HM equal to AH, join IM, and make IF, or 
IF/,. equal to it; EDF, orE'DF', isthebase of therequiried 
triangle. 

For (III. a6. EL) HMI being a right angle,^ IH» = HM» 
+ IM» (II. 14. EL), or DK* = GD* + IF*; whence (VI. 
34. EL) the triangle DLK, or DLK', is equal to the tri- 
angles GED and ILF, or to GE'D and IL'F'; and, adding 
to both the excess of the rhomboid AK above the triangle 
DLK, or pL'K'y the rhomboid AK is equal to the triangle 
AEF, or AE'i', \Yhich is, therefore, equal to the given 
space. 
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PftOP. IX» PROB. 

Through a given pcmit to draw a straight lifie,^ 
cutting off segments, from two given diverging 
lines — on the one from their intersection^ atid <m 
the other from a given point — which shall contain 
a given rectangle. 

^^ ^^ * 

liCt it be required to draw EDF^ so that the rectaagte 
A£^ OF shall be equal to a given space. 

ANALYSIS. 

Draw DH parallel to AB^ and (IL II. £).) make the 
rectangle DH.OI equal to the given iqpacef 01 aofl tl^e 
point I are^ therefore, gi^ ^ 

vea. And since AE.OF 
= DH.OI, it follows that 
AE : DH :: 01 : OF; 
but{VI.2-El.)AE:PH 
: \^ AF : FH, and conse- X Yd 

queniryAF:Fla::Ol:0!^. , 
Wherefore (V. ll. JEl.) ..^ , , 
At : Att : : 01 : ft, ^" a h f' t Tfc 

and (V. 6. El.) Ai?.FI = AH.OI; hetice AI and the rect- 
angle under. its segments^ AFand Fl^are given^and conse- 
quently (VL iO. £1.) the poitit of section F 4nd the straight 
line lEDF are given. 

COMPOSITION. 

tiaviiig dra^n DH parallel to AB^ and made the ttect* 
angle Dl^.OI ^qual to the given space^ divide AI (VI. £0. 
1^1.) in f, or F^ such that the rectangle under its segmenfti 
shall also be equal to the rectangle AH.OI ; EDF^ or E'DF^ 
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is the required straight lime. Fpr ^^ce AF.FI = AH. 01, 
AF : AH :: 01 : IF5 whence (V. 11, El,) AF : FH :: 
pi : OF ; but (VL 2, 1^1) AF : FH : : A^ : DEf, and, there- 
fore, AE ; PH : ; 01 ; OF, and the rectangle A6.0F is 
«aual tp DH.OI, pr the given spi|,ce. 



PROP. X. PBOB. 

Through a given point, to draw a straight line, 
cutting oflF segments, from given points, on two 
given diverging lines, that shall contain a given 
rectangle. 

Let it be required to draw EDF, so that the rectangle 
<)F.PE fhftU be equal to ^ ^vfp space* 

ANALYSIS. 

Join DO meeting AE in Q, and draw QR parallel to 
AB. 

Because (VI- «, El) PO ; Dft :: OF i QR, it follows 
<V, 84. cor. «. El.) DO ; »Q : ; QF,PB ; QltPE; feut »Q 

and DQ are evidendy 
given, and therefore 
the rectangle OF.PE 
has to QR.PE a given 
ratio ; and since OF.PE 
is giv-en, the rectangle 
QR.PE is likewise gi- 
ven, and QR, being pa- 
rallel to AC, is given 

in positiiHi. Whence, by the Ia9t propositlQii^ t^^ IQ^^* 
tuecting line EDR or EDF^ is givtD in pQ§it|ip||» 
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COMPOSITION, 

Join DQO, draw DH parallel to AC, and produce 
It meeting in S the parallel to AB, make thie rectangle 
DS.PI equal to the given space, and divide QP in E, such 
that the rectangle under its segments PE, IE shall be equal 
to the rectangle AH.PI ; EFD is the straight line required. 

For DQ : DO :: DH : DS :: QR : OF, and conse- 
quently (V. 24- cor. 2. El.) DH.PI : DS-PI : : PE.QR : 
PE.OF; but, by the last proposition, DH.PI = PE.QR, 
whence the rectangle DS.PI, or the given space, is equal 
to the rectangle PE»OF. 



PROP. XL PROB. 



To divide a given straight line, so that the rect- 
angle under one of its segments and a given line, 
shall be equal to the square of the other segment 



Let it be required to divide AB in C, such that the rect- 
angle under AC and G shall be equal to the square of CB« 

ANALYSIS. 

Make BD = G, and ^ 

since AC.G = CB*, it ^ 

follows (V. 6. El.) that a c b id 

AC:CB::CD:BD;and ^ Gr ^ 
consequently (V. 9* El.) 

AB:CB::CB:BD; whence ^ "^ ^ ^ 

(V. 6. El.) AB.BD =: ^ 

C6.CD. But the rect- }'^ 



1 AT»TfcT^ • • 1^ C/ . A. S 

angle AB.BD is given, > ■ ■ ■ t = '-^-^ > 
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and, therefore, the rectangle CB.CD is also given ; and BD 
being given, the point of section C is (VI. 20. EL) thence 
given. 

COMPOSITION. 

In the same straight line AB,make BD equal to G, and 
<VL 20. El.)' cut BD such that the rectangle CB.CD be 
equal to AB.BD ; C is the point of section required. For 
it is evident (V. 6. El.) that AB : CB :: CD : BD, and con- 
sequently (V. 9. El.) AC : CB :: CB : BD; wherefore 
(V. 6. El.) AC.BD, or AC.G = CB». 



PROP. XII. PROS. 

To divide a given straight line, so that the rect- 
angle under one of its segments and a given 
line shall have a given ratio to the square of the 
other segment. 

Let it be required to divide AB in C, such that 
ACxG:CB»::M:N. 

ANALYSIS. 

Make(YI. 3. El.) G : H : 2 M : N, ^ G- , ^JL, 
and H is given ; but AC x O : : CB^ : : 

G : H, and consequently (VI. S. El.) j , , 

CB»=:ACxH; wherefore, by the last ^ C B 

proposition, the section of AB i? M yr 
given. 

COMPOSITION. 
Having made M : N ;: G : H,let AB be divided by the 
last proposition, so that AC x H=CB^ ; then AC x G : CP^ :: 
M : N. For ACXG : ACx H, or CB", :: G : H, or M ; N. 
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PROP. Xin. PROB, 

In the same sti^ight line, three points being give% 
to find a fourth pointy such that the rectangle un4er 
its distance from the first and a given line, shall be 
equal to the rectangle under its distances from the 
second and third points. 

Let it be required to find the point J}, so that ADxGr?; 
CDxBD. 

ANALYSIS. 

Make BE = G^ and because g- 
ADxG = CDxBD, it follows ^ ' 
that AD : CD :: BD : BE; t r*- — =^ ^r—t. 

A. JD Jd EC 

whence (V. 9- El.) AC : CD 

:: DE : BE, and AC x BE = & 

C D X DE, But the rectangle ^ t t » . ^ 

AC X BE being evidently given, A JSB i> C 

the rectangle under the seg- O 

ments CD,DE of CE, a given 

straight line, is also given, and ^ ~B^ c i 

consequently (VL 20. El.) the 

point of section D is given, 

COMPOSITION. 

Having made BE - G, divide (VI. 20. El.) CE in D, so 
that CD X DE := AC x BE ; D is the point required. 

For (V. d. EL) AC : CD :: DE : BE, and (V. 10. El.) 
AD : CD :: BD : BE; whence ADxBE^ or ADxG, s; 
CDxBD. 
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PROP. XIV. PROB, 

In the same straight line, three points being given, 
to find a fourth, so that the rectangle under its dis- 
tance from the first and a given line, shall have a 
given ratio to the rectangle under its distances from 
the second and third points. 

Let it be required to find a point D^ ^cb that ADxG: 
CDxBD::M:N. 

ANALYSIS, 

Make M : N :: G : H, p ix 

whence His given; but since 

ADxG:CDxBD::G:H, X S b C 

it is evident that AD x H ^ . -^^ i r-^" t 

=s CD X BD; wherefore^ by _ 

the last proposition^ the point of section D is given. 

COMPOSITION, 

Having made G : H : : M : N, find, by the last propo- 
fiitiOQ, the point D, so that CD x BD = AD x H ; D is 
the section required. For (V. 24. cor. 2. El.) AD X G : 
AD X H, or CD.BD :: G : H, or M : N. 



PROP. XV, PROB. 

In the same straight line, three points being 
given, to find a fourth, so that the square of itis dis- 
tance fjj^m the ^rst, shall be equal to the rectangle 
iinder its distances from the second and third points. 
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whence the ratio of AD 
to DE is given. JoinEF, ;e 

and produce ED to meet ^ 

AG a perpendicular to 
AC. The triangles ADG 
and EDF are evidently 
similar, and thereFore 
AD:AG::DE:EF,oral- ^ 
temately AD : DE : : 
AG : EF; and since the ratio AD to DE is given, the ratio 
of AG to EF is also given, and the radius EF beipg givepi 
AG and the point G are thence given ; wherefore die tan- 
gent GE and its intersection D with AC^ are given. 

COMPOSITION. 

LetM : Nbe the given ratio, and to tiiese find (VI. 18. 
£1.) a mean proportional O, on 6C describe a semicirde, 
make O : M : : QF : AG, a perpendicular erected from A, 
and (III. SO. El.) draw the tangent GDE; the intersection 
D is the point required. 

For, the triangles DAG, and DEF being similsTi 
AD:AG::DE:EF, and alternately AD:DE::AG:EF, or 
M:0; wherefore (V. 21. cor. l.El.) AD» : DE* :: M»:0», 
that is, (V. «3. El) M : N ; but (III. 36. El,) DE*5=CD % D|t 
and consequently AD* : CD x DB : : M : N. 

£. When D lies between the points B and C. 



ANALYSIS. 

On BC describe a semicircle, draw DF perpendicular 
to the diameter^ and meeting the circumference ia F, aod 
join AF. 

Because (III. S6.) BD X DC5?DF*, the ratio of AT>f to 
DF* i^ given^ wd cpnsequentiy that of AD to JiSx ^ 



BOOK II. 



517 



the angle ADV, contaiDed 
by these sides^ being a 
right angle^ is given^ and 
therefore the triangle AFD 
is given in fipecies. Hence 
the angle DAF is given, 
and the straight line AF 
given in position ; where- 
fore the intersection F or P, the perpendicular FD, or F'D% 
and the point D, or ]>, are all given. 




O 



COMPOSITION. 

Let M:N express the given ratio, and to these find (V* 
18. El.) a mean proportional O, make (VI. S% El.) M to O 
as AC to the perpendicular C£, join AE meeting the cir- 
cumference of a semicircle described on 6C in.the point F 
or F, and let fall the perpendicular FD or F^I^; then 
M : N :: AD» : BDx DC, or AI>» : BI> x I>C. 

For the triangle ACE is evidently similar to ADF or 
AD^F, and therdbre AC : CE : : AD : DF, and AC» : CE« 
:: AD» : DF»; but (V. &. El.) M : N :: M» : 0", or ag 
AC* : CE% wid conseciuentiy AD* : DF% that is, BDx DC 
::M:N. 



This problem evidently requires limitation; for, if AE 
should diverge too much from AC, it will not meet the cir- 
eumference at all. Hence an extreme case will occufj 
when AE touches thie circle. But the ratio of AC to CE,^ 
or of AOto DF,wiil then be the same as thai of a tangent 
from A is to the radius HB; and consequently the limiting 
ratio is the duplicate of this, — or the ratio of M to N caa 
oever approach nearer to the ratio of equality than that of 
AB X AC, or AH» ~ HB% to HB*. 
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S. When the point D lies beyond B and C. 

ANALYSIS. 

On BC describe a semicircle, draw the tangent DE, and 
produce it to meet the perpendicular AG, and join E with 
the centre F. 

Because (III. S6. El.) BD x DC = DE% the ratio of AD» 
to DE* is given, and consequently that of AD to DE. But 
the angle DEF, being (III. 28. El.) a right angle, is equal 
to DAG, and the 
angle at D is G 
common to the 
triangles DGA 
and DFE, which 
are therefore si- 
milar, and hence 
AD:AG::DE 
': EF, or alter- 
nately AD : DE 
::AG:EF. And 
since the ratio of 
AD to DE is 

given, that of AG to EF is also given, and EF, the half of 
BC, being given, AG and the point G are thence given. 
Wherefore the tangent GE and its intersection D with 
AC, are given. 

COMPOSITION. 

Let M : N be the given ratio, and find the mean propor- 
tional O; make O : M :: BF : AG, a perpendicular to 
AC, and draw (III. 30. El.) the tangent GED; then M : N 
::AD»:BDxDG. 

For join EF. Because the triangles ADG and EDF are 
similar, AG : AD :: EF : ED, and alternately AG : EF 
AD : ED ; but AG : EF :: M : O, and therefore M : O 
AD : ED, and M» : O* : : AD* : ED% that is, M : N 
AD':ED*,orBDxDC. 




O 
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PKOP. XVII. PROS. 



In the same straight line, four points being given, 
to find a fifth, such jthat the rectangle under its dis- 
tancesfrom the first and second points, shall have a 
given ratio to the rectangle, under its di9taQces fjrom 
the third and fourth. 



Let it be required to find a point E^ so that AExEB : 
DExEC::M:N. 

!• Let M : N be a ratio of equality. 



ANALYSIS. 

Because AEEB=: DExEC, it is manifest that AE : CE 
t'D£:EB; whence 

(V. 9. and 8. EL) a B ^ C ! >' 

AC:BD::C£:EB, * T ' * 

and (V. 9. El.) 

AC + BD :,BD :: BC : EB; but the ratio of AC+BD to 
BD is given^ whence that of BC to EB^ and^ therefore^BE 
and the point E are given. 



• ^ 



^ COMPOSl'riON. 

Make AC +6D : BD : : BC : EB, and £ is the point re- 
quired. For (V. 10. El.) AC ; BP,: : CE : EB and (V. 19- 
cor. 1. El.) AE : ED :: G^ : EB, . and hencg (V. 6. El.) 
AExEB=CExEP.: 
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2. Lei M : N be a ratio of majority or minority. 

ANALYSIS. 

Find, by the preceding constmctionj a point F^ such 
thatAFxFB = DFxFC. 



I> 



Because A £ X EB Jsii 1 

: DE X EC :: jc^— i 
M : N^ it follow* 

that AE X EB: /i-^ ■■■ ? . vi:^n > ■■ ; .,■ 

AExEB— DEx TK 

EC::M:M— N; butAExEB — MxEC = (AExEB— 
AF xFB)+(DP X FC— 0Ex EC), that iK,==fiF(AP+BE) 
+ EF (DF + CE), or = EF (AD + BC.) Wher^foic 
AE X EB : EF (AD+ BC) : : M : M — N ; consequently the 
point E is assigned by prop. i4 of this Book. 

The composition of the problem is thence easily derived^ 
by retracing the steps. 



PROP, XVIIL PROB. 

In the same straight line, four points being given, 
to find a fifth, such that the rectangle under itsdis^ 
tances from the extreme points shall have a given 
ratio to the rectangle under its distances from tte 
mean points. 

Let it be required to find a point E, so that AE X ED: 
BExEC::M:N. 
1. LetAB=CD. 

ANALYSIS. 

Becanse AE X ED =t (AB + BE) (AB + EC), it it 
evident that AEx ED=AB X AC + BExEC, whence 
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AExED:ABxAC 

::M : M— N. The 

ratio of AExED to ^^ 

AB X AC is therefore pj. 



given, and the rect- a b r t% 

angle under AE and ' ' -^rp^ 1 1 

ED, the segments of 

AD, being thus given, the point E is assigned by VL (iO 

of the Elements. 

COMPOSITION. 

Make M— N : M :: AB : P, and (VL 20. El.) cut 
AD in E or F, such that AE x ED =r P X AC ; E isthe 
point required. For (V. 7. El.) M : M— N : : P : AB, and 
hence(V.24.cor.2.El.)M :M— N:: FxAC, or AExED 
: ABxAC; consequently M : N ::AE xED : AExED— 
BA X AC, or BE X EC. 

2, Let AB and CD be unequal. 

ANALYSIS. 

In AD produced, let the point F be such that 

AF X FD - BF X EC. 

It is evident that BD x DC + FD (CD + BF) 
=s BF X FC = AF X FD ; whence BD x DC = 
FD (AF— BF — CD) = FD (AB— CD). But BD x DC 
is given, and therefore the rectangle FD (AB — CD) is gi- 
ven; and since 

AB — CD is Ml ^ 1 

given, FD and j^j , 

the point D 

are given. -jt ^ 1 ^ ? ? — f 

Again, ^ 

AE X ED = 
(BE + AB) (EC + CD) = BE x EC + BE x CD + 

ABxED=BExEC+BDxCD— EDxCD + ABxED; 
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the angle DGC is equal to DVC, and the angle DIV to 
DBV^ and conseqnently the angles DVC and DBV are 
equal. Hence the triangles CDV and VDB, having be- 
sides a common vertical angle are similar; and^ therefore^ 
BD : DV : : DV : DC, and (V. 6. El.) BD X DC = DV. 
But (VI. 17. cor. 1. EL) DG* = AD x DC, and conse- 
quently D0» — DV*, or (II. 14. El.) GV* = AD x DC 
— BD X DC, or AB x DC. In the same manner> it is 
shown that IV* = AC X DB. Whence IG is given, be- 
ing the diflerence between the sides of two squares that 
are equal to the rectangles AC, DB, and AB, DC. Again, 
the angle BLO, being equal to the alternate angle GHI, is 
equal (III. 20. El.) to GZI, and the right angle OBI is 
equal to the angle IGZ in a semicircle ; wherefore die 
triangles lOB and ZIG are similar, and lO : BO : : IZ, or 
AD : IG. Hence the limiting ratio of AE x ED to 
BExEC, or that which marks the state of minimum, is the 
duplicate ratio of AD to the difference of the sides of 
squares equal respectively to the rectangle AC, DB and to 
the rectangle AB, DC. 



PROP. XIX. PROB. 

In the same straight line, given four points, to 
find a fifth, such that the rectangle under its dis- 
tances from the first and second points, shall have 
a given ratio to the rectangle under its distances 
from the third and fourth* 

Let it be required to find a point E, so that A£ x ^^ 
shall be to C£ x ED in a given ratio. 

ANALYSIS. 

Find, by the 17 prop, of this Book, a point F^ imdi 
that AF X FB = DF X FC. Becanse AE X EBis 



1 
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isri- 



(AF+FE)(FB+FE)= AF xFB+FE(AE+FB,) it follows, 
by substitutioD, that 

AE X Eft=DF xFC Ml ^ —< 

+ FE (AE + FB) 

sFExFC+EDxFC 

+ FE (AE + FB) = 

ED x FC + FE 

CAE+BC). To each 

add CE X ED, and AE X EB + CE X ED = 

ED(FC + CE) +FE(AE + BC) = FE(ED + AE + BC) 

5= FE (AD + BC.) 



A 



B 



E 






PROP. XX. PROB. 



Through a given point, to draw a straight line, 
so that the part intercepted by the circumference 
of a given circle, shall be equal to a given straight 
line. 

Let A be a point, through which it is required to draw 

a straight line HI^ limited by a given circumference and 
equal to B. 



ANALYSIS. 

Take any point D in the 
given circumference, and in- 
flect DE equal to B. Be- 
cause DE is equal to B, it 
is equal to HI, and^ there- 
fore, (III. 12. El.) the chords 
HI, DE are equally distant 
from the centre of the cir- 
cle, or CG = CF. But DE 
being given, CF is^ given. 
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and thence thecircle described from C thtoo^ F and G; 
wherefore the point A being given, the tangent AG to 
that circle is given, and consequently HI is giteii in p^ 
sition. 



COMPOSITION. 

Inflect DE equal to B, from C let iall the perpendi- 
?cular CF, with which distance describe a concentric ciN 
cle, and draw (III. 30. El.) the tangent HA I. 

It is evident that the chords HI and DE, being equi- 
distant from the centre, are both of them equal to B« 



PROP. XXI. PROa 



Through a given point, to draw a straight line, 
such that the part of it intercepted between two 
concentric circles shall be equal to a given straight 
line. 



Let it be required, through the point A, to draw the 
straight line ABC, so that the part BC intercepted by the 
two concentric circles H£CM and IFBL shall be equal 
toD. 



ANALYSIS. 

From any point H, in one of the circumferences^ inflect 
HM = EC, and upon these let fall the perpendiculars OK 
and 06. The equal chords HM and £C are therefore 
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equidistant from the centre, and reciprocally IL is equal 

to FB; consequently the 

halves of thesfe alr6 fequAl, 

orHK=GC,andIK=GB; 

whence the difference HI, 

being equal to BC, is given. 

But since the point H is 

given, the point I and the 

chord H M are given ; and 

the circle which touches 

at K being given, the tan- jyi 1 

gent AQC is also given. 

COMPOSITION- 

In the circumferente of one of the circles, having As- 
sumed a point H> place HI equftl to D, and produce it to 
M, upon this let fall the perpehdicuiar OK, with which as 
a radius describe a cilrcle, and apply to it the tang^t ABO i 
then will the intercepted portion BC be equal to D. 

For the chords EC and FB are (IlL 12. El.) equal to 
the equidistant chords HM and IL; consequently their 
halves are equals or GB = IK, and GC = HK, and hence 
BC = HI=D. 



PROP.XXII. PROB. 

Ttvo circles described upon the same straight 
line being given, to draw from a point similarly 
placed in it another straight line, so that the part 
intercepted by the circumferences shall be equal 
to a given straight line. 

Let D, E be the centres of the two 'circles, and let 
AD : AE : : DI : EK; it is required from A to draw ABC, 
such that BC shall be equal to L. 
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ANALYSIS. 

Join BD and CE. Because AD : A£ : : DI or DB : £K, 
or EC, therefore (VI. I. cor. 
El.) DB is parallel to EC; 
whence AD : DE : : AB : BC, 
and f»ince AD and DE are gi* 

ven, the ratio of AB to BC is qtiu^ — ^-tf 
given; but BC is given^ and 

connoquently AB is given, both ^' ' 

magnitude and position. mj = 



COMPOSITION. 

Make (VI. 3- El.) EK— DI : DI : : L : M, and from A in- 
flect AB equal to M; ABC is the straight line required. 

For since, by hypothesis, AD : AE : : DI or DB : EK or 
EC, DB is parallel to EC ; wherefore DB or DI : EC or EK 
: : AC : AB, and consequently (V. 10. El.) EK— DI : DI 
: : BC : AB; but EK~ DI : DI : : L : M or AB, whence 
BC : AB ;: L: AB, and therefore (V. 4. El.) BC 5= L. 



PROP. XXIII. PROB. 

Two circles described upon the same straight 
line being given, to draw, from the extremity of 
either diameter^ another straight line, so that the 
part of it intercepted by the circumferences shall 
be et|ual to a given straight line. 

Let it be requirt^d to draw ABC, so that theintercepteii 
].>ortion BC shall be equal to QR. 
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ANALYSIS. 

Join BG, CH,andFP, fromE, the centre of the exterior 
circle, let fall upon AC the perpendicular EI, cut off IL = 
IB and draw LK parallel to BG, in the extension of AH 
make (VI. 3. EL.) AK : AG : : AF : AM, and from the 
point M draw MN parallel to FP, and meeting the pro- 
duction of AC. 

Because LK is parallel to BG and FP to MN, therefore 
(VL l.El.)AK:AG::AL:AB,andAF:AM::AP:AN; 
but, by construction, 
AK:AG::AF:AM, 
and, consequently, 
AK:AG::AL:AB:: 
AP : AN. Whence 
(V.iy.El.) AK:AG:: 
AL+APorPL:AB+ 
AN or BN. Now, 
8ince(IIL5.El.)[P= 
IC, and IL = IB, 
therefore PL = BC 
orQR; and LK, lE^ 
and BG being paral- 
lel lines, KE = EG 

(VI. 2. El.) and thence AK is given ; wherefore three 
terms of the analogy being given, the fourth term BN is 
given, and consequently BN + BC, orNC, is given. But 
the angle ACH is equal to AFP (III. 20. El.) which again 
(1. 25 El.) is equal to AMN, and hence the triangles CAH 
and ANM, having also the same vertical angle, are simi- 
lar, consequently AH : AC : : AN : AM, and (V. 
6. El.) AH. AM =5 AC.AN. wherefore NC and the 
rectangle under its segments AC, AN being given, AC is 
given in magnitude (VI. 20. El.) and hence likewise in 
position. 
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Straight line AD which bisects the angle BAC^ to draw 
BC equal to a given straight line. 

ANALYSIS 

About the points B^ A and C> describe (III. 11. El.) a 
circle^ draw the diameter EF, 
andjoin AF. Because BC and 
the angle BAG are given^ the 
circumscribing circle (lU.Sl. 
El.) and consequently the tri- 
angle BAC,are given in mag- 
nitude: But since the angle 
BAE is equal to CAE^ the arc 
BE is (III. 20. cor. EI.) equal 
to C£ ; and hence the chord 
BC is bisected at right angles . 
by the diameter EF. Where- 
fore AD being given, AE is, 
by the last proposition, given 
in magnitude, and thence DB 
is given in magnitude and 
consequently in position^ 





COMPOSITION. 

On the given straight line describe (III. 31. El.i a 
segment, BAC containing an angle equal to the given 
angle, and complete the circle, bisect the arc BAC in 
E, and from that point draw, by the last proposition, EAD, 
such that AD shall be equal to the distance of the given 
point from the vertex ; and DB,DC are the segments of 
the required line, from which its position is immediately 
determined. 

For the angle BAC is equal to the given angle, and AD 
bisects it, since the arc BEssCE; but AD is besides equal 
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to the distance of the given point from the vertex, and 
BC is equal to the given straight line. Wherefore all the 
points and lines retain^ b}^ this construction^ their rela- 
tive position. / 



PROP. XXVI. PROB. 

Between the side of a given rhombus, and its 
adjacent side produced, to insert a straight line. of 
a given length, and directed to the opposite cor- 
ner. 

Let ABCD be a rhombus, of which the side BC is pro- 
duced ; it is required, from the opposite corner A, to draw 
AEF, such that the exterior portion £F shall be eqpal to 
a given straight line. 



ANALYSIS. 

Join AC, and, meeting this produced, draw EG, making ' 
the angle AEG equal to ACF. 
The triangles CAP and EAG 
are evidently similar, and 
ACTCF::AE:EG ; but CE be- 
ing parallel to AB, BC : CF : : 
AE:EF(VL l.El.) ; whence(V. 
17. El.) AC : BC : : EF : EG. 
But AC, BC; and EF being 
given, EG is (VL 3. El.) also 
given. Again, the angle ACD 
is (L29* cor. El.) equal to ACB 
and therefore to FCG; conse- 
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qMBtly adding ECF to each, the whole angle ACF, or AEG, 
it equal to EC6. Heoee the triangles AGE and EGC are 
similar, and AG : EG : : EG : GC, or AG. GC=sEG\ Where- 
fore the rectangle AG, GC is given, and conseqottitly 
(VI. 20. £1.) the point G, and thence the point E and the 
straight line AF. 



COMPOSITION. 

Let the intercepted segment be equal to K, join AC^ 
make AC : BC : : K : L, divide AC in G (VI. 20. El.) so 
that AG. GC:7L% and from G, with the radius L, describe 
a circle cutting CD in E; AEF is the straight line re- 
quired. 

For since AG- GC = L* = EG% AG : EG : : EG : GC, 
and tht^refore the triangles AGE and EGC are similai^ 
aod the angle AEQ is equal to ECG, or ACF ; whence 
the triangles AFC and AGE are likewise similar^ and 
AC :CF T: AE: EG; but (VL 1. El.) BC : CF : : AE : EF, 
and consequently (V. 17. El.) AC : BC : : EF : EG. Now 
ACrBC : : K : L, or EG ; wherefore EF = K. 



Otherwise thus. 



ANALYSIS. 



Draw FG making the angle AFG equal to ADC, cut 
off CH = CE, let fall the perpendicular CM, make MN 
= MA, and join CN, CG, and AH. 

The triangles CMA and CMN are evidently eqnal, and 



10 



BOOK II. 



9S5 



■R rty 


^ c 


>^ 


\i 


/ 


^ 


<m\ 


w 


y 


[ 

• 


\\M/ 


A 


M 


j>js a- 



K!r 



X.)" 



4 



therefore AC is equal ta CN^ 
and the angle CAM equal 
to CN M ; and since the d]-> 
agonal AC bisects the angle 
BCD of die riKKmbus^ the 
triangles ACE and ACH 
V^ (1. 3. EL) likewise equal, 
and hence AE is equal to 
AH> and the angle CAE 
equal to CAH. And be- 
Clause the triangles ADE 
. amd AFG are similar, AD : AB : : AF : AG and AD. AG= 
AE AF. Bat the angle ACD^ being equal to CAD» is 
equal to CNA, and consequently the triangles ADC and 
ACN are similar ; whence AN : AC :: AC : AD, and therefore 

AN. Ar)=: AC*. Again, because AC bisects the vertical 
angle HAF (VI. 23. El.) FA.AH=AC* + FC.CH, tbatis, 
FA. AE = AC* + FC.CE. ; wherefore FC.CE = FA. AE — 
AC*, that is, Aa AD— AN.AD, or NG.AD. But BA 
a»a CE being parallel, FC : EF : : AD : AE : : AF : AO, 
»d CE : EF : : AB or AD : AF ; consequentfy (V. 21. H.) 
FC.CE: EF»:: AD:AG:: (V.13.E1 ) NGxAD-.NGxAG; 
»ince, therefore, FC.eE=:NG asd AG, it follows (V.&. and 
4. El.) that EP = NG. AG. Now NG.AG=(». 23. El.) 
MG* — MA»^ ttl 29. cor. E1.>CG*--.CA*; wherefore EF* 
=CG*— CA% or CG» = CA» + EF*. Hence CG and the 
point G are given, and the angle AFG, being equal to 
ADC, is (III. 31. El.) contained in a given segment of a 
circle ; wherefore the intersection F and the inflected line 
AF, are given. 

COMPOSITION. 

Let K be equal to the intercepted portion of th^ straight 

■^. line which is to be inflected from A, and find (II. l6. El.) 

li the side of a square equivalent to the squares of K and 

of the diagonal AC, produce AD, and from C place CG 
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equal to L, upon AG describe (III. 31. El.) a segment of 
a circle containing an angle equal to ADC, and join A 
with the point of intersection F; AF is the straight line 
required. 

For let fall the perpendicular CM, make MN = MA, 
and join GF,CN, and AH. 

The triangles CMA and CMN are evidently equal. But 
the triangles AHC and AEC are likewise equal ; For the 
angle AFG, being equal to ADC, is equal to the angle ad- 
jacent to DAB, and consequently (III. 29- cor. EI.) AB 
touches the circle at A ; whence the angle BAH =: HFA = 
DAE,and taking these from the equal angles B AC and DAC, 
there remains CAH s CAE, but the angles ACH and 
ACE are also equal, and the side AC is common to the two 
triangles ; wherefore AH =: AE, and CH = CE. And be- 
cause the triangles ADE and AFG are similar, AD : AEr: 
AF : AG, and AD. AG =.AE. AF. Again, the triangles 
ANC and ACD being similar, AN : AC :: AC: AD, and 
AN.AD = AC*. ButFC:EF::AD:AE: : AF:AG,and 
CE : EF :: AB, or AD : AF; consequently FC x CE : EP 
::AD: AG:: NG x AD : NG x AG; and since AC bi- 
secte the angle FAH, FG.CE + AC*=FA.AH = FA.AE 
= AG.AD= AN.AD+NG.AD, it follows that FC.CH, or 
FC. CE = NG. AD, and hence EF»= NG. AG. Now K» 
=CG»— AC» == NG. AG; wherefore EP = K»,and EF =1 



( PROP. XXVII. PROB. 

Through two given points, to describe a circle 
touching a straight line given in position. 

Let it be required to describe a circle through the 
points A, B, and touching the straight Une CD. 
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It is evident that CD must either he parallel or in- 
clined to the straight line which joins the points A and B. 

1. Let CD be parallel to AB. 



ANALYSIS. 

From ihe point of contact E^ draw (!• 6. El.) 'BiQ per' 
pendicular to CD. Hence (III. 28. 
cor. El.) EG passes through the cen- 
tre of the circle^ and siqce it is also 
perpendicular to AB ([. 25. £1.) it bi- 
sects that chord at right angles (IlL 
5* El.) the point G is^ therefore^ given, 
and the perpendicular GE; conse- 
quently the three points A, E, and B being thus given, 
^e circle AEB is given. 




COMPOSITION. 

B^w (L 7> £1.) OE bisecting AB at right angles, tod 
(IIL 1 1. cor. EL) through the points. A, E sind B describe 
a circle ; this will touch the straight line CD. 

For (III. 6. El.) GE must pass through the centre of 
the circle, and (I. €5. El.) it meets the parallels CD and 
AB at right angles ; whence (III. 28. £1.) CD is a tan- 
gent to the circle. 

2. Let CD be inclined to AB. 
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ANALYSIS. 

Produce B A to meet CD in F. Then (III. 36 0.) FE» 
== AF. FB; but the 
point of concourse 
F beine: given, the 
the rectangle AF, 
FB is given, and 
consequently FEand 
the point E. Where- 
fore since the three 
points A, E, and B 
are given, the cucle 
AEB is given. 




COMPOSITION. 

Produce BA to meet CD in F, find (VI. 18. El.) FE or 
FE' a mean proportional to AF and FB, and (II L 11. cor. 
El.) through the points A, B, and E or A, B, and E' de- 
scribe a circle; this will touch the straight line CD. * 
' For since AF : FE:: FE FB, therefore (V. 6 El.) FE* 
= AF. FB, and consequently (III. 38. £1.) FE, or FE', 
touches the circle. 



PROP XXVIII. PROB. 



Through a given point, to describe a circle 
touching two straight hues given in position. 
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Let it be required, through the poiat E, to describe a 
circle touching AB and CD. 

1. Suppose AB is parallel to CD. 

ANALYSIS. 

Through the centre O draw the parallel FO and the com- 
mon perpendicular KI. It is £^ 
evident that the radius OI is 
given, and consequently FO 
is given in position; but OE, 
J)eing equal to OI, is given, 
and therefore the centre O is 
given. 

COMPOSITION. 

Draw a parallel FO bisecting the distance between the 
straight lines AB and CD, and from E with a radius 
equal to half that distance intersect FO in O, or O'; this 
point is the centre of the circle required. For OE = OX 
= OK. and the circle which passes through £ must touch 
lit K and I. 

2. Suppose CD is inclined to AB,, 

ANALYSIS. 

Produce BA and DC to meet in F, join OT, OK, and 
OF, and from E draw EGH perpendicular to OF. 

The triangles OKF and OlF^ being (III. 28. El.) rights 
angled^ and haying the side OK equal to 01 and the side 
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OF common, are (I. 94. El.)>qu^# ud coDsequendjr the 

angle OFK is equal to 

OFl; wherefore, since the 

point of concourse F is gi« 

ven^ the straight line OF K^ 

is given^ But, the point E 

beinggiven,theperpendi- 

cnlar EH is thence given, 

and (III. 5. El.) GH be- 

ing equal to GE, the op- 

posite point H is given. 

Two points £, H, and a straight line AB, are thus given, 

and therefore^ by the last proposition, the circle BUKI is 

given. 




COMPOSITION. 

Produce BA and DC to meet in F, draw (I. 5. El.) FO 
bisecting the angle BFD, from E (L 6. £1.) let fell the 
perpendicular £6, and extend it both ways, making GH^s 
GE, find (VI. 18. EL) LI, or LP, a mean proportional to 
HL and LE, and through the points H, E, I, or H, E, 1% de- 
scribe a circle; this circle will touch both the straight 
lines AB and CD. 

For the centre of the circle which passes through E'and 
H, must (II1.6.E1.) occur in FO ; let it be O, join 01 and 
draw the perpendicular OK. Because HL. LE =s LP, the 
circle touches AB at 1, and hence OIF is a right angle; 
consequently the triangles KOF and lOF having the 
angles OKF and OFK equal to OIF and OFI^ and the 
side OP common, are (1. 23. El) equal, and therefore 01 
= OK ; whence the circle described from O passes through 
K, and (III. S8. EL) must touch CD at that poinL 



BOOK II* 



Mi 



PROP. XXIX. PROB. 

Through two given pointoi to describe a circle 
touching a given circle. 

Let it be required^ through the points A and B^ to de- 
scribe a circle^ toachiog another circle whose centre is C. 



ANALYSIS. 

Through D, the point of ccmtact, draw ADE and 
BDF, join EP, at F (I. 5. con 2» £L) apply the tangent 
FG, and draw BHCI. 

Because F6 touches the given circle, the angle BF6 is 
(III. 29. El.) equal to FED, and therefore equal to BAD, 
since (HI. 33. EL) FE and AB are parallel ; but the tri- 
angles BGF and BDA have 
likewise a common angle at 
B^ and are hence similar; 
wherefore BF : BG r B A: BD, 
and (V 6. El.) BA. BG = 
BF.BDs(IILd6.EI.) BI.BH. 
But Bi and BH are given, 
and thence the rectangle 
BA^ BG is given, and eon- 
sequently (H. II. El.) the 
point G is given. Hence 
the tangent G P, and D, the 
intersection of BF, are given; 
wherefore the circle that 
passes through the three 
points A, D, and B, is given. 
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COMPOSITldN. 

Make (VI. S. El.) BA : BI : : BH : BG, draw (TIT. 30. El.) 
the tangent GF, join BF cutting the given circumterenee 
in n, and (III. II. cor. El.)^ through the points A, D, and 
B, describe a circle; this will touch the circle FDE. 

For draw ADE, join FE, and draw BHCI. Since B * : BI 
::BH:BG, therefore (V. 6.EI.) BA. BG = BI. BH = 
(III. 36. El.) BF. BD; whence BF : BG : : BA : BD, and 
consequently i'ne triangles BGF and BDA, having the 
same vertical angle, are (VI. 15. El.) similar, and hence 
the angle BFG is'^equal to BAD But (III. ^9- El.) BFG 
is equal to FED, and thus the alternate angles BAE and 
PEA are equal, and FE is parallel to AB; whence (III. 
33. El.) the two circles touch at D. 



PROP. XXX. PROB. 

Through a given point, to describe a circle, 
touching a given circle and a straight line which is 
given in position. 

Let it be required, through the point A, to describe a 
circle touching the straight line CD and the circle whose 
centre is B. 

ANALYSIS; 

From the centre of the given circle let fall the perpen- 
dicular EBG, join EI and extend it to H in the straight 
line CD, also draw FIK and join HK. 

The angle HIK^ being equal to EIF which stands in- 




a semicircle, is (lit. «6. El.) a rightangle, and coosequeiit. 

ly HK is the iliataeter of 

the circle IL^, aiiij H 

the point of contact. The 

triun^les HEG and FEI 

are therefore similar, 

HE : EG vEF: EI, whence 

HE. El = EG. EF- Join 

ELA, and (III. 36. El.) 

AKEL=HEEI=EGEF; 

but the rectangle EG, OF 

is ^iven.and cunsequently 

A£, El, and E<V bing 

given, the point L is hence 

given. Wherefore, since 

the two points A, L, and 

^e straight line CD, are 

all given,— the circle HIA 

is given. 

COMPOSITION. 
Join E \, draw the perpendicular EG, make (VI. s. El.) 
AE : EG : : EF : EL, and by prop 27 of this fiook, de< 
scribe a circle through the points A, L, and toucbiajf tlie 
straight line CD; this circle will also toiich the giTen- 
circle. 

For draw the diameter HK, join 'EH cntting the cir-^ 
cnmference EIF, and draw FIK meeting HK. 
'The triangles HEG and FEI being evidently similar, 
HE EG : : EF : El, and H E.EI = EG' EF ; but \li : EG : : 
EF: El, apd AE.EL=EG.EF; wherefore Hli.El= AE.ELj; 
and (III 38 Ei.) the point L roust lie in the circuiofo.: 
rence HIK. Bui the two circles also touch in L; for EG 
being parallel to HK, the angles lEF and IHKareetfual, 
nhicb are again equal to thpse made by a tangent with IF 
and IK. 
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PROP. XXXI. PROB. 

To describe a circle that ^hall touch a given cir* 
cle and two straight lines given in position. 

liet it be required^ to describe a circle tonchliig At 
straight liaes AB and CD, and luiothei circle whose ee»» 
tre 18 B« 

ANALYSIS* 

Join FE, draw FHJFI to the points of contact Aom 
F^ with the radios FE, 
describe a circle meeU 
ing FH and FI pro- 
duced inK and h, and, 
at these points, apply 
the tangents MN and 
OP. 

Because FE = FK 
o FL and FG m FH 
SB FI> therefore G£ «¥ 
B£ m IL. Bat the 
tf^|tgents CD and OP, 
being perpendicular to 
Wa, are parallel ; and, 
f9r the same reason, 
the t^gents AB and MN 4re 
paraUel. 'Wherefore OP and 
MN are given in position, and 
consequently, by Prop, diu the 
circle EKL is given ; and thence 
the concentric circle GUL 
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COMPOSITION. 

At a distance equal to the vadius of the given circle, 
draw MN and OP parallel to AB and CD ; and, by Prop. 
28. of this Book^ find F the centre of a circle which passes 
through £ and touches MN and OP ; F is likewise the 
centre of the required circle. 

For join FE^ and draw FK and FL to the points of 
contact. And because GEssHKslL^ it is evident that 
FGsFHsFI. But the circle also touches at the points 
H and I^ since CD and AB are perpendicular to FK and 
FL. 

Scholium. The five preceding propositions are only 
cases of a general problem. '^ Three things being given, 
— whether points^ or straight lines^ or circles^ — ^to describe 
a circle limited by them alL^ This problem comprizes 
ten distinct cases. Two of these have been already given 
in the Elements : To describe a circle through three given 
points, forms the 11th Prop. Book III : To describe a cir- 
cle that shall touch three straight lines given in position, 
is the basis of Prop. 10. Book IV., and appears complete in 
the construction of Prop. 38* Book VI. Three cases still 
remain : When there are given two circles and a point— « 
two circles and a straight line — or three circles, — ^to de- 
scribe a third circle limited by these data. They are easi- 
ly reduced, however, to the cases already solved, by draw- 
ing parallels, or describing concentric circles, at distances 
equal to the sum or difference of the given radii* 
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DEFINITION. 

If a point vary its position according to some determia» 
ed law, it will trace a line which is termed its Locus* \ 

PROP. I. THEOR. 

If a straight line, drawn through a given point 
to a straight line given in position, be divided in a 
given ratio, the locus of the point of section is a 

straight line given in position. 

■".......• 1 . . 

Let the point A and the straight line BD be given in 
position^ and let AB, limited by these, be cut in a given 
ratio at C ; this point will lie in a straight line which is 
given in position. 

ANALYSIS. 

From A let fall the perpendi- 
cular AD upon BD, and, through 
C, draw CE parallel to BD. It is 
evident (VLl. El.) that AC : AB 
::AE : AD^ and consequent- 
ly that the ratio of AE to AD is 
given ; but AD is given both in 
position and magnitude, and 
hence AE and the point E are given, and therefore CE, 
Vfbich stands at right angles to AD, is given in position. 
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COMPOSITION. 

Let fall the perpendicular AD, which divide at £ in the 
given rHtio, and erect the perpendicular C£; this straight 
line is the iocus required. For CE being parallel to BD, 
AC : AB : : A£ : AD, that is^ in the given ratio. 



PROP. n. THEOR. 

If a straight line, drawn through a given point 
to the circumference of a given circle, be divided 
in a given ratio, the locus of the point of section 
will also be the circumference of a given circle. 

Let AB, terminating in a given circmnference, be cot 
in a given ratio ; the segment AC will likewise texminale 
in a given circumference. 

ANALYSIS. 

Join A with D the centre of the given circle^ and drsw 
C£ parallel to BD. It is ob- 
vious (VI. 1. El.) that AC : AB 
:: AE : AD; whence the ratio 
of AE to AD being given^ AE 
and the point B are given. A- 
gain, since (VL 2. El.) AC: AB 
: : CE : BD, the ratio of CE to 
BD is given, and consequent- 
ly CE is given in magnitude* 
Wherefore the one extremity E 
being given, the other extremi- 
ty of C£ JAust trace the circumference of a givea circk. 
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COMPOSITION. 

Join AD, and divide it at B in the given ratio, and ia 
the same ratio make DB to the radius EC, with which,, 
and from the centre £, describe a circle. 

For draw AB cutting both circumferences, and jom 
CC and BD. Because CE : BD : : AB : AD, alternately 
C£: AE :: BD : AD ; wherefore the triangles CAE and 
BAD, having likewise a common angle, are similar, and 
consequently AC : CB : : AE : AD, that is in the given 
ratio. 



PROP.ni. THEOIL 

If, through a given point, two straight lines be 
drawn in a given ratio and containing a given an- 
gle ; if the one terminate in a straight line given in 
position, the other will also terminate in a straight 
line given in position. 

Let the ratio of BA to AC, with the angle BAC and its 
vertex A, be given ; if the extremity B lie in the straight 
line BD, the extremity C will have for iti^ locus another 
straight line given likewise in position. ^ 

ANALYSIS. 

Let fall die perpendicular AD upon BD,draw AB forming 
with AD an angle DAE equal to BAC, and make AB : AC 
: : AD : AE; CE being joined, is the locus required. 

Because the angle DAE is» by construction, equal to 
BAC, it is given ; and the perpendicular AD being given^ 
the straight line AE is, therefore, given in position. But 
AB : AC ; ; AD : AE^ and this being a given ratio, AE is 




350 GEOMETRICAL ANALYSIS. 

hence given also in magnitude. Again, since the angle 
BAG is equal to D \E, the angle BAD is equal to CAE; 
and because AB : AC :: AD : AE, 
alternately AB : AD :; AC : AE ; 
wherefore the triangles ABD and 
ACE, having their vertical angles 
equal, and the sides containing 
those angles proportional, are 
(VI. 15. El.) similar, and conse- 
quently the angle CEA is equal 
to BDA, and therefore a right angle ; consequently the 
straight line EC is given in position. 

COMPOSITION. 

Having let fall the perpendicular AD, and made the an- 
gle DAE equal to BA<I!, make AD to AE in the given 
XBtio, and, at right angles to AE, draw EC ; this is the 
locus required. For the triangles BAD and CAE, having 
their vertical angles equal, and the angles at D and E 
Tight angles, are similar, and consequently AB : AD 
:: AC : AE, or alternately AB : AC : : AD : AE^ that is, 
in the given ratio. 



• PROP. IV. THEOR. 

If, through a given point, two straight lines be 
drawn in a given ratio, and containing a given an- 
gle ; if the one terminate in a given circumferenGe, 
the other will also terminate in a given circumfe- 
rence. 

Let 'the angle BAC, its vertex A, and the ratio of itf 
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ftides, be given ; if AB be limited by a given circle, the 
locus of C will also be a given circle. 

ANALYSIS. 

Join A with D the centre of the given circle, draw AE 
at the given angle with AD, and. in tlie given ralio^ and 
join DB cind EC. 

Because the point A and the centre D are given, the 
straight line AD is given; and since the angle DAE,'- be- 
ing equal to BAG, is given, AE is»giyen in position. Bui 
AD being to AE in the given ratio, AE mubt be given 
also in magnitude, and conse- = , 

quently (he point E is given. 

Again, the whole angle BAG 
being equal to DAE, the part 
BAD is equal to G AE ; and be- 
cause AB : AG :: AD : AE, al- 
ternately AB : AD ;: AG : AE; 
wherefore the triangles ADB 
and AEG are similar, and hence 
AB : BD :: AG : AE or alter- 
nately AB : AG :: B D : GE; ' 

consequently the fourth term GE is givi?n in magnitude; 
and its extremity E being given, the other must lie in a 
given circumference. 

COMPOSITION. . ., 

Having drawn AE at the given angle with AD, make 
AD to AE in the given ratio^ and in the salne ratio let 
DB be made to EG ; a circle described from the c^htre E 
with the distance EG, is tUe locus required. 

For AD : AE : : DB : EG, and alternately AD : DB : : 
AE : EG ; . but the angle BAD is equal to CAB, beqause 
the whole BAG is equal to DAE; consequently the tri^ 
angles ABD and AC£ are similar> and AB : AD :: AC : AE 
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or alternately AB : AC : : AD : AE, that is^ in the giv^a 
ratio. 



PROP.V. THEOR. 



The middle point of a given straight line which 
is placed between the sides of a right angl^ lies 
in the circumference of a given circle. 

Let AB bcf placed in the right angle EDF^ the loan of 
its bisection C is a given circle. 

ANALYSIS. 

Join DC. Then (U. 30. EI.) because the base of the 
triangle ADB is bisected^ 
AD* + DB* = «AC» + 2DC* ; 
bnt^ since ADB is a right angle, 
AD*+DB» 5= AB* (IL 14. El ); 
wherefore 2AC*+«DC*39 AB» 
s4AC%aud consequently 2DC* 
=2AC% or DC = AC. Now 
AC^ being the half of AB^ is gi- 
ven^ and therefore DC ; whence 
the locus of the point of bisec- 
tion C is a circle described 
from D, with the radius DC. . 

COMPOSITION. 

From D, with a distance equal to half the given Une^ 
describe a circle ; this is the locm required. 
For draw the radius DC, make ACssDC and produce 
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AC to B. Because AC=DC, the angle ADC=DAC (I. 
8. El.) ; but the angles DAC and DBC are together equal 
to a right angle (I. 34. £1 ), and therefore equal to ADC 
and BDC ; whence the angle DBC is equal to BDC^ and 
consequently (I. 9. El.) the side DC is equal to BC. The 
segments AC and BC are thus^ each of them^ equal to DC^ 
and hence AB itself is double of DC^ or is equal to the 
given straight Une. 



PROP. VI, THEOR. 

If a straight line^ drawn from a given point to a 
straight line. given in position, contain a given rect- 

ajigle, the locus of its point of seiction will be a 
given circle. 

Let the rectangle AB, AC be given, while the point B 
and the straight line BD are given in position ; the point 
C will lie in the circumference of a given circle. 

ANALYSIS. 

Draw AD perpendicular to BD, and make the rectangle 
AD. AE=AB. AC. Since AD is evidently given both in 
position and magnitude, AE and the 
point E are given. Join CE. Be- 
cause AD X AE= AB X AC, AD : A B 
::AC:AE, and the triangles DAB 
and CAE, having the sides about the 
common angle at A proportional, are 
therefore similar ; and consequently; 
the angle ACE is equal to ADB, or 
a right angle. Whence (I IL 26, El.) 
the point E must lie in a semicircle, of which AE, the 
diameter, is given. 
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COMPOSITION. 

Having drawn the perpendicular AD^ make the r^langle 
AD^ A£ eq^al to the given space^ and upon the diameter 
AE describe a circle ; this is the locus required. For draw 
AC and C£. The triangles ABD and AEC are similar^ 
since they have a common angle at A^ and those at D and 
C right angles ; wherefore AB : AD : : AE : AC, an^ 
ABx AC=ADxAEj^ that is^ equal to the giv^a space. 



f ROP. VIL THEOR. 

If a straight line, containing a given reotangk^ 
be draMm through a given point to the circuti^fis- 
rence of a given circle, the locus of itis point of se& 
tlon will be either a straight line given in position 
on a given circle, according as it originates, or npl^ 
in the given circumference. 

Let the rectangle AC^ AB be equal to a given space, 
and the segment AC terminate in a given circumference, 
the point of origin A may either lie in that circumtference 

or not. 

I 

1. Suppose the given point A lies in the given circnm* 
ference \ the locus of C is the straight line given in posi- 
tion. 
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-ABxAC; 




ANALYSIS. 

Draw the diameter AE and make AExAD 
wherefore the point' D is given, 
and join CE and BD. Bepause 
AEx AD= ABxAC, AC : AE 
i: A D ; A B ; whence the triangles 
CAE and DAB, having likewise a 
common angle at A, are sTmiliar. 
Consequently the angle A DB be- 
ing thus equal to AC E, is a right 
angle, and the straight line DB is 
hence given in position. 



COMPOSITION. 

Having drawn the diameter AE, make the rectangle 
AE, AD equal to the given space, and erect the perpen- 
dicular DB ; this is the loctis required. For draw ACB 
and join CE. The right angled triangles ACE and ADB 
being evidently sitiailar, AC : AE : : AD : AB^ and AC X AB 
srAExAD, or the given space. 

2. Suppose that the point A does not lie in the given 
circumference; then the loctts of B is a given circle. 

ANALYSIS. 

Draw the diameter EAD, and produce CAF to the cir- 
cumference. The rectangle 
AC, AF, being equal to A D, 
AE, is given, and has there- 
fore a given ratio to the rect- 
angle AC, AB; whence the 
ratio of AF to AB is given, 
and consequently (III. 2.) AB 
terminates in the circumfer- 
ence of a given circle. 
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COMPOSITION. 

Having drawn the diameter EAD^ make the rectangle 
AD, AH equal to the given space^ and (III. 2.) describe a 
circle^ EBGF, such that a straight line, passing through 
shall be cut by the circumference in the ratio of AE to 
AH ; this circle is the locus required. For AE : AH 
:: AF:AB : : AFx AC : AB X AC; wherefore AFxAC: 
ABxAC :: AExAD : AHxAD, and the first term of this 
analogy being equal to the third, the second term is equal 
to the fourth, or AB'X AC= AHx AD,that isj equal to the 
given space. 



PROP. VIII. THEOR. 

If two straight lines, containing a given rect- 
angle, be drawn from a given point at a given 
angle ; should the one t^erminate in a straight line 
given in position, the other will terminate in the 
circumference of a given circle. 

Let the point A, the angle BAC, and the rectangle un- 
der its sides, BA, AC, be given ; if the direction BD be 
given, then will the locus of C be a given circle, 

1 
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ANALYSIS. 

V 

From A let fall the perpendicu- 
lar AD upon BD. Draw AE, to 
contain with AD an angle equal 
to the given angle^ and a rectangle 
equal to the given space ; and join 
CE. 

Since AD is evidently given in position and magnitude, 
A£ is likewise given in position and magnitude ; and the 
rectangle AD,AE being equal to AB. AC, therefore AD : AB 
: : AC : AE ; but the angle DAE is equal to BAC, 
and hence DAB is equal to £ AC« Wherefore the triangles 
ABD and AEC, having each an equal angle and its con- 
taining sides proportional, are similar; and consequently 
the angle ACE is equal to the right angle ADB. Whence 
the loom of C is a circle, having AE for its diameter. 



COMPOSITION. 



Having let fall the perpendicular AD, draw AE, making 
the angle DAE equal to the given angle, and the rectangle 
DA, AE equal to the given space, and on AE, as a diame- 
ter, describe a circle; this is the locm required. 

For join CE; and the triangles DAB and EAC being 
right angled at D and C, and having the vertical angles at 
A equal, are evidently similar, and consequently AD : AB 
:: AC : AE ; and hence the rectangle AB, AC is equal to 
AD, AE, that is, to the given space. 
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PROP IX. THEOR. 

If two straight lines in a given ratio, and con* 
taining a given angle, terminate in two diverging 
lines which are given in position, the locus of tibetf 
vertex will be likewise a straight line given in pcN 
sitioti. 



: s 



, !^^i the straight lines AB, AC, in a given nitio> and 
^dntalnihg a given angle, be limited by the givpn diverg- 
ing lines DE, DF ; then will their vertex A lie in a given 
direction** 

. ANALYSIS. 

Join DA, and produce BA to meet DF in G. The tri- 
angle DBG is given in species; for the angles at D 
and B are given, and, consequently, the angle at G. 
Again, the triangle ACG is 
eiven in species, since all its 
angles are given. Hence 
the ratio of AC to AG is 
given, ; but the ratio of AB 
to AC is given, and conse- 
quently that of AB to AG o^ '. x. ' i c g- F 
and that of BG to AG. . ' 

tience, also, the ratio of BG to DG is given, and there- 
fore the ratio of AG to DG ; and the angle at G being 
given, the triangle DAG is (VI 15. El.) consequently given 
in species Wherefore the angle GDA is given, and hence 
the straight line DA is given in position. 
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COMJPOSITION. 



In DE take athy jyoint fl, and draw HI aiid HL, making 
mth DE and DF atigl6ii eqtiil to the respectivie indina- 
ticfe^ 6/the bdutidea'Hnes, jirdduce IH ioM, «<o that MBt 
shall have to HL the given 5rrfti6> find IIJ 6 thkd p^ 
portional to IM, IH, and join* DNA; <hii straiglit lirti' 
is the /ociM required. 

Because IM : IH : : IH :IN, therefore (V. 11. arid 1. fil.) 
MH : IM : ; NH : IH ; but (VI. e. EI.) AB : A6 : : HJJ t 
IH, and the triangles ACG and HLI being eiidently rfnJi- 
lar, AG : AC ::IH:HL; therefore (V. i6.El.)AB: AG:: 
MH : HIii that is^ in the given ratio. 



PROP. X. THEOR. 

Three diverging lines being given in position, if 
a straight line cut them at given angles, and such 
that the rectangle of its first segment, by a given 
line, shall be equal to both the rectangles of its se*- 
cond and third segments by given lines ; the locus 
of its point of origin Will be a straight line given ia 
position* 

Let ABGD cut the diverging lines EF, EG and EH at 
gvien anlgksy and let AB.KL=AC.ML4.AD«NS!f ; then 
will the liktu^, of. the point A Jt)e a straight tine given in po- 
sition. 
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ANALYSIS. 

Because AC.MLs AB.ML + BC.ML, and AD.NM=: 
AB.NM + BD.NM, therefore AB. KL = AB. ML + 
BC.ML + AB.NM +BD.NMjand conseqnently AB.KLss 

AB(ML+NM)+BC.ML+ 
BD. NM, and AB. KN = 
BC.ML + BD.NM. Make 
BC : BD :: NM : MO, and 
BC.M0=BD.NM; whence 
AB.KN =: BC{ML+M0) = 
BC.OL, and AB:BC:: 
OL:KN. The ratio of AB 
to BC is, therefore, given ; 
but the triangle BCE being 
given in species, the ratio of 
BE to BC is given, and con- 
sequently the ratio of AB to BE is given ; and since the 
contained angle ABE is given, the triangle BEA is like- 
wise given in species ; and thence the point A, and the 
straight line EA, are given in position. 

COMPOSITION. 

Having assumed in EH any point H, draw HGF in the 
given inclination, make FG : GH :: NM : MO, and pro- 
duce HF till KN : OL :: FG : IF ; EI is the straight line 
required. For BC : AB :: FG : IF :: KN : OL, and AB.KN 
sBC.OL; but BC : CD :: FG : GH :: NM ; MO, and 
BC. MO = CD. NM. Wherefore AB. KN= BC. OL = 
BC.ML+CD.NM, and AB.KM= AB.NM -H BC.ML + 
CD. NM = BC. ML + AD. NM, and hence AB. KL ss 
AB. ML + BC. ML + AD. NM = AC. ML + AD. NM. 
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PROP. XL THEOR. 



Four diverging lines being given in position, if a 
straight line cut them at given angles, and such 
that the rectangles of its first and second segments 
by given lines shall be equal to both the rectangles 
of its third four segments by given lines ; the locus 
of its point of origin will be a straight line given 
in position. 

Let ABCDE cut the diverging lines FG, FH, FT, and 
FK at given angles, and let AB.MN +AC.NO= AD.OP 
J|. AE.PQ ; then will the locus of the p.oint A be a straight 
line given in position* , 



j\ 



ANALYSIS. 

Because AB.MN + ACNO ssAD.OP+AE-PQ, it fol- 
lows, by decomposition, that AB.MO+BC.NOd:AB.OQ 
+BD.OP+BE.PQ, and (Con- 
sequently AB.MQ+ BC.NO 
2= BD.OP + BE.PQ. Make 
BDiBC :: NO : OR, and 
BD : BE : : PQ : PS ; then 
BD.OR= BC.NO.and BD.PS 
=BE.PQ; whence AB.MQ 
+ BD. OR = BI). OP + 
BD.PS, or AB.MQ=BD.SR, 
and, therefore, AB : BD :; 
SR : MQ. But the triangle 
BDF being given in species, iF 
the ratio of BD to BF is given ; f- 
and consequently the ratio of 
AB to BF is given, and the contained angle ABF being 
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OBOMBTRICAL ANALYSIS. 



PROP. Xllf. THEOR. 

If from two given points there be inflected two 
straight lines, of whose squares the difference is 
given, the locus of their point of concourse will be 
a straight line given in position. 

Let AC and BC^ drawn from the points A and B^ have 
the difference of their squares given ; the locus of C^ the 
point of concourse^ is a straight line given in position. 



ANALYSIS. 

Draw CD perpendicular 
to AB, which bisect in £• 
The difference between the 
squares of AC and BC is 
(IL ^9. El.) equal to twice 
the rectangle under AB 
and ED ; consequently that 
rectangle^ and its contain- 
ing side ED, are given; 
iirhence the point of bi- 
section E being given, the 
point D is given, and the -f^ E 

perpendicular CD is therefore given m position. 




COMPOSITION. 

Bisect AB in E, and make (IL 11. El.) the rectaaglc 
under 2 AB and ED equal to the given 3pace; the perpen- 
dicular DC is the locus required. 
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For (II. 29. EL) AC»— BC* = AB. SED = 2AB. ED, 
and consequently the difference of the squares of AC and 
BC is equal to the given space. 



PROP. XIV. THEOR. 

« 

If from two given points there be inflected two 
straight lines in a given unequal ratio, the locus of 
their point of concourse is a given circle. 

If the inflected lines be equal, their vertices will (1. 2. El.) 
lie in a straight line bisecting the base at right angles* 

Let AC and BC, drawn from the points A and B, have 
a given ratio, but not that of equality; then will C, the 
point of concourse, lie in the circumference of a given 
circle. 

ANALYSIS. 

Draw CD, making the angle BCD equal to-BAC, and 
meeting AB produced in D. The triangles DAC and 
DCB, having Che angle at D common, and the angles at 
A and C equal, are evidently similar ; and hence AD : AC 
: : CD : CB, and alternately 
AD : CD : : AC : CB, that is 
in the given ratio. But 
AD : CD : : CD : BD, and con- 
sequently AD is to BD in the 
duplicate of the given ratio 
of AD to CD, and which is, 
therefore, likewise given. Con- 
sequently BD,and the point D, 
are given; and CD being thence given, its extremity C 
must lie in the circumference of a circle described with 
that radius. 




/ * 
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COMPOSITION. 

Divide AB in the given ratio at E, aqd in the 8ame 
ratio make ED to BD ; the circle described from the cen- 
tre D, and with tlie radius DE, is the locus required. 

For, since AE : EB : : ED ; BD, it foJiows (V. 19. El.) 
that AD : ED, or CD : : ED, or CD : BD; hence the tri- 
anglei DAC and DCB, thus having the si tes which con- 
tain their common angle at D proportional^ are similar 
and therefore AC : AD : : BC : CD, or alternately AC ; 8(5 
: : AB : CD^ or £D^ that isj in the given ratio. ^ 



PROP- XV. THEOR. 

A point and a straight line being given in posi- 
tion, the locus of another point, the square of whose 
distance from the former, is equal to the rectangle 
imder its distance from the latter and a given 
straight line— is a given circle. 

The point A and the straight line DE being given ip 
position, let the square of BA be equal to the rectangle 
under the perpendicular BC^ and K; the locus of B is a 
given circle. 

ANALYSIS. 
Draw DFA parallel to CB, make AO equal to the half 
of K, and bisect it in 6^ join BO^ and let fall the perpen 
dkular Bf » 
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Because AO is bisected in G, 0)5*— rAB* or, A?f*— OB* 
(III. 29'El)=2 AOxGF=:KxGF;bufc AB^sfKxBC, or 
KxDF, and heuce QB* 
ssKxDG, Siace there- 
fore DG is given, OB is 
also given; and the one 
extremity O being given, 
the other extremity B must 
lie in the circmnf^rence of 
a given circle. 




COMPOSITION. 

Having drawn DAB parallel to CB, make AOsri JL, 
and AGii AO, and find OH a meajti prpportioual be-' 
tween K and DG ; a circle described from O with the i^ 
dius OH, is the locus required. 

For OB»— AB%or AB*— 0B'%=2 AOxGF=K X GF; 
and since, by construction, OH*, or OB*, =; K X DG, it 
follows that AB* =5 K X DF, or K X BC. 



PROP.XVL THEOR. 

If, frpm two given points, there be inflected two 
straight lines, such that the difference of the. square 
of the one and a given space, shall have to the 
square of the other, a given unequal r^tio--their 
point of concourse will lie in the circumference 
of a given circle. 



Let AC and BC be the inflected lines; and the rectangle 
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GEOMETBICAL ANALYSIS. 



AC, AD be made equal to the given space ; then if the 
difierence between the square of AC and that rectangk, 
or the remaining rectangle AC, CD, have a given unequal 
ratio to the square of BC, the hcus of the point C Will be 
a given circle. 




ANALYSIS. 

Make (VI. 4. El.) AE to BE in the given ratio, join CE 
and BD, produce CB to 
meet the circumference of 
a circle described about 
the triangle ADB, and 
jwn AF. 

Because (III. 36. EL) 
the rectangle AC, CD is 
equal to FC, BC, it fol- 
lows that the rectangle 
FC, BC is to the square 
of BC, or (V. 24. cor. 2. 

El.) FC is to BC, in the given ratio of AE to BE ; where- 
fore (VI. l.cor. 1. El.) AF is parallel to CE, and conse- 
quently the angle ECB is equal to AFB, which is equal to 
CDB the opposite exterior angle of the quadrilateral 
figure ADBF. Through the point, 0, D, B, describe a 
circle cutting AB in 6, and join C6 and D6 ; then (III. 
36. EI.) the rectangle BA, ACS is equal to CA, AD, or to the 
given space, and hence AG, and the point G are given. 
The angle CDB, or ECB, is, therefore, equal to CGB,and 
consequently the triangles BEC and CEG are similar, and 
GE : CE : : CE : BE; whence CE=GE x BE, which is 
a given rectangle, and thusCE is given, and the locus of C 
a given circle. 



JBOOK zii. 3619 

\ ' 

COMPOSITION. 

Make the rectangle AB^ AG equal to the given space 
and A£ to BE in the given ratio, and find EH a mean 
proportional between G£ and BE ; the locus required is a 
circle described from E with the radius EH. 

For, through the points A, D, B, apd through 
C, B, G, describe circles, produce CB to F, and join AF, 
CG, and DG. Because GE.BE = HE% GE : HE, or CE 
: : HE, or CE : BE, and, therefore, the triangles GEG 
and CEB are similar, and the angle EGC is equal to 
ECB; but the angle EGC, or BGC, is equal to CDB> 
which again is equal to AFB ; consequently the alter- 
nate angles ECB and AFB are equal, and the straight 
lines CE and AF parallel. Wherefore AE : BE : : FC : BC 
: : FC.BG, or ACCD : BC*. But CA.AD=B A.AG, or the 
given space; aud hence the dijSerence between the square 
of AG and that space, or the rectangle AC,CD, is to the 
square of BG, in the given ratio. 



LEMMA. 

If a straight line AB be cut anyhow in the point G, but 
dividied at C, so that the segment AG ^ball be the ^h 
partoEBC; then ».AD*+BP*=AB.J5C+ (fl+i)CD\ 

For upon AB describe a semicircle, and erect the per- 
pendicular GE, join AE, BE, draw DF parallel to CE and 
meeting AE or its extension, and join BP. 
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GEOMETRICAL ANALYSIS* 



The angle AEB in a semicircle being a right angle, 
AC : CE : : CE : BC (VI. 17. cor. El.) and consequently 
(V. 23. El.) AC : BC : : AC* : CE*; but BC = n. AC, and 
therefore CE» = n. AC*. 
— Again, AB : AE : : 
AE:AC, and AB:AC:: 
AE* : AC* ; and since 
AB = (II + I) AC ; it 
follows (V. 5. Elem.) 
that AE»=(ii+i) AC* 
Now CE and DF being 
p^lel, CE:DF::AC 
: AD, and (V. 21. cor. I. 
E1.)CE*:DF*::AC*AD* 
and CE* being equal 

to w, AC», therefore (V. 8. and 5. El.) DF* ss n. AD». In 
tjie same manner, it is shown that EF* = («+i) CD*. 
But (VI. 17. cor. 1. EI.) BE* = AB.BC, and the triangles 
BDFand BEF being right angled, BD» + DF» = BF* = 
BE*+EP, and consequently by substitution, ii.AD* + 
BD* = AB.BC + (n+ 1) CD». 




PROP. XVII. THEOR. 

If, from given points^ there be inflected straight 
lines, whose squares are together equal to a given 
space, — their point of concourse will terminate in 
the circumference of a given circle. 

1. When there are only two given points. 

Let AP and DP, drawn from the points A and B, have 
the sum of their squares given j the locus of their point of 
concourse is a given circle. 
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ANALYSIS. 

Bisect AB in O, and join OP. The squares of AP and 
BP are (II. 30. El.) equal 
to twice the squares of 
AO and OP. Hence the 
sum of the squares of AO 
and OP is given ; but AO 
and its square being gi- 
ven^ the square of OP and 
OP itself^ must be given; 
wherefore the locus of the 

extremity P is a cirxrle^ of which the point of bisection is- 
the centre. 

COMPOSITION. 

Bisect? AB in O, find (IIL 37. El.) AF the side of a 
square equal to half the given space^ and make (II. 17. EL) 
OE* = AF* — AO* ; the point O is the centre, and OP the 
radius, of the required circle. 

For (II. SO. ElO AP* + BP* s 2A0* +20P*=» 
=: 2A0* + 20E* =: SAF*, or the given space. 

9,, When three points are given. 

Let the straight lines AP, BP and CP, inflected from 
the points A, B, and C, have the sum of their squares 
given ; the locus of their poipit of concourse is a given 
circle. 
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ANALYSIS. 




Bisect AB in E, and (H. 30. El.) AP- + HP's 
SAE» + 2EP»; conse- 
quently AP' + BP» + 
CP' = 2AE- + 2EP' 
+ CP'. Now 8AE» = 
AB.BE, and letting fall 
the perpendicular PF*, 
(lI.14.E!.)aEP*=2EF' 
+2PFSandCP' = PF» 
+ CF». Wherefore 
AP' + BP» + CP» = AB.BE + SPP* + «EF* f CP. 
'Trisect EC (1.40. El.) in the point O, and join PO; taii, 
bythetemnw, 8EF*+CF'=EC.C0 + 30F-. Whence 
AP»+BP» + CP=AB.BE+ EC.CO + SPF* + sOPs: 
AB.BE + EC.CO + 3PO». But the intennediate 
{mints of division E and O, are evidently given, and diedce 
ihe rectan^es AB, BE and EC, CO, are given; Whe^e- 
fore 3PO* is given, and cotlsequetitly FO itself. §iOce 
one extremity of that line then is, given, ttie other extre- 
mity P imist iie' in the circumference of a given' circle. 

COMPOSITION. 

Bisect AB in E, trisect EC in O, and find (III. 37- El.) 
OP snch that its square Sball be triple th^ exqts^ of 
fliegiv^ii spate above the reCtatigles AB> BE and EC, CO ; 
the hens required is a circlCj of which O is the cen- 
tre.ond UP the radius. For 3P0' = 3PF» + 30F% SPO" 
+ EC.CO = 3PF'+ EC.CO + 30F' ='3PF* + fiEF' 
+ CF* = 2PE' + Pp + CF- = 2PE* + CP'; 
consequenlly the given space, or SPO' + AB.BE + 
EC.CO = 2AE' -J- 2PE» + CP' = AP» + BP' + CP'. 
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3. When there are four given points. 

* 

Let AP, BP, CP and DP drawn from the points A,B,C, 
and D^ have the sum of their squares given ; the locus of 
their concourse P is a given circle. 




. ANALYSIS. 

Bisect AB in E, trisect EC in F, and join PE and PF. 
It is manifest, from the last case, that AP'+BP*+CP » 
AB.BE + EC.CF + V 

SPF*5addDP*toeach, 
and AP* + BP* + 
CP* + DP* = ABBE 
+ EC.CF + 3PF* + 
DP*. Let fall th^ per- 
pendicular PG upon 
DF, and thegivenspace 
is equal to AB. BE + 
EC.CF + 3PG* + 
8FG*+ PG* + DG»; 
and hence 4PG* + 

SFG* + DG* must be equal to a given space. Let FO 
be made the fourth part of DF^, and join PO : then, by 
the Lemma, 3FG*+DG* = FD.DO + 40G». Where- 
fore FD.DO + 40G* + 4PG*, or FD.DO + 4P0*> 
is equal to a given space, ai)d hence 4P0*, and PO itselfji 
are given. Now the point O being given, P must lie in 
the circumference of a given circle. 

COMPOSITION. 

Bisect AB in E, trisect EC in F, and quadrisect FD in 
O; from the given space take away the accumulate recU 
angles AB.BE + EC.CF + FD.DO, and find (III. 37. El.) 
the side of a square equal to this difference : That straight 
Ihie is the diameter of a circle, which is the locm required. 



874 GEOMETBICAL ANALYSIS. 

For join PE^ PF, PO, and let fall the perpendicular 
PGuponDF; then FD.DO+4PO*=:FD.DO+40G* + 
4PG» ?= 3FG* + DG' + 4PC* = 3FG* + SPG» + 
DP* =s SPP + DP*. Wherefore AB.BE + EC.CF + 
SPF* + DP% is equal to the given space. But, from the 
composition of the last case, it is manifest that AP* + BP* 
+ CP*=AB.BE + EC.CF + SPF* ; consequently AP»+ 
BP* + CP + DP* are together equ^ to the given 
space^ 

By pursuing this mode of investigation, it is obvious 
that the proposition will be sucqessively extended to any 
number of given points. 

Scholium. The property now demonstrated is capable 
of being generalized. Thus, if any multiples of the squares 
of the inflected lines,, be together equal to a given space, 
the locus of their point of concourse is still a given circle : 
For, conceive so many points to be collected at each 
centre of inflection, and the squares of the lines which 
proceed from them will in effect evidently receive a cor- 
responding multiplication! — But the property may be 
traced out more clearly, and through all its shadings, by 
help of a simple extension of the Lemma. Let AP and 
BP be two straight lines inflected from the points A and 
B, and let the segment OB = 
«?. OA; then, joining PO and 
drawingthe perpendicularOPL, 
it was proved that t^.AL* 4. 
BL» = AB.BO + {v+i) OL' ; 
add (i;+i)PL» to each, and 
u(AL»+PLO + BL* + PL»=: 
AB.BO + (t?+i)OL» +PL»), or t;.AP»+BP*= AB.BO + 
(t'+i) OP*. Multiply both bym, and suppose nvz=im, and 
there results m.AP* + ii. BP»=w. AB.BO + (w+«)OP». 
Py repeated application of this principle, it may be de* 
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monstrated that m. AP* + n.BP* + p.CV^ + j.DP*, &c. 
= (m + n + p + q, &c.) OP% together with ' certain 
multiples of given rectangles^ and consequently that 
their point of concourse hals for its locits a circle^ whose 
centre is O and radius OP. But the property must like* 
wise hold^ if all those multiple squares were divided by the 
same number^ that is, if instead of the squares of' the in* 
fleeted lines, there were substituted only slmils^r rectilineal 
figures constructed upon them. 



DEFINITION. 



A Porism proposes to demonstrate that one or more 
things may be found, between which and innumerable 
other objects assumed after some giveq law, a certain spe- 
cified relation is to be shown to exist. 

The nature of a porism consists in afBrming the possibility of 
finding such conditions^ as will render a problem indetermii^ate, 
or capable of innumerable solutions. 



PROP. XVIIL PORISM. 

Three points being given, a fourth may be found, 
such that any straight line drawn through it shall 
have its distances from two of those equal to its 
distance from the third. 

Let A, B, and C be given points, another point D may 
be found, so that, HDI being drawn through it, the 
perpendiculars AH and BI, let fall on the one side, shall 
be equal to CG on the other. 
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ANALYSIS^ 

thrttigh the p6int D, draw CDK, Bild upon thia kl 
rail the perpendiculars AK% BL, and join AB, meetliig 

ABinE. 

Since CDK passes throngb C, its distances KA and LB 
on either side, from the two rcmainihg points, most €?*• 
dehttjr be equal. Hence (I. 
23. El.) the right-angled tri- 
angles AEK and BEL are 
equal, and consequently the 
side AE is equal to BE; 
wherefore E, being thus the 
point of bisection, is given. 
Draw the4)erpendicular EF ; 
and it is evident (U. 13. EI.) 
thatsEFsAH and BI. Now 
CG and EF being parallel, 

CD : DE :: CG : EF, and (V. 13. EL) CD : 2DE :: 
CG : SFE, or AH -f BI ; but, by hypothesis, CG s 
AH + 81, and therefore (V. 4. El.) CDs:2DE. Whence, 
CE being giVen, the point D is given. 




COMPOSITION. 

Bisect AB in E, join CE and trisect it in D ; this is the 
point required. 

For let fall the perpendicular EF. Because CG and 
EF are parallel, CD : DE :: CG : EF ; but CD = 2DE, 
and therefore (V. 4. El.) CG=:<EF, that is, AH + BI. 



The porism now demonstrated may be viewed as origi- 
nating in the solution of this problem : — To draw, Uirough 
the point M> a straight line MN, such that the perpendi« 
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cuiars AH and BI, let fall upon it frotn the points A and 
B^ shall be together equal to the perpendicular 06, fronk 
the point C on the other side. The poiiit D id' foanid fts 
before, and thence the' position of MDN is assigned. Bat 
this straight line^ it is evident, will become indeterminate 
if the point M should happen to coincide urith D ; on that 
supposition, the problem would admit of innumerable an* 
swers, or the diameter MDN might lie in ^very possible 
direction. 



PROP. XIX. PORISM. 

A circle and a straight liue being given in posi- 
tion, a point may be found, siidh that any straight 
lin^ drawn through it and limited by these, shall 
contain a given rectangle. 

Let the straight line A6, and the circle HDP, be given: 
in position ; it is required to determine a point F, which 
may divide any connecting straight line DFE into seg- 
ments cont^ning a rectangle that will be given. 

ANALYSIS. 

Through F draw HFG perpendicular to AB. By hypo- 
thesis, the rectangle HF.FG is likewise equal to the given 
space, a^d therefore equal to DF. FE ; whence (V. 6. EL) 
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DF : HF : : FG : FE, and the 
triangles DFH and GFE, hav- 
ing the vertical angles at F 
equal, are consequently similar, 
and the angle FDH is thus h[ 
equal to FGE, or is a right 
angle. Wherefore HBF is a 
semicircle, of which AF is the 
diameter; but the centre C 
being given, the perpendicular HCG is thence given, and 
consequently the extremity of the diameter, or the point 
F. Again, the points H, F, aiid G being given, the rect* 
angle under the segments HF and FG is given. 

COMPOSITION. 

From the centre C, let fall upon AB the perpendicular 
HCFG, cutting the circumference in F ; this point has 
the property, that any intersecting line drawn through it 
will contain a given rectangle. For join DH, and the tri- 
angles FGE and FDH are similar; whence FG ; FE : 
FD : FH, and consequently FE.FD = FG.FH, which is 
manifestly given. 

This porism also may be considered as arising out of 
the solution of a simple problem: — Through the poitf 
M, to draw a straight line DMFE, so that its segmeQiB 
DF and FE shall contain a given rectangle. The point F 
being found as before, DME is consequently given in ;^. 
sition. But when the point M coalesces with F, the 
straight line DE can thus have no determinate position, or 
it will fulfil the conditions of the problem in whatever di- 
rection it be drawn. 
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PROP. XX. PORISM. 

4 

A circle and a point being given, another point 
may be founds such that straight lines drawn from 
them to any point in the circumference, shall have 
a ratio which will be given. 

The point B may be found,- so that AC and BC, inflec- 
ted to the given circumference ECF, shall have a ratio 
vrbich may be likewise assigned. 

/ 

• 

ANALYSIS. 

Draw AB, cutting the circle in E and F ; join CE, CF, 
''and produce AC. Because E, F are points in the circum- 
ference, AC : BC : : AE : EB, and AC : BC : : AF : FB ; 
whence (VI. 11. cor. El.) CE bisects the vertical angle 
ACB, and CF the adjacent angle BCD; consequently 
the angle ECF, being the half of both of these, is a 
right angle, and (III. 20. El.) 
ECF, a semicircle. Where*- 
fore AF, thus passing through 
the centre O, is given in posi-* 
tion. Now, since AF : FB : : 
AE : EB, alternately AF : AE :: 
FB : EB ; hence EF, being cut 
externally and interndly in the 

same ratio, EO is (VI. 7* El.) a mean proportional be- 
tween AO and BO, or EO=rAO. BO. But AO and EO 
are given, and therefore BO and the point B are given. 
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Again^ because AO : EO :: EO : BO^ by division and al- 
ternationj A£ : £B :: EO : BO; that is^ the inflected lines 
have the given ratio of EO to BO. 

COMPOSrrtON. 

Braw AF through the centre of the given circle^ and 
make AO : EO :: EO : BO ; B is the point required. For 
join CO. Because £(!> is equal to CO^ therefore AO: CO:: 
CO : BO ; consequently the triangles ACO and- GBO^ 
having besides the common angle at Q« jare siinilarj and 
AC : AO :: BC : CO, or alternately AC : BC :: AO : CO, 
that is, in a given ratio. 

i 
< . . . . • - . « 

The porism now demonstrated is evidently derived froiQ, 
the local theorem, which forms the 14th Proposition of 
this Book. 



PROP. XXI. PORISM. 

A circle and a straight line being given in posi- 
tion, a point may be found, such that any straight 
line drawn from it to the given line, shall be a mean 
proportional between the segments intercepted by 
the given circumference. 

Let the straight line AB, and the circle HKF be given 
in position ; it is possible to assign a point D, through 
which a straight line FDC being drawn, CD shall be a 
mean proportional between the segments C£ and CF« 
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ANALiYSIS; 

From D let fall upon AB the 'per(iendicnlar IDG, and 
join CI and HK. Becau^ . OE : CD :: CD : CF, CD» is 
C£.CFi=: (III.36.E1.)CK.CI ; and, since GH passes tlupugh 
the point D, GH : 6D :.: 
GD : GI, and GD» q: GH!GI. a 
But" (II. 14. El.) CD» = CG» C 

• - _ • , • - ■ ' 

4- GD*^ and * consequently 
CK.CIi=CG*+GH.GT; take 
these away from CP sr CG»+ 
Gl% and there remains CI.KI 
= GI.HI. Whence CI : GI 
: : HI : KI^ and consequently 
the triangles CIG and HIK, 
having a common vertical an- 
gle, are similar; Wherefore 

the angle HKI, being thus equal to CGI^ stands in a se- 
micircle, of which HI is the diameter ; consequently GI 
is given in position^ and the points G,. H, and I b^ing 
thence given, the rectaagle umfer GH and GJ> or the 
square of GD^ is given, mi therefore the poiat.D. 

COMPOSITION. 

Through the centre O, draw the perpendicular G.OI ; 
and find (HI. 18. £1.) GD a mean proportional to GH 
and GI ; D is the point required. For (V. 6. EL) GD» = 
GHiGI, and (IIL 39^ EL) CE.CF = CG» + GH.GI = 
CX> + GD* =± CD*. 




' This porism may be supposed to derive its origin from 
the problem : — ^' Through a given point P, in the diame- 
ter of a circle, to draw a straight line CLPM to the per- 
pendicular AB^ so that the rectangle under the segments 
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CL and CM shall be equal to the square of GN.** Since 
(III. 39. El.) CL.CM=CG*+GH.GI=CG»+GD*=CD% 
it follows that CD=GN ; wherefore the point D being 
given^ the point C is also given^ and consequently the 
straight line CLPM. The problem is' solved, then, by mak- 
ing GD*=:GH.GI, and describing, from J) with the ra* 
dius GN, a circle to intersect the perpendicular in C. It 
is hence evident, that C is independent of the point B. 
Let CLM, therefore, coincide with CEF, and CE.CF= 
6N*=CD*, But this property must likewise obtain^ what- 
ever be the position of the point C. 



PROP XXIL PORISM. 

A point being given in the diamlter of a given 
circle, another point in the same extension may be 
found, such that the angle contained by two straight 
lines drawn from it to the extremities of a chord 
passing through the given point, shall be bisected 
by the diameter. 

In the diameter FH of a given circle, let A be a given 
point through which any chord BAG is drawn ; a point 
D may be found in the extension of the diameter, so that 
DC and DB being joined, the angle ADC shall be equal 
to ADB. 
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ANALYSIS. 

Join EB, and draw £0 and BO to the centre O. The 
triangles BOD and BOD^ having the side £0 equal to 
BO9 OD common^ and the 
angle ODE equal to ODB^ 
and being likewise of the 
flame affection^ since the an- 
gles DEO and DBO are 
evidently both acute — are 
(I. 0,4. El.) equals and con- 
sequently the angle EOG 
is equal to BOG. Whence 
the triangles OEG and OBG 

are (L 3. £1.) also equals and therefore EB is perpendicu- 
lar to the diameter FH. Wherefore (VI. 9. El.) FA : AH 
:: FD : DH ; but the ratio of FA to AH being given^ and 
consequently that of FD to DH, the point D (VI. 6. EL) 
is given. 

COMPOSITION. 

Make (VI. 3. El.) OA : OH :: OH : OD, and then D ia 
the point required. For join OC and OB. Because OH 
ss OC, OA : OC : : OC : OD ; wherefore the triangles 
AOC and COD, having thus the sides about their com- 
mon angle DOC proportional, are similar ; and hence the 
angle OCA is equal to ODC. In the same manner, it is 
proved that the angle OB A is equal to ODB. But BOC 
being an isosceles triangle, the angle OCA is equal te 
DBA ; whence the angle ODC is equal to ODB. 

This porism is likewise derived from the local theoreni 
given in Prop. 14. For AC, DC, and AB, DB being in- 
flected in the same ratio, AC : AB :: DC : DB; and con- 

« 

sequenlly (VI. 11, cor. El.) the angle BDC is bisected by 
DA. 
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PROP. XXHL PORISM. 

A point being given in the circumference of a 
circle^ another point may be foundy so that two 
straight lines inflected from them to the opposite 
circumference, shall cut off, on a given chord, ex- 
treme segments, whose alternate rectangles shdU 
have a given ratio. 

Let the circle ADBE, the ,point A, and the chpr4 J)£, 
be given in position,— another point C may be fpaqd, 
such that straight lines AB and CB inflected to the oppo- 
site circamference, shall form segments containing lect- 
angles DG, FE, and DF, GE, in the ratio of KM to LU. 



ANALYSIS. 

Join CA, and produce it to meet the extension o£ the 
chord ED in H. 

Because KM : LM : : DG. FE : DF. GE, by division 
KL : LM : : DG.FE— DF.GE : DF.GE; but OG.FE-^ 
DF.GE= (DF+l-'G) (GE+FG) 
— DF. GE =5 FG.DE, and K i. m 

consequently KL : LM 



• • 



FG.DE : DF.GE. Make 
KL : LM : : DE : DH, then 
KL: LM :: FG.DE :FG.DH; 
whence FG. DH = DF. GE, 
and, adding DF.FG to both, 
FH.FG = DF.FE = (IIL S6. 
El.) AF.FB. Wherefore FH : FB :: AF : FG, and (VI. 

13 
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15. El.) the triangles AFH and QFB are similar, and con- 
sequently the angle AHF is equal to FBG ; but the angle 
AHF is given, since the points A, H, and D are given, 
and, therefore, the chord AC, cutting off from the given 
circumference, a segment that contains a given angle ABC 
or FBG is given, and ^Ijicace the point C. 

4 

COMPOSITION. 

Produce the chord ED to H in the ratio of KM to LM, 
join HA, and, at any point B in the circumference, make 
the angle ABC equal to AHF; C is the point required. 

For, the triangles AFH and GFB being evidently simi- 
lar, F« : FB :: AF : F6, and FH.FG=FB.AF= DF.FE ; 
whence FH.FG— DRFG = DF.FE— DF.FG, or FGxDH 
= DFxGE. But KL:LM ::DE:DH ::.FGxDE: 
FGxDH, and therefore KL:LM::FGxDE:DFxGE;' 
consequently (V. 9- El.) KM : LM :: FG X DE+ DFxGE, 
orDGxFE:DFxGE. 

The porism now investigated arises naturally out of this 
problem : — ^^ From two given points A and C, one of 
which lies in a given circumference, to inflect straight 
lines AB and CB, so as to intercept on the chord D]B seg- ^ 
ments that contain rectangles Dd, FE and'DF, GE, 
which are in a given ratio,** -. For, the point H being as- 
sumed as before, the analysis requires that the angle ABC 
should be made equal to AHF. Whence, if on AC, a 
segment of a circle were described containing that angle^ 
its contact or intersection with the given circumference^ 
would determine the point of inflection. Supposing, there* 
fore, the two circles entirely to coincide, the problem 
will in that case become indeterminate, or admit of innur 
merable answers. 
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PROP. XXIV. PORISM, 

Twt) points and two diverging lines being given 
in position, straight lines, inflected from those points 
to one of the diverging lines, intercept segments, oi) 
the other, from points that may be found, and con- 
taining a reptangle which will be likewise assign- 
able. 

Let BF and £F be ipflected^ from the points D and lEl, 
to ihe diverging line AC ; they will cnt off segmentSj^ <m 
AB^ from points I and K which may be fofinjdi so )ha( the 
reptangle Ifl, GK sh^l be giyen. 

ANALYSIS, 

Join EI and EA^ DA and DK» and produce ED to meet 
AC in P. Since A, V, and P are so many points of inflec-r 
tion^ it is eyident, from the hypothesis^ that |A«AKvIH«6K 
:sIN.Nk; whence IH:IA 

: : AK : GK, and, by divi- (j 

sion, AH : lA :: AG : GK, 
and alternately AH : AG 
c : lA : GK. Through IS, 
draw LEM parallel to AB 
and meeting AC and FD 
produced; then (VL H. 
El.) LE : LM :: AH: AG ______ 

: : U : GK. Again, be- ^ ^ ^ 

cause IA.AKs:IN.NK, 

IN : I A :: AK : NK, by division AN : lA :: AN : NK^ and con- 
sequently IA=NK. Wherefore, by substitutipn, LE :LM ;: 
NK : GK, and LE : EM : : NK : GN, or alternately 
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LE : NK : : EM : Git, that is, (VI. 2. El.) ED : DN; 
hence (VL 16. £l:.}.the triangles LDE and KDN are simi- 
lar, and LDK forms one single straight line. Join DO. 
Since I A = NK, LE : I A :: LE : NK, that is (VL 2. EL) 
EO : OI :: ED : DN, tod therefore (VL 1. cor. 1, El.) 
DO is parallel to AB. Bat the parallels OD and LM be- 
ing given in position, the points O and L, and thence I 
and K, are given, and consequently the rectangle lA, AK 
is given. 

COMPOSITION. 

Draw DO, EL parallel to AB and meeting the exten- 
sion of AC, join EO, LD, and produce them to meet AB 
in I and K ; these are the points required. For DF and £F 
being inflected, LE : lA :: OE : OI :: ED : DN :: DM : DG 
: : LM : GK, and alternately LE : LM : : lA : G£ ; but ' 
LE : LM :: AH : HG, and therefore lA : GK :: AH : AG; 
consequently (V. 8. and IL El.) lA : IH :: GK : AK, and 
LA.AK = IH.GK. 

The porism thus investigated follows from this problem : 
'^ Two straight lines AB and AC being given in position, 
with the points I and K, E and D, to find a point F, such 
that the inflected linai EF and DF shall intercept seg- 
ments IH and GK, containing a given space :^ For, w^a 
the points I and K have the position before assigned^' th^t 
construction becomes indeterminate. 



PROP. XXV. PORISM. 

Three diverging lines being given in position, a 
fourth niay be found, such that straight lines can 
be drawn intersecting all these and divided by 
them into proportional segitaents. 
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Let AB, CD, end AE be given dlyergiog lipea, au^ 
HIKL any transverse line cut by tbem in ^ven ratios ; 4 
foartb diverging line FG may be fonnd limiting the seg- 
ment KL. 

ANALYSIS. 

Produce EA and GF to meet in M, throngb K and P 
draw NO and PO parallel to AB and FG, and meeting in 
O, join CO ; let H'I'K'L' be another transverse line divide 
ed into proportional 
segments^ draw P'l'O' 
parallel to PIO and 
meeting coin 0',and 
join O'K' and produce 
, it to N'. 

Because KO is pa- 
rallel to PH> HI : IK 
:: PI : lO ; and, since 
the parallels PO and 
P'O are cut by the 
diverging lines CP, M#' 
CI, and CO, PI : lO 
: : P'l' : I'D' ; consequently HT ; I'K' : : VI' : I'C, and 
O-N' is parallel to ON. Again, IK : KL :: OK : KN an^ 
I'K' :K'L' :: O'K' : K'N' ; wherefore OK : KN :: O'K' : K'N'; 
and hence the straight lines OC, EA, and GF all con- 
verge to the same point N. Now CA : AF : : OK : KN 
;: IK : KL ; whence the ratio of CA to AF being giTen> 
AF and the point F are given; but the point L is given, 
aodj therefore, FJXi is giyen in portion. 

COMPOSITION. 

Make CA tp AF in the given ratio of the segment IK 
to KL, and join FL; this is the diverging line required* 
For draw NK and PI parallel to AB and FG, and meeting 
in O, join CO, and, assuming ia it another point (X, 
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diraw likewise the parallels CK'N' and OPP, intersecting 
AE and AB in K' and P ; the transverse line H'l'K'U is 
cut similarly to HIKL. 

For, since NO, N'O are parallel to AB, and OP, O'P' 
parallel to FG> it foUows that HI : IK : : PI : 10 :: P'i' : TO' 
: : H'l' : VK'. Again, hecause CA : AF : : IK : KL :: 
OK : KN; whence OC, EA, andGF convergeto the same 
point, and consequently IK : KL :: OK:KN :: O^K':k'N' 
::rK':K'L'. ^ = . ; . 

The porism now demonstrated arises out of the indeter- 
minate case of a celebrated problem : — ^^ Four straight 
. lines, AB, CD, AE and F6, being given in positiimj to 
draw a transverse line, HIKL, 
that shall be cut by them into 
segments in a given proportion/' 
Suppose rt done; produce 6F 
and EA to meet in M^ draw the 
parallels NKO and PIO, and 
join MTO. Because TA : AF 
:: OK: KN:: IK: KL, the ra- 
tio of TA to AF is given^ and 
hence the point T and the straight 
line MO are given in position* 
Again, PI : lO : : HE : IK, and 
therefore the ratio of PI to PO 
is given ; but the triangle CPI^ 
being evidently given in species> 
the ratio of CP to PI ia given ; whence the ratio of CP 
to PO is given, and the triangle CPO is given in species. 
The straight lines MO and CO being, therefore, both gi- 
ven in position, their intersection O is given ; consequent- 
ly the parallels ON and OP are given in position, and 
thence are likewise given their intersections K and I, and, 
the transverse line HIKL. 
The construction is easity derived : For, having produ* 
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ced EA and GF to meet in M^ make FA : AT :: Z : Y> 
and draw MTO. Again, take any point Q in CB, draw 
QS parallel to FG, and make QR : RS :: X : Y, join CS 
and produce it to meet MO in O, and draw 01 and OK 
parallel to FG and AB ; HIKL, which passes througb the 
points of intersection I and K, is the straight line required. 
For HI : IK :: PI : 10 :: QR : RS :: X : Y, and IK:KL 
::0K:KN:TA:AF::Y:Z. 

Nowj if the ratio of C A to AF should he the same as 
ihat of Y to Z^ the point T will coincide with C^ and the 
strdght line TO with CO. The problem^ therefore, be- 
comes^ in this case, porismaticj or every point whatever 
in CO has the property which belonged before to the single' 
point 0« , 
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DEFINITION. 

Isaperimetrical figures are such as faav« %tpsl perime- 
ters, or the sanie extent of linear boundaiy. 



PROP. XXVI. PROB. 

Ib a straight line given in position, to find a 
pointy whose distances from two given points on 
the same side shall together be the least possible. 

Let it be required, from the points A and B to some 
point in CD, to draw AG andBQ, forming jointly a 
minimum* 
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ANALYSIS. 

from Bj either of the glveii points^ let fall BE a perpen- 
dicular upon CDj and^ haviag produced it equaUy on the 
opposite side, join GF. It ig obviotts that 4i6 triaoglet 
BEG, PEG are equal, aa4 
consequently that BG:9:6F ; 
whence AG-f-GF is a nmi^ 
mum* But the pmnts A and 
F are evidently both givenj 
and since (L 18. El.) the 
shortest communicatioii be* 
^ tween them ii a straight liae^ 
its intersection G with CD iit 
given, and therefore the in- 
flected lines AG and BG are given in position. 

It hence appears, that, when the combined distance of 
the points A and B from the straight line CD is the least 
possible, the incident angles AGC and BGD are equal. 
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PROP. XXVII. THEOR. 



Straight lines drawn from two given points to 
the circumference of a given circle are the least pos- 
sible, when they make equal angles with a tangent 
applied at the point of ii^flection. 

Of all the straight linee inflected from the points A and 
B to the circumference of the circle ODH^ AD tsittd BD 
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which meet the tangent £F at equal angles^ foaa tog< 
ther a mmimum. 

For^ by.the last proposition^ AD 
and BD, falling at an equal inci- 
dence^ • are jointly shorter than any 
other lines inflected from the points 
A and B to the straight line £F; 
but (I. 19* El*) such lines drawn to 
that tangent are less than the exte- 
rior lines which terminate in the 
circumference; whence^ for both 
these reiusons combined^ AD and 
BD must form the mmimum of all the straight liaet i 
ted to the circumference GDH. 




PROP.XXVm. PROB, 

To find -a point, whose distances from three gi- 
ven points are the least possible. 

Let it be required^ from the. points A^ B^ and C^ to 
draw AD^ BD^ and CD, such that their sum shall be a 
fmnimum. 

ANALYSIS. 

If the distance BD were supposed to remain constaaty 
the position of D, in the circumference of a circle de« 
scribed from B with the radius BD^ must, by the last pro- 
position, be sucb^ when AD and CD compose a minimum, 



10 



BOOK III* 



9m 



that the angl^ ADB shall be equal to CDB. For the 
same reason, if AD continued invariable, BD and CD, 
completing the minimum, must form with it equal angles 
ADB and ADC. Whence the 
straight lines AD, BD, and CD 
all make equal angles about 
their point of concourse. 

Hence this construction : — 
Connect the triangle ABC^ 
and upon each of the sides AC 
and BC describe equilateral 

triangles, and again circumscribe these by circles, which 
will intersect in the point D. For, the angles ADC and 
CDB, being the supplements of angles of equilateral trian^ 
glesy are each equal to two third parts of two right angles, 
or to one-third of four right angles ; consequently three 
such angles will stand about the point D. 
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PROP. XXIX. PROB. 

In a straight line given in position, to find a 
point, at which the straight lines, drawn to two 
given points on the same side, will contain, the 
greatest angle. 



. Let it be required to draw AC and BC, so that the angle 
ACB shall be a masnmum* 
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ANALYSIS. 

Describe )a circle about the points C^ A| and B. Be* 
cause the angle ACB is greater 
than any other which has its 
vertex in DE, the circumfer- 
ence must lie within that straight 
line^ and therefore D£ touches 
the circle ; but (III. 30. £l.)the 
point of contact C is given. 

It is hence evident^ that tT 
GA.6B = GC*, and, jtherefore, 
the* point C is assigned. 




PROP. XXX. PROB. 

To find a triangle with a given perimeter, and 
standing on a given base, which shall contain the 
greatest area. 

Let it be required to find a triangle ABC, constituted 
on the base AC, and containing, within a given perime<» 
ter, the greatest possible surface. 

ANALYSIS. 

Since the base of the triangle ABC is constant, while 
its area forms a maximum, the corresponding altitude must 
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evidently be the greatest possible^ and consequently the ver- 
tex B lies in a parallel the remotest from AC. Wherefore 
lines inflected from the points A and C^ to any point in 
that parallel^ must be together great- 
er than those drawn to any other pa- 
rallel ; or they miist be greater than 
the sum of AB and CB. Hence those 
sides are conjointly the shortest pos* 
sibJe^ and> therefore, (IIL 26.) the an^ 
gle ABD is equal to CBE ; but DE 
being parallel to AC> the alternating angles BAC and 
BCA are likewise equals and consequently their opposite 
sides CB and AB are equal. The triangle ABC is thu» 
isosceles ; and it is also given^ for its sides are all given. 

Cor. Hence an equilaterad polygoo is that whicfa^ under 
a given number of sides^ contains, within the same peri 
meter, the greatest possible fturface : For the rest of the 
figure remaining constant, suppose any two adjacent sidea 
to vary, and the accrescent triangle so formed will be a 
maximum, when those sides are equals The potygon^ de* 
riving its expansion from the aggregate accession of the 
exterior triangles, must therefore be the greatest possible^ 
when such triangles are uniformly isoscelesi and coose* 
quently all the sides of the figure are equal. 
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PROP. XXXI. THEOR. 



If a polygon have all its sides given except pne^ 
it will contiun the greatest area, when it can be 
inscribed in a semicircle, of Si^hich that indetenni- 
nate side is the diameter* 



Let the polygon ABCDEF^ having given sides AB^ BCy 
CD, D£ and £F^ stand upon a base AV, which is variable ; 
the area will attain its maximum, when AF becomes the 
diameter of a circumscribing semicircle. 

For, AD and FD being inflected to any point D, the 
spaces ABCD and DEF wiU remain the same^ while the 
angle ADF is enlarged, or the 
points A and F are distended. 
Whence the polygon must con- 
tain the greatest area, when 
the included triangle ADF is a 
maximum, Now> this* will take 
place when the altitude of the 
triangle, or the perpendicular let fall from the vertac F 
upon AD, is the greatest possible. Wherefore (1.22. El.) 
ADF is a right angle, and cohsequently (III. 26. £1.) the 
point D lies in a semicircumference ; but the same reason 
applies to every other intermediate point B, C, or E, of 
the polygon, which, consequently, in its state of maximum, 
is disposed within a semicircle described on the variable 
aide AF. 
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Cor. i. Hence a polygon^ whose sides are all given, 
contains the greatest areaj» when it can be inscribed in a 
circle. For let ABCD be a polygon^ which has each of 
its sides AB, BC^ CD^ and AD given. Draw the diame- 
ter AF, and join DF. The polygon ABCDF is thus a 
fnaximum ; but the triangle ADF being evidently determi- 
nate^ the jemaixung polygon ABGD^ is likewise amaxU' 
fnum. 

Cor. 2. Hence 9. regular polygoa is that which, wi£h a 
given perimeter, formed by a given number of sides, con* 
tains the greatest area. For^ by the corollary to the last 
Proposition, the sides axe all equal ; but its angles are 
(HI. 15. 8c 20. £1.) also equal, since it occupies the cic<* 
camference of a circle. 



PROP. XXXH. THEOR. 

A circle contains^ within a given perimeter, llie 
greatest possible area% 

From the preceding investigations, it appears^ that, the 
perimeter and number of sides being given, the figure of 
greatest capacity is a regular polygon. Let ABCDEF be 
nuch a polygon, bounded by the given perimeter : Bisect 
the corresponding arcs of the circumscribing circle, and 
another regular polygon MB6CHDIEKFLA will arise, 
having twice the number of sides. Draw the diameter 
MI/ and join MD and OD, Both pdygons are alike com- 
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posed of triangles equal to ODN and ODI^ and conse- 
quently the area of the poly* 
gon ABCDEF is to that of 
MBGCHDIEKFLA as ON 
to OI, or as sON, or PN, 
to ^Ol, or MI. But if this 
exterior polygon MBGCHD 
lEKFLA were conitracted to 
the same perimeter idth 
ABCDEF^ its area would 
(VI. 33. UU) be diminished 
in the ratio of DP to DN% 
that is, (IIL S6. and VI. 17- e. 1. El.) in the ratio of MI to 
M N. Whence (V* 16. El.) the original polygon is to an- 
other of equal perimeter^ and with double llie number of 
sides^ as FN to MN« An isoperimetrical figure has its 
area thus always increased^ by doubling the number of its 
sides. Continuing this duplication therefore, tb§ regular 
polygons which arise in succession will have their capacity 
perpetually enlarged. Whence the circle^ as it forms tlie 
limit or extreme boundary of all those polygons^ musV 
with a given circumference^ contain the greatest possible 
space. 
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PLANE TRIGONOMETRY. 



ELEMENTS 



or 



PLANE TRIGONOMETRY. 



Trigonometry is the science of calculating, from 
certain data^ the sides or angles of a triangle. Its 
conclusions are grounded on the application of the 
principles of Geometry and Arithmetic. 

The sides of a triangle are measured, by referring 
them to some definite portion of linear extent, 
which is fixed by convention. The mensuration of 
angles is effected, by means of that universal stand- 
ard derived from the partition of a circuit. Since 
angles were shown to be proportional to the inter- 
cepted arcs of a circle described from their vertex, 
tiie subdivision of the circumference therefore de» 
termines their magnitude. A quadrant, or the fourth 
part of the circumference, as it corresponds to a 

So 
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right angle, hence forms the basis of angular mea< 
Vsures. But these measures depend on the relation 
of certain orders of lines connected with the circle, 
and 'vhich it is necessary previously to investigate. 



DEnNJTIONS. 

1. The can^kment of an arc is its defect from a qua- 
drant; amtit»a{(sp&m«iil is its defect from a semicircum- 
ference. 

2. The sine of an arc is a perpendicular let fall from 
one of its extremities upon a diameter passing through 
the other. 

3. The verkd sine of an arc is thatportiop of a difimeter. 
intercepted between its sine and the circumference. , . 

«... 

4. The tangent of an arc is a perpendicular drawn at 

o^e extremity to a diameter^ and limited by a diame- 
ter extending through the other. ' 



V --*, 



5, The secant of an arc is a straight line which joins the 
centre with the tennination of th^ tangent. 



■■ In naming the sine^ tangent f in secant of the complement of an' 
arCf it is usual to employ the abbreviated terms of cosincp catan' 
g/Bnti and cosecant*^ A farther contraction is frequently made, in 
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noting the radius and other lines connected with the circle, by re- 
taining only the first syllable of the word, or even the mere ini- 
tial letter. 

Let ACFE be a circle, having the diameters AF and 
CE at right angles; having taken 
any arc AB, produce the radius 
OB, and draw BD, AH perpen- 
dicular to AF, and BG, CI per- 
pendicular to CE. Of this as- 
sumed arc AB, the complement is 
BC, and the supplement BCF ; the 
sine is BD, the cosine BG or OD, 
the versed sine AD 9 tl^ecoversedsine 
CG, and the supplementary versed 

sine FD ; the tangent of AB is AH, and its cotangent CI ; and 
the secant of the same arc is OH, and its cosecant 01* 

Several obvious consequences flow from these definU 
tions: — 

1. Since the diameter which bisects an arc bisects also 
the chord at right angles, it follows that half the chord 
of any arc is equal to the sine of half that arc. 

2. In the right angled triangle ODB, BD«+OD^=OB» ; 
and hence the squares of the sine and cosine of an arc are 
together equal to the square of the radius. 






>. The tiiangle ODB fiesing evidently similar to OAH, 
OD : DB :: QA : AH ; that is, the cpsine of an arc is to 
the sine> as the radius to the tangent. 
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4. From the similar triangles ODB and OAH, OD :0B 
:: OA : OH ; wherefore the radius is a mean proportional 
between the cosine and the secant of an arc. 

5. Since BD*=AD.FD, it is evident that the sine of an 
arc is a mean proportional, between the versed sine and 
the supplementary versed sine^ or between the smn aad 
difference of the radius and the cosine. 

6. flence also the chord of an ai% is a mean propor- 
tional between the versed sine and the diameter; for 
AB» = AD.AF. 

?• The triangles OAH and ICO being similar^ AH : OA 
:: OC : CI ; and hence the radius is a mean proportional 
between the tangent of an arc and its cotangent. 

8. Since OD* = BG» = CG.CE, it follows that the 
cosine of an arc is a mean proportional between the sum 
and the difference of the radius and the sine*: 



The circumference of the circle is commonly divided 
into 360 equal partly called degrees^ each of them being 
subdivided into 60 minutes^ and these again being each 
distinguished into 60 seconds. It very seldom is required 
to carry this subdivision any farther. Degrees^ minutes^ 
seconds^ or thirds^ are conveniently noted by these markS; 

Thus, 23* 27' 43" 42'", signiEes 23 degrees, 27 minutei; 
43 seconds, and 42 thirds. 
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Scholium, To discern moire clearly the connexion of the 
lines derived from the circle^ it will be proper to trace their 
successive values^ while the corresponding arc is supposed to 
increase. Let the arc AB' be made equal to AB^ draw the 
diameter FOA, extend the diameters 6'OB and 60B', join 
BB' and bl/, and at A apply the double tangent HAH'. 
It is evident that BE^be, or that the sine of the arc AB 
is equal to the sine of its supplement ABb* But B'£ and 
b'e, which lie on the opposite side of the diameter^ are 
likewise equal to BE; that is, 
the inverted sine of an arc is 
equal to the sine of that arc and 
its supplement; augmented each 
by a semicircumference. The 
arc AB, and its defect AB6 Fb'B 
from a whole circumference^ 
have both the same cosine OE; 
and the supplemental arc ABb, 
and its defect from a whole cir- 
cumference, have likewise the same cosine, although with 
an inverted position. AH is the tangent not only of AB, 
but of the arc ABbW, which is compounded of the ori- 
ginal arc and a semicircumference ; and the equal line 
AH', on the opposite side, is at^nce the tangent of the 
supplementary arc ABft, and of ABfcFi'B' compounded of 
that arc and a semicircumference* 

As the prolonged diameter fc'OBH, therefore, turns 
about the centre, the sine and tangent both increase till 
the arc attains 90% when the sine becomes equal to tfie 
radius, and the tangent vanishes into unlimited extent. 
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Between go^ and 180^^ the sine again diminishes^ and the 
tangent^ re-appearing in the opposite direction^ likewise 
contracts by successive diminutions. In the third qua- 
drant, the sine emerges with a contrary position, and in- 
creases till it becomes equal to the radius ; while the tan- 
s gent, resuming its first position, stretches out till it va- 
nishes away. Between £70^ and 36o^, the opposite sine 
again contracts, and the tangent, re*appearing on the 
same side, shrinks also by degrees to a point. 

The same phases are thus repeated at each succeeding 
revolution. Hence the sine of an arc a is equal to the 
tine of the arc (2m — i) 180®+ a, and to the opposite sine 
of (^m — i)180**+fl and of 2m. 180* — a; and the tangent of 
an arc a is equal to the tangent of the arc (2m — 1)180®+^^ 
and to the opposite tangents of the arcs (2m-*x) 180* — a 
and of 2mi 180*— a. 

An arc may, by a simple extension of analogy, be con- 
Chived to comprehend innumerable other arcs. Thus, the 
arc AB,. in fact, represents all the arcs which have their 
origin at A and their termination at B ; it, therefore, in- 
cludes not only the small arc AB, but that arc as aug- 
mented by successive revolutions, or the repeated addition 
of entire circumferences. Hence the sine or tangent of 
an arc a are tiie same with the sine or tangent of any arc 
ii.360*+a, -^ 
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PROP- I. THEOR. 



The rectangle under the radius .and the sipe (^ 
the sum or difference of two arcs, is equal to the 
sum or difference of the rectangles .under .their al- 
ternate sines and cosines. 



Let A and B denote two arcs, of which A is the greater; 
then, RxS,A=tB = S,AxCos,B±Co9,AxS,B. 

For, having made BC'=BC, it is evident that AC and 
AC will represent the sum and difference of the arcs A^ 
and BC ; join OB and CC, and draw HFH' parallel, and 
CE, FG, BD, and H'CE perpendicular, to the radiusOA, 

The triangles COF and C'OF, having the side CO 
equal to CO, OF common, and the contained angles FOC 
and FOC measured by the equal 
arcs BC and BC^ are equal ; where- 
fore OF bisects CC at right angles. 
But the triangles OBD and OFG 
being similar, OB : BD :: OF : FG, 
or HE, and consequently OBxHE 
= BD X OF. The triangles OBD 
and CFH are likewise similar, for the right angle CFO 
being equal to HFG, if HFO be taken from both, the re- 
maining angle CFH is equal to OFG or OBD;. whence 
OB : OD::CF : CH, and OB X CH=OD X CF. Wherefore 
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OBxHE+OBxCH,orOBxCE=sBDxOF+ODxCF. 
But BD and OD are the sine and cosine of the arc 
AB, CF, and OF the sine and cosine of EC, and CE is 
the sine of the compound arc AC. Consequently 
BxS,\C=S,ABxCo8,BC+C<iJ^BxS,BC. 

Again, taking the difference of the rectandes^ 
OBxH'Ef-OBxCtt', that is, OBxCli',=BDxOr- 
OUXCF; and hence RxS^AC = S,AB x Cos^C— 
Cos^BxS,BC. 

Cor» I. If the two arcs A and B be equals it is obvious 
that RxS.SAs SjA x SCos^A. 



Car. 9. Let the arc A conuin 45* ; then RxS,4^*: 
iS/l5«(Cos,B=t:S,B)=v'iR\Cos^BsisS^),orS^^dE3' 

:(Cos,Bd=S^V4* 



PROP. IL THEORt 

The rectangle under the radius and the cosine of 
the sum or ditterence of two arcs, is equal to the 
difference or the sum of the rectangles under their 
respective cosines and sines. 

Let A and B denote two arcs, of which A is the greater ; 
then RxCos^ Ast^BsCos^ A X Cos^ B =*= S^xS^. 
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For^ in the preceding figure^ the triangles OBD and 
OFG being similar, OB : OD :: OF : OG, and OBxOG 
srODxOF ; and the triangles OBD and CFH being like- 
wise similar, OB : BD :: CF: FH, or GE, and coiisequent^ 
ly OBxGE=BDxCF. Wherefore OB xOG- OB xGg 
=:OBxOE=ODxOF— BDxCF ; that is, RxCos,ACs: 
Cos, ABx Cos, BC— S,ABx S,BC. 

Again, taking the sum of those rectangles, O6XOG4* 
OBxG&= OB X OE'= OD X OF + BD X CF ; whence 
RxCos, AC'=Cos, ABxCos, BC+S,ABxS,BC. 

Cor. 1. If A and B represent two equal arcs, it will fol<* 
low, that R X Cos, 2 A = Cos*,A— S*,A ; but (2<K»r. def») 
Cos*,A = R» — S»,A, and therefore R X Cos,8A = 
R» — 2S*,A ; or 2S% A=R (R— Cos,'2A) = R X VS,2A, 
and SSA = JR X VS,2A, or S,A = •(JRCR— Cos, 2A)). 
Wherefore S%A - b%B = iR (VS,2A — VS,2B) = 
JR (Cos, 2B — Cos, 2A). 

Cor. %. Instead of A in the last corollary, substitute 
*45*+B, and S,4o>^ + B = i/ (iR (R— Cos, 90* + ^2B))= 
4/(4R(U+S,2B)). But, by the fid corollary of the pre- 
ceding proposition, S,4o**+B=(Cos,B+S,B)iv/i; whence 
Cos,B + S,B = v^(R (R+S,g B)). Agairr, S,45* — B = 
V (4R (R — Cos, 90* — 2B) ) ^ (4R (R — S,2B) ) = 
(Cos, B — S, B) i/ J ; consequently Cos^ B — ^ S, B =t 
V(R(R-S,2B)), ^ 
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PROP. in. THEOR. 



Of three equidifferent arcs, the rectangle "under 
tiie radiusj and the sum or di£Ference of the sioes 
of the extremes, is equal to twice the rectangle un- 
der the cosine or sine of the common, difference 
and the sine of the mean arc 

Let A — B, A, and A+B represent three arcs increasing 
by the difference B; then R(S,A~+^ + S^— B) = 
SCoa^BxSA and R(SA+B— S,A=B)=2S,BxCos>A. 



These properUes may be dedaced from the .precedii^ 
theoiems; but ttiey 
are more easily per- 
ceived, by referring 
immediately to the 
original figure. The 
triangles OBU and 
OFG being similar, 
OB:BD::OF:FG, 
or OB : BD : : SOF 
:2FG,orCE+CE', 
andOB(CE+C'E';= 
20Fx BD i that iB,R(S,AC + S.AC^s 2Co9,BCxS,AB. 
Again,0B:OD::CF:CH :: 2CF:2CHorCE— CE'.and 
OB(CE-CE')=aCFxBDjconBequentlyR(S,AC— S,AC) 
= 2S,BC X CoB^AB. 
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Cor. 1 . Hence also R(Cos,A — B + Cob, A 4> B) s 
.2Co8,B X CtB, A, and R(Cos, A— B— Cos, A + B)= 
2S,B X S,A. 

For OB : BD :: OF : OG :: 20F : 20G, or OE'+OE, 
)and OB(OE'+OE)r: 2OF x OD ; that is, R(Cos,AC' + 
Cos, AC) =s 2Cos,BC X <J08,AB. Again, OB : BD :: 
CF : FH :: 2CF : 2FH, or OE'— OE, and OB(OE'— OE) 
£= 2CF X BD ; tliat is, R (Cos,AC' — Co^C) «p 
2S,BC xS,AB. 



Cor.9.^ Since VS,B=R— Cos,B, it follows that R(S,A+ B 
+S,A— B) = 2R X S,A — 2VS,B X S,A, and consequently 
R X S,A+B = 2 R X S,A— R X S, A^^ — 2VS,B X S, A, or 
R(S,A+b^S,A) r= R(S,A— S,A=^— 2VS,BX S,A. In 
the same way, it is shown that ll(Cos,A — B — Cos, A) =: 
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R(Cos,A— Cos,A+B)+2VS,B x Cos,A. 



Cor. 3. If the mean arc contain 60®; then R(S,60*+B 
— S,(jO°— B)=2S,B X Cos,60% or S,B X 2S,30*. But twice 
the sine of 30® being (cor. 1. defin.) equal to the chord of 
60® or the radius, it is evident that S,60®+ B— 8,60®— B 
=:S,B, or S,60®+B=S,60°— B+S,B. 



This property also follows from Prop. 14. Book IV. of 
the Elements. 



Cor. 4. Let the mean arc be 45® ; then R(S,46®+ B — 
S,46®— B)=:2S,B X Cos,4^®=2S,B •iR*. Wherefore, from 
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the Sd corolliiiy to the last proposition, tSfi V| s 

V(il^ (I^ *(* ^'^B) ) — 4/ (|R (R — S,2B) X and cimae. 
qoenUyflS,B = V (R(R + S,2B))— -/(R( — S,£B.)) 

• 

Cbr« 5. Prodace CE to the circmnference, draw CI 
meeting the prodaction of FG in K^ and join OK. Since 
FK is parallel to CI and bisects CC% it likewise bisects 
iC; and hence OK is perpendicular to KO, which is, 
tiiereforej the sine of half the arc lAC, or of half the som 
of the arcs AC and A(y, as CF is the sine of half their 
different. Bat (Il.29.El.) lO* — CC* = ICx^C'E', or 
OK* — CP = CEx CE' ; consequently S»^B— S»,BC = 
S^AC X S^O, or^ employing the general notation, 
SS— S*,B=:S^+FX Sr-AB=(2.cor.i)jR(Co8,2B— Co6,2A0 

SchoBum. By help of this proposition^ the sines and co-sines 
of multiple arcs are easily determined; but the expressions 
for them will become simpler, if the radius be supposed 
equal to unit. For A,2A, and 3A being three equidiiSe^ 
arent arcs, S, A + S^A = 2Cos, A x S, 2A =z 2Cos, A X 
«Cos, A^ S, A, or S, SA = 4 Co&»,A xS,A— S^; and 
Co8,A+Co8,3A=2Cos,A x Cos,2A = 2Cos,A(2Cos»,A— i) 
S5 4CosM — 2Cos,A, or Cos, 3 A = 4Cos», A~3Cos, A. 
Again, since 2A, 3A, and 4A are equidifferent arcs, 
S,2A + S 4A = 2C0S, A X S,3A = 8Cos',A x S,A— 
8Cos,AxS, A or S,4A=:8Cos^ A X S,A— 4Cos,A xS,A; 
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Cos^ 2A + Cos, 4 A = 2C0S, A x Cos, 3 A = 
«Cos,A (4Cos^A— 3Cos,A) = 8Cos*, A— 8Cos»,A + i. 
In like manner, assuming the equidiflferent arcs 8A, 4A, 
5A, and the sine and cpsine of 5A are found ; and this mode 
of procedure may be continually repeated. To abridge the 
notation, however, it will be proger to express the sine and 
cosine of the arc a by s and c. The results are thus exhi« 
t)ited in a tabular form* 



S, Sa =r 4c'« — #. 
Sy 4a = Sc^s — 4c*. 
S, 5a = 16<?*5 — l2c^s+8, 
S, 6a = S^h — 32 ch + €ct. 
S, 7a = 64c<^4— SOc*s + 24c»5 — «• 

&c. Sec. 8cc. 



Cos, 2fl = 2c* — 1. 
Cos, Sa = 4c5 — Sc. 
Cos, 4a = 8c* — 8c» + 1. 
Cos, 5a = 16c' — 20c' + 6c. 
Cos, 6a = S2c^ — 48c^ + 18c* — i* 

&c. tec &€• 
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.^If^iif thSies^xpferfbj^ i— ^""lie wbafitated- for c», the 
ftmes'of the t>ad multiples tr, and the cosines of the even 
mtittiples Will be represented merely by the powers of the 
sine of a.' ' • 



S^ Sa = S« — 4^^. 

S, 7a = 7« — 56«« + 1 !&« — 6^\ 

8cc. &c. &c. 

Cos, 2a = — 2^+1. 

Cos, 4^=1 + 8«* — 8«* + I. 

Co8,6a =: — S2s'5 + 48«* — 18<* + i. 



- 9 



By tracing out the law of derivation, it would appear that, 
in general, 

a.3 ^ 3.3 4.5 



n'^i n*— o «* — ae , , , 

«. . . —p — •»' + &c. • 

2.3 4.5 6.7, ^ 

where n is any odd nnmbtr } and tlfat 

2 

^ n-4 . «z^ . 2"-'*-*^ rp &c. 
2 3 

where 11 is any eren number, the upper signs being used when half 

the number also is even, and the lower signs when that half is 

odd. 
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PROP. IV. TH£6lt. 

••,■■• 

4 

The sum of the sines of two arcs is to- their 
difference, as the tangent of half the sum of the 
arcs to the tangent of half the difference. 



If A and B denote two aros; the S,A + S,B : S, A. — S,l^ 
^A + B^A— B 

•• • , • \ • • 

Tor, let AG and AC' be the sum arid difference of the arcs 

AB and BC, or BC ; draw "the perpendiculars CE^andCEf, 
extend the chord CC , and 
apply at B the parallel tan- 
gent HBL^ meeting in K 
andLthe diameter produ- 
ced, and draw bCH,OFB 
and O'C'H'. Because CE 
is parallel to C E', and CK 
toHL,CE:C'E'::CK:C'K 
(VI. 2. El.) HL : H'L ; and consequently CE + C'E' . 
CE— C'E' : : HL + H'L : HL-HL', that is,2BL : 2BH, or 
BL : BH. But CE and C'E' are the sines of the arcs AC 
and AC', and BL and BH are the tangents of AB and BC 

• ^ 

or of half the sum and half the difference of thdke arcs 
Wherefores, AC + S,AC' :S,AC — S,AC':: T,-^£±l£'' 

a 

rr AC-AC'* 




O K 



-K'-V 



X C 



Cor. 1. The sines of the sum and difference of two arcs 
are proportional to the sum and difference of their tan* 
gents. For CE : dEf : : HL, or BL + BH 2 H'L, or 
BL — BH; that is^ resuming the general notation^ 
S^AlTb : SA^=15::T^ + T,B:T,A.— T,B. 

Car» 2. Let the greater arc be equal to a quadrant; and 

K + S,B ; R — S,B : : T,45* + iB : %4^^^B, or 
Cot. 45^ -fi fB. But, the radius being a mean propoiw 
tional between the tangent and cotangent of any arc^ 
it follo ws that ./ (R (R + S,B) ) ; ./ (R (R— S,B) ) : : 
R : Tj45^ — |B; orj since (cor. 7* def.) the cosine of an arc 
IS a mean proportional between the sum and the diffe* 
rence of the radius and the sine^ R 4- S^ B : Cos, B : : 
R2T*45'*^B, and R— S,B : Co8,B, or Cos, B : R + S3 
: : R: t. 45* + 4B. But Cos,B : S, B: : R :T, B, and 
Cos,B:R::R: Sec, B; whence T^* + |B s T;B 4* 
Sec, B. 

If, instead of B, there be substituted its complement, 
the former analogy will become R4.Cos,B ;S,B:: R :T,iB. 

Cor^ 3: Let the greater arc be 45^ ; and, from the first 
corollary, 8,45*" + B : 8,43* — B, or Cos, 4?+T3 : : 
R+T,B : R— T,B. But Cos,B : S,B :: R :T,B, and there- 
fore C8s,B + S,B : Cos,B~S,B :: R + T,B : R + T,B ; 
whence, applying cor. 2, Prop. IL ^(R(R + S, SB)) 
: ./(R (R — 8,2B)) : : R + T,b": R — T.B. 

Again, because €08,45** — B : S,45*— B ::R : Ty45*— B, 
it follows that, R + T,B : R— T,B ;: R:T,46*— B. 
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PROP.V, THEOR. 

As the difference or sum of the square of the 
radius and the rectangle under the tangents of two 
arcs, is to the square of the radius, — so is the sum 
or difference of their tangents, to the tangent of the 
sum or difference of the arcs. 

Let A and B denote tv^o arcs^ of which A is the greater; 



then R* =pT,AxT,B : R*: :T^ =1= T,B: T,A=±=B. 

For (3 cor. def. T.) R : T,A :: Cos, A : S, A, and R ; T,B :: 
Cos,B : S,B; whence (V. 21. El.) R*:T,AxT,B :: 
Cos, A X Cos,B : S^ x S,B, and (V. 8. and 11. El.) 
R* =pT,AxT,B : R» : 2 Cos, A X Cos,B=f=S,A X S,B: 
Cos, A X Cos,B, that is,R»=fcT, A x T,B:R* :: R X Cos,A=±=B: 
Cos, A X Cos,B. Bu t(3 cor. def. T,) Cos, A=±:B X T, A^Bss 



R X S,A±B, and Cos, A x Cos, B (T, A dfc T,B) =: 
Cos,A X T,A X Cos, B i Cos, A x Cos,B x T,B = 
R X S,A X Cos,B=i=R X Cos,A x S,B= (Prop. 1. T.) 
R»xS,A=±=B; wherefore (V. 3. El.) R x Co8,A±EB: 



Cos, A X Cos,B : : T,A dfc T,B : T,A =±: B, and conse- 
quently R» qp T,A xT,B : R» : : T,A =±= T,B : T,A*B. 



«i> 
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Otherwise thus : 
Let AB and BC, or BC, be two urcs, of which AB is 
the greater; make AD^ or AD, 
eqtal to BCj and tpply the respec- 
ttre tafigeats. Because OAE k a 
right attgled triaagie^ and 06 ;0F^ 
are drawHf Hiakitig equal aagks 
with OA and 0£^ it follows^ from 
cor. 2. prop. 28, Book VI. of the 
Elements, that O A»- AE x AG : O A» 
: : £G^ : AF, and consequendy 
R'- T,AB X T,BC;R*;;T>AB+T,BC: 
T,AB4.BC. Again, since OG,OF 
make equal angles with O A,OE, it is • 
evident, from cor. 1. to the same proposition, that 
OA* + AE X AiG : OA* : : EG : AF, and hence 
R* + T,AB xT,BC : R* : : T, AB— T,BC : T,AB— BC. 

Cor. 1 . Let the two arcs be ^nal ; and R*— T*, A : R* 
::2lT,A:T,2A. 

Cor. £. Let the greater arc contain 45^; and since 
T,45* = R, it follows that R»zpRxT,B : R» : : R =4= T,B 




:T,45*^ =i= B, or R qp T,B : R db:T,B : : R: T, 45*^=^8. 
Cor* 3. The radius being expressed by unit, the sum of 
the tangents of the angles of any triangle, is equal to the 
number arising from their continued product. For, let 
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A, B, and C^ denote the several angles of the triangle ; 
and since two of tb^sf^^ch as A dad 3, are supplemen- 
tary to the remaining one C^ the tangent of A-f-B is the 
isam^e (scbpL <kf . T.) as tb^^t <>f tbie third aof te iu ao joppo- 

eite direction. Wbenoft -t'^ ^a V'p «c -«• T#Cj «*4 

T,A+T,B=— T,C4.T,A.T,B,TA orT^+T;B+T,C.= 
T,A.T,B.T,C« 

Scholium. Assuming the radius equal to unit^ expressions 
are hence easily derived for the tangents -of multiple arcs. 
Let t denote the tangent of an arc a ; then i — ^ : i : : 

2t zTfia = -?!L and i— ^-^L : i ::t+-^ ^ T, Sa s: 
I— <* i—t* I— <* 

o f ft I 

^ r. In like manner, it will be found that. 

'^ I— io*»+5^ 

&c. Sec. &g. 

Jt nay be fhenct infiBmed^ 4li8t 

* - w^-i w^-2 *« • -. '•^^ n^^ fl-f*3 «•— 4 ^^ 
2 3^ 3 4 y 

2 3 4 
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PROP. VI. THEOR. 

The supplemental chord of half an arc, is a mean 
propo^tio^al between the radius, and the sum of 
the diameter and the supplemental chord of the 
whole arc. 



This property^ which is only a modification of cor. 1. 
Prop. 2, will admit of a more direct demonstration. Fox 
draw the chord AB^ the semicbords AE and BE^ and the 
3upplemental chords 

CB apd CE, and the ^.^^ ""^-^-^B 

radius OE. The iso- 
sceles triangles AEB 
and COE are similar^ 

fortheanglesOCEand 
EAB at the base stand 

on equal arcs AE and 

EB ; consequently AE : AB : : CO : CE. But, ACBE 

being a quadrilateral figure contained in a circle, C£.AB=r 

AE.CB + EB.CA = AE (CA + CB), or AE : AB 

:: CE : CA + CB ; wherefore CO : CE :: CE : CA + CB, 

orCE*=CA(^.^±^) 

Corm 1. Hence, in small arcs, the ratio of the sine to the 
arc approaches that of equality. For, let the semiarcs AE 
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and EB be again bisected in F and G ; and^ continuing 
their subdivision indefinitely^ let the successive interme- 
diate chords be drawn. The ratio of the sine BD to the 
arc AB may be viewed as compounded of the ratio of BD 
to the chord AB, of that of AB to the two chords AE and 
EB, of that of AE and EB to the four chords AF,FE,EG, 
and 6B, and so forth. But these ratios, it has been shown; 
are the same respectively as those of the supplemental 
chords CB,CE,CF, &c. to the diameter CA. And since 
each of the ratios CB : CA, CE : CA, CF : CA, 8cc. ap- 
proaches to equality^ it is evident that their compounded 
ratio, or that of the sine to its corresponding arc, must 
also approach to equality. 

Cor, 2. Hence the ratio of the sine BD to the arc AB 
is expressed numerically, by the ratio of the continued 
product of the series of supplemental chords CB,CE,0F, 
&c- to the relative continued power of the diameter CA. 
That ratio may, therefore, be determined to any^degree 
of exactness, by the repeated application of the proposi* 
tion in computing those derivative chords. But a very 
convenient approximation is more readily assigned. Make 
CD to CI as CB to CA, CI to CK as CE to CA, CK 
to CL as CF to CA, and so forth, stretching always to- 
wards the limit Z; then the ratio of CD^to CZ, be- 
ing compounded of these ratios, must express the ratio 
of the sine BD to its corresponding arc AB. Now 
CD : CB :: CB : CA; consequently CB-rCI, and CD : CI:: 
CI : lA, or the point I nearly bisects DAt Again^ 
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liaies themselves; for 2AO,AD = A& = BD* + AD*, or 

employing 'O to denote the versed sine, 2^=sj* + ^^ and 

«• « . • * ' 

«;= *^+— If, therefore, the arc he small, it may be snf- 

ficiently near to assume t^=-^; hut should greater accu- 
racy he required, suhstitute this value of v in the second 



term of the complete expression, and t?s=— + — , which 
will form a very close approximation. 



Calculation of the Trigonometrical Lines. 

The preceding theorems contain all the principles re- 
quired in constructing Trigonometrical Tables. The 
radius being denoted by unit, the several lines connected 
with the circle are referred to that standard, and are gene*' 
rally computed to seven decimal places. 

The first object is to compute the Sines for every arc 
of the quadrant. 

Since the semicircumference of a circle whose radius is 
unit was found, by the scholium to Prop. 38. Book VI. of 
the Elements, to be 3.1415926, the length of the arc of 
one minute is .0002909, which, in so small an arc, may be 
assumed as equal to the sine, and consequently the versed 
sine of a minute = 4(.G002909)* = .000,000,042,308. 
Whence, by cor. 2d. to Prop. 8d. S,A + l' = 2S,A — 
«S,A X .000,000,042,308 — S,A— 1 ' ; and therefore, by a 
series of repeated operations, the intermediate arc being 
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ftuccessively l', 4, 3\ 4*, &c. the sines of ^, S', 4*, 5', &c« in 
their order will be calculated. 

The numbers thus obtained will at first scarcely differ 
from an uniform progression^ the versed sine of 1% which 
forms the multiplier of deviation^ being so extremely 
small. It is hence superfluous to compute rigidly all those 
minute variations." The labour may be greatly shortened^ 
by calculating the sines for each degree only^ and em- 
ploying some abridged process for filling up the sines^ cor- 
responding to the subdivision in minutes. 

The arc of one degree being equal to .0174533, it fol- 
lows from the scholium to Prop. 6^ that the sine of 
lo = .0174533— J (.0174533)* = .0174524, and hence the 
versed sine of 1**=}(.0174524)* =.0001523. Wherefore 
S,A + 1** = 2S,A — 2S,A X .0001523 — S, A— 1<» ; or, ij 
from twice the sine of an arc diminished by its 6566i^^part the 
sine of an arc one degree lower be subtracted, the remainder 
will exhibit the sine of an arc, which is one degree higher^ 
Thus, 

S,2*»=2S,l«*— 2S,1*> X .0001523=s.0349048— .0000053 
=.0348995 

S,3*=2S,2**— SSjS** X .0001523— S,l*»=.0697990— .0000106— 
.0174524 = .0523360. 

S,4*»=2S,3**— 2S,3*^ X .0001523— S,2*^=. 1046720— .0000160— 
.0348995 = .0697565. 

After this manner, the sines for each degree is computed 
in succession. 

But the sines may be found, independently of the pre- 
vious quadrature of the circle. Assuming an arc whose 
chord is already known^ it is easy, from prop, to determine. 
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The Secants are deduced by cor. 4. to the defioitk>D»^ 
since they are the reciprocals of the cosines* 

From the lower tangents and secants^ the tangents of 
arcs that exceed 45*^ are most easily derived ; for (cor. 2. 
Prop. 4. T.) T,45^+a = Sec,2a + T,2a, Thus, T,46' = 
Sec,2*+T,^^ or 1.0355303= 1.000609^+.0S4£ttQ8. 



PRORVII. THEOK, 



In a right angled triangle, the radius is to the 
sine of an oblique angle, as the hypotenuse to the 
opposite side. 

Let the triangle ABC be right angled at B ; then 
B : S.CAB :: AC : CB. 

For assume AR equal to the given radius^ describe the 
arc RD, and draw the perpen- 
dicular RS. The triangles 
ARS and ACB are evidently 
similar, and therefore AR : RS 
:: AC : CB. But, AR being the 
radium, RSis the sine of the arc 
RD which measures the angle 
RAD or CAB ; and conse- 
quently R : S,A :: AC ; CB. 
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PROP. VIII. THEOR. 

I 

In a right angled triangle, the radius is to the 
tailgent of an oblique angle, as the adjacent side to 
the opposite side. 

Let the triangle ABC be right angled at B; then 
R:T,BAC :: AB:BC. 

For, assuming AR equal to the given radius^ describe 
the arc RD, and draw the per- 
pendicular RT« The triangles 
ART and ABC being similar, 
AR:RT::AB:BC. But,AR 
being the radius, RT is the tan- 
gen t of the arc RD which mea- 
sures the angle at A; and 
therefore R : T,A : : AB : BC. 




Cor. Hence the radius is to the secant of an angle, as 
the adjacent side to the hypotenase. For AT is the se« 
cant of the arc RD, or of the angle at A ; and, from'si* 
milar triangles, AR : AT : : AB : AC. 
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PROP. IX. THEOR. 

The sides of any triangle are as the sines of their 
.qiposite angles. 

In the triangle ABC> the side AB is to BC^ as the sine 
of the angle at C to the sine of that at A. 

For let a circle be described about the triangle ; and 
the sides AB and BC^ being chords of the intercepted 
arcs or of the angles at the centre^ 
are (cor. def. T.) equal to twice 
ibe sines of the halves of those 
angles^ or the angles ACB and 
^ CAB at tbe circumference. But^ 
of the same angles^ the chords or 
sines (VI. 35. El.) are propor- 
tional to the radius; and conse- 
quently AB; BC : : S,C: S,A. 




PROP.X. THEOR. 

In any trian^gle, tbe sum of two sideB, k to tbe 
difference, as the tangent of half the «Hm of the 
angles at the base, to the tangent of half their dif- 
ference. 



T, 



In the triangle ABC, AB + AC : AB— AC : : T, 
C— B 



C+B: 
2 



^ 
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For, by the last proposition, AB : AC : : S,C : S,B, 
and consequently (V, 12. El.) AB + AC : AB — AC : : 
S,C + S,B : S,C ~ S,a But, by Prop. 4, S,C + S,B : 

S,C — S,B :: T, ^±? : T,2:i? ; wherefore 
AB+AC : AB-AC : : T, ^1±2?;T,2=:?. 

Otherwise thus : 

From the vertex A, and witli a distance equal to the 
greater side AB, describe the semicircle FBD, meeting 
the other side AC extended both ways to F and D, join 
BD and BF, which produce to meet straight line DE ^ 
drawn paralkl to CB« 

Because the isosceles 
triangle DAB, has the 
same vertical angle with 
the triangle CAB, each af 
its remaining angles ADB 
and ABD is (I. 34. El.) 
equal to half the sum 

of the angles ACB and ABC; and therefore (IL 13. cor.) 
the defect of ABC from thatmean, that is the angle CBD, 
or its alternate angle BDE, must be equal to half the dif- 
ference of those angles. Now FBD being (III. 26. El.) 
a right angle, BF and BE are tangents of the angles BDF 
and BDE, to the radius DB, and hence are proportional 
to the tangents of those angles with any other radius. But 
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siQce CB and DE are parallel, CF, or AB + AC : CD, or 
AB — AC : : BF : BE ; consequently AB + AC : AB— AC 

,.yACB + ABC . T,^i25=:^,orAB+AC:AB— AC 

: : Cot. } A : Cot. B-HA,pr— Cot. C+5A. 

Cor. Suppose another triangle abc to have the sides ab 
And ac equal to AB and BC, but containing ^ 

a right angle : It is obvious that Tj^iT^ ^— 



* or 




rp ACB+ ABC rp ACB — A BC 
: : 1, : i, ^ 

E:T,4-5^ :: T,ACB±ABC^ ACB-ABC ^ 

^ J 2 2 

that is, R : T, 45*>— 6 : : Cot. iB : Cot. B + 4A, or, 

— Cot, C + 4 A. Now, in the right angled triangle abc, 

aby or AB, is to ac, or AC, as the radius, to the tangent of 

the angle at &. 



PROP. XL THEOR. 

In any triangle, as twice the rectangle under two 
sides, is to the difference between their squares and 
the square of the base, so is the radius, to the co- 
sine of the contained angle. 

In the triangle ABC, 2AB X BC : AB'' + AC* — BO 
B: Cos, BAG. 
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For let fall the perpendi* 
cular BD« In the right an- 
gled triangle ADB^ A6 : AD 
:: R : S^ABD, or Cos, B AC ; 
consequently 2AB X AC : 
«AD X AC ;: R : Cos, B AC. 
But (11.31. El.) twice the rect- 
angle under AD and AC is 
equal to the difference of the 
squares AB and AC from the 
square of BC. Whence 
MBxAC : AB» + AC*— BC* :: R: Cos, BAG. 




PROP. XII. THEOR. 



In any triangle, the rectangle under the semipe- 
rimeter and its excess above the base, is to the 
rectangle under its excesses above the two sides, 
as the square of the radius, to the square of the 
tangent of half the contained angle. 

In the triangle ABC, the perimeter being denoted by P, 
iV (4P— AC) : (iP— AB) ttP— BC) :: R» : T%4B. 

For, employing the same construction as in Prop. d7> 
Book VI. of the Elements; since the triangles BIE and BGP 
are right angled, BI : IE :: R:T,IPE, orT,4B, and 

BG : GD :: R : T,GBD, or T,SB ; whence 
(V. 21. El.) BIxBG : lExGD :: R* : T»,4B. 

2'E 
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But it was proved that 
IE X GD :=: AI X AG; 
wherefore BI x BG : AI x AG 
::R*:T*,iB. Now BI 
is equal to the aemipe- 
rimeter^ BG is its excess 

above the base AC^ and 

%° 

AI, AG are its excesses 
above the sides AB and BC; . 
consequently the propor- 
tion is established. 




PROP. Xm. THEOR. 

In any triangle, the rectangle under two sides, is 
to the rectangle under the semiperimeter and its 
excess above the base, as the square of the radiuS; 
to the square of the cosine of half the cor^tained 
angle. 

Jn the triangle ABC, the perimeter being denoted by P, 
AB X BC : iP (iP— AC): :R* ^Cos/ 4B. 

For, the same construction remaining ; in the right 
angled triangles BIE and BGD, 

BE : BI : : R : S, BEI, or Cos, §B, 
and BD : BG : : R : S,BDG, or Cos, 4B ; 
whence BE X BD : BI X BG : : R* : Cos% 4B. 
But the quadrilateral figure EADC being right angled 
at A and C, is (III. £1. cor.) contained in a circle, and 
consequently (III. 20. El.) the angle AED 6r ABB is equal 
to ACD or to DCB ; wherefore, since by construction the 
angle ABE is equal to DBC, the triangles BAE and BDC 



sat similar^ fliad BE : AB :: BC: BD, or BEx BBs AB X BC. 
Hence AB X BC:BI X BG : :R» : 0>sMB. thepy6- 
position is tberefore demonstrated. 

PROP. XIV. TffEOfR. 

In any triangte, as thft reel|mgl6^iiiwfcr twa siifes 
is to the rectangle under the excesses of thesemipe- 
rimeter above those sides, so is the square of the 
radius, to the square of the sine of half their con- 
tained angle. 

In the triangle ABC, the perimeter being still denoted 
byP, A6xBC:(5P^Ail)(4P— BC)::R*:S%46. 

For, the same construction being retained, in the right 
angled triangles Bl£; and BGD, ]^£ : IE : : R : S,iB, 

andBD:GD::R:S,4B; 
whence BE x BD : IE x GD : : R* : S*,iB. 
But it has been proved that BE X BD =: AB X BC, 
and IE X GD = AI x AG, or the rectangle under 
the excesses of the seiniperimenter above the sides AB 
and BC ; wherefore the proposition is established. 

Otherwise thus: 
Produce the shorter side B€ till BD be equal to AB, 
join AD, let BE bisect the 
vertical angle, and draw CG 
and CF parallel to BE and AD. 
Since BE is perpendicu-^ 
lar to ED and FC, it follows 
that BD,or AB : ED : : R: S,iB, 

and BC : FC, or EG :: R : S,4B. 

Wherefore ABxBC;EDxEG ^ a: ^ :s> 
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; : R» : S*,iB. Now (II. 29. El.) 2ED X 2EG= AC»— CD» » 
II. 23. £1.) (AC + CD) (AC— CD), and consequently 

^^ ^« /AC+CD\ /AC— CD\ ,.,» AC + CD 
EDxEG=(-|— }(— ^jjbut __. = 

AC + AB-BC ^ P-2BC ^ ^_^^ ^^^ AC-CD 

2 2 2 

AC-(AB-BC) ^ P_|AB ^ p^^g jjence, by snb- 

stitution, AB X BC : (4P— AB) (fP— BC) : ! R»: S»,iB. 



The eight preceding theorems contain the grounds of 
trigonometrical calculation. A triangle has only five es- 
sential or variable part&^the three sides and two angles 
the remaining angle being merely supplemental. Now, 
it is a general principle^ that^ three of those parts being 
given^ the rest may be thence determined. But the right 
angled triangle has necessarily one known angle ; and^ in 
consequence of this^ the opposite side is dedncible from the 
containing sides. In ^right angled triangles^ therefore^ 
the number of essential parts is reduced to four, any two 
of which being the assigned^ the others may be found* 



PROP. XV. PROB. 



Tw6 variable parts of a right angled triangle 
being given, to find the rest- 

This problem divides itself into four distinct cases, ac- 
cording to the different combination of the data. 
!• When the hypotenuse and a side are given. 
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2. When the two sides containing the right angle are 
given. 

3. When the hypotenuse and an angle are given. 

4u When either of the sides and an angle are give^. 



The first and third cases are solved by the application 
ef Proposition 7, and the second and fourth cases receive 
their solution from Proposition 8. It may be proper, hovr 
ever^ to exhibit the several analogies in a tabular forn^. 




Case. 


• 
8 

a 
o 


Sought. 


SOLUTION. 


I 


AC, 
AB 


A, or C, 
BC 


Ac : AB : : R : S, C, or Cos, A' 
R : S, A : : AC : BC. 


II 


AB, 
BC 


A,erC 
AC. 


AB : BC : : R : T, A,or Cot, C, 
Cos, A : R : X AB : AC, or 

R : Sec, A I : AB : AC. 


III 


AC 
A 


AB 
BC 


R : Cos, A : : AC : AB. 
R:S, A: : AC:^C. 


IV 


AB, 
A 


BC 
Ac 


R : T, A : : AB : BC. 
Cos, A : R : : AB : AC, or 
R : Sec, A : : AB : AC. 



In the first and second cases, BC or AC might also be 
deduced, by the mere application of Prop. 14. Book II. of 
the Elements: For AC»=AB»+BC^orAC=:V(J^^*«V^C^^ 
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8B«I BC# Si AO ^ A3* B (AiC + AB) (AC — ^\ 
or BC = v' (AC + AB) (AC— AB). 

• 

Cor. Hence the first case admits of a simple approxi* 
mation. For^ by the £d corollary to Proposition 6^ it ap- 
pears that^ AC being made the rlidius^SAC-i- AB is to SAC^ 
as the side BC is to the arc which measures its oppo- 
site angle CAB^ or alternately 2AC 4- AB b to BC^ 
as 3AC to the arc corresponding to BC. But the radius is 

o / // /r/ o 

equal to an arc of 57 17 44 48, or 57 J nearly; where- 

o 

fore S AC is to the arc which corresponds to BC, as 3 X 37i# 
or 172% to the number of degrees contained in the angle 
CAB, and consequently 2 AC + AB : BC : : 172* : the 
expression of the angle at A, or AC + }AB : BC : : 86** ; 
number of degrees in 4he angle at A. 

This approximation will be the more correct, when the 
side opposite to the required angle becomes small in com- 
patison with the hypotenuse ; but the quantity of eiror C9,% 
never amount to 4 minutes, 

PROP. XVL PROp. 

Three variable parts of a^i oblique angl^fl triangle 
bein^ given, to find the other two* 

This general pxpblem includes three distinct cases, each 

of which ag£vin is branched into two subordinate divisions. 
1. When all the three sides are given. 

S. When two sides and an angle are given; which angle 
may either be contained by these sides, or subtended by 
one of them. 

3. When a side and \yjo oi \Sci^ «cv«ks ire given. 
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The first case admits of four different solutions^ derived 
from Propositions 11^ 12^ 13> and 14^ and which have 
their several advantages. The second case, consjsting of 
two branches, is resolved by the application of propositions 
9 and 10 ; and the solution of the third case flows imme- 
diately from the former of these propositions. 



CO 

o 



1. 




o 



•a 

9 

O 

CO 



SOLUTION. 



AB, 

BC, 

and 

AC. 



B 



AB X BC : (iP— AB)(iP— BC) : : R» : S%4B. 
iP(|P— AC): (iP— AB)(iP— BC) : : K» :TS 4 B. 
AB X BC : iP (i P— AC) : : R» : CosM B. 
3AB X BC: AB* + BC* —AC*: : R : Coe, B. 



■h Bi 



lAB, 
BC, 

C. 



2 



A» AB : BC : : S,C : S,A ; whence B> and 






tnd 

AC. 



AB, 
BC, 

and 



A, 

or 

c, 

and 

AC. 



S,C : S,B : : AB : AC. 



AB + BC ; AB— BC : : Cot. i B :: Cot. A + iB, 

or — Cot, C— IB. 
f AB : BC : ;-R ; T, b; and ; 

I R : T,45*^— b : : Cot. iB : Cbt, A + 4 B, 

or-^Cot, C — iB. 
S, A : S,B : : AB : AC, or 
AC =: v^ (AB» + BC*— 2AB X BC X Cos, B.) 



II. 



A, 
B, 

and 
thence 

c. 



BC 
AC 



S,C : SA : : AB : BC. 
S,C : SB : : AB : AC. 



I 

2 
S 

5 

6 



8 

9 
10 



i 



U 

12 
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For the resolution of the first Case^ the analogy set dowa 
first, is on the whole the most convenient, partieulaily if 
tike angle sought do not approach to two right angles. The 
second analogy may be applied through a wider extent, 
but is liable in practice to some irregularity, when the angle 
sought becomes veiy obtuse. The third and fourth analo- 
gies, especially the latter, are not adapted for the calcula- 
tion of very acute angle;; they will, however, answer the 
best when the angle sought is obtuse. It is to be observed, 
that the cosines of an angle and of its supplement are 
the same, only placed in opposite directions ; and hence 
the second term of the analogy, or the difference of 
AB* + BC* from AC*, is in excess or defect, according 
as the angle at B is acute or obtuse. 

These remarks are founded on the unequal variation of the 
sine and tangent, corresponding to the uniform increase of 
an arc. Thus, suppose the arc A, to receive a small addi« 
tion a ; then by S,A+a = S,A+ Cos. a +Cos, A4'Sjii,or, 
since Cos, a must approach extremely near to the radius, 
S,A+a — S,A=Cos, A+S,a very nearly. Wherefore the Va- 
riation of the sine of an arc is proportional to its cosine, 
and consequently, in the vicinity of the quadrant, the 
slightest alteration in the value of a sine would occasion 
a material change in the arc itself. Again, by Prop. 4, 



T,A-hT,a 



T,A+a= ^ ^jA+Ta' ^^ "^^""'^ T,A+T,a+T»,A.T/i,and 

T,A + a— T,A = T/i(i+T*,A); whence the variation 
of the tangent, is proportional to the square of the secant, 
and must therefore increase with extreme rapidity as the 
arc approaches to a quadran t. 
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The first part of Case IL is ambiguous^ for an arc and 
its supplement have the same sine. This ambiguity, how- 
ever, is removed if the character of the triangle, as acute 
or obtuse, be previously known. 

For the solution of the second part of Case IL the first 
4aialogy is the most usual, but the double analogy is the 
best adapted for logarithms. The direct expression for 
the side subtending the given angle is yery commodious^ 
where logarithms are not employed. 



PROP. XVII. PROB. 

Given the horizontal distance of an object and 
its angle of elevation, to find its height ^nd abso* 
lute distance. 

Let the angle CAB, which an pbject A makes at the 
station B, with an horizontal line, and also the distance 
BC of a perpeiidicular AC, to find that perpendicular, 
and the hypotenusal or 
aerial distance BA. 

In the right angled tri- 
angle BCA, the radius is 
to the tangent of the angle 
at B as AB to AC, and the 

radius is to the secant of the angle at B, or the eo* 
sine of the angle at B is to the radius, as AB to BC 
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PROP. XVni. PROB. 

Given the acclivity of a line, to find its corre^ 
spondiag vertical and horizontal length. 

In the preceding figure, the angle CBA and the hjpo- 
tenusal distance BA being given to find the height and 
the horizontal distance of the extremity A. 

The triangle BCA being right angled, the radios is to 
the sine of the angle CBA as BA to AC, and the radius 
is to the cosine of CBA ajs BA to BC, 

If the acclivity be small, and A denote the measure 

A 

of that angle in minutes ; then AC = BA X :r nearly. 

° 3438 ^ 

But the expression for AC, will be rendered more accu- 

AC^ 

rate, by subtracting from it, as thus found, the^quantity r— - * 

^ BA* 

In most cases when CBA is a small angle, the horizon- 
tal distance may be computed with sufficient exactness, by 

AC* 
deducting ^^, or BA X A* X .000,000,0423, from the 
2dA > 

hypotenusal distance* 



PROP- XIX. PROB. 

Given the interval between two stations, and the 
direction of an object viewed from them, to find 
its distance from each. 

Let BC be given, with the angles ABC and ACB, i(k 
calculate AB and AC. 
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In the triangle CBk, the angles ABC and 
AC3 bisipg given^ the remaining or supple- 
mental angle 6AC is thence given ; and con^ 
sequently, S,BAC : jS^CP :; BC : AB, and 
S,BAC :: S,ABC:BCiAC; 



:b 




PROP. XX. PROB. 

Given the interval between two stations, and the 
directions of two remote objects viewed from them 
in the same plane, to find the mutual distance, and 
relative position, of those objects. 

Let the points A^ represent the two ohjects, and C,D 
the two statioQs from which these are observed ; the in- 
terval CD being measured^ and also the angles CDA^CDB 
at the first station, and DCB,DCA at the second ; and it 
is thence required to determine the transverse distance AB^ 
and its direction. 

Find^ by the last problem^ the distances AC and BC of 
both objects from one of the sta- 
tions C ; then the contained 
angle ACB^ or the excess of 
DCA above DCB, being like- 
wise given^ the angles at the 
base AB of the triangle BCA^ 
and the base itself, may be cal- 
culated^ from the analogies ex- 
hibited for the solution of the 

second branch of Case II. For AC + BC : AC— ^C, 
: : Cot, 5 ACB ; Cot,JACB+CAB, andlVwxa^V »s^^^^^^ 
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is found ; or^ more convenieatlj bj two successive opera* 
tions, AC : BC : : R : TA and R : %is^b :: Cot, iACB : 
: Cot, 4 ACB+CAB. Now, S,C AB : : S,ACB : : BC : AB, 
or AB = v^( AC»+BC* — 2 AC X BC X Cos, ACB). Again, 
the inclination of A B to CD is evidently the supplement 
of the two interior angles CAB and DCA. 

Cor. Hence the converse of this problem is readily solved. 
Suppose two remote objects A and B, whose mutual dis- 
tance is already known, are observed from the stations 
C and D, and it were thence required to determine the 
interval CD* Assume unit to denote CD, and calculate 
AB according to the same scale of measures; the actual 
distance AB being then divided by that result, will give 
GD : For the several triangles which combine to form 
the quadrilateral figure C ABD, are evidently given in spe^ 
cies. 



In this and the following problem, the angles on the 
ground are supposed to be taken by means of a theodo- 
lite. If the sextant be employed for that purpose, such 
angles, when oblique, must be reduced by calculation to 
their projection on the horizontal plane. This reduction, 
however, belongs properly to Spherical Trigonometry. 

In surveying an extensive country, a base is first care- 
fully measured, and the prominent distant objects are all 
^ connected with it, by a series of triangles. To avoid, in 
practice, the multiplication of errors, these triangles should 
be chosen, as nearly as possible, equilateral. 
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PROP. XXI. PROB. 



The mutual distances of three remote objects be- 
ing given, with the angles which they subtend at 
a station in the same planCi to find the relative 
place of that station. 

Let the three points A^ B^ and C^ and the angles ADB 
and BDC which they form at a fourth point D^ be given; 
to determine the position of that point. 

Through D and the extreme points A and C describe a 
circle^ draw DB cutting the circumference in E, and join 
AE and CE. 

1. In the triangle AEC, the side AC^ and the angles 
ACE and CAE, which are equal (III. 20. El.) to ADB and 

BDC, being given, the side AE is found by Case III. 

2. All the sides of the triangle 
ABC being given, the angle CAB 
is found by Case I. 

S. In the triangle BAE, the 
sides AB and AE are given, and 
their contained angle EAB, or 
the difference of CAE and CAB, 
are given, whence, by Case II., 
the angle ABE or ABD is found. 

4. Lastly, in the triangle DAB, the side AB and the 
angles ABD and ADB being given, the side AD or BD 
is found by Case III., and consequently the position of 
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Ulements o^ 



the point D, with respect to A and B is determined. By 
a like process^ the relative position of D and C is deduced; 
or CD may be calculated by Case 11. from the sides 
AC^AD^ and the angle ADC^ which are given in the tri* 
angle CAD. 



It IS obvious that the calculation will fail^ if the points 
B and E should happen to coincide. In fact^ the circle 
then passing through B^ any point D whatever in the op>- 
posite arc ADC will answer the conditions required, 
since the angles ADBj and BDC, being now in the same 
tegmenta must remain unaltered. 

Otherwise thus* 

On AB describe (III. 31. £1.) a segment of a circle 
ADB containing an angle equal to that subtended by the 
objects A and B, and on BC describe another segment 
BDC cdntaining an angle equal to that stfbteiTded by the 
objects B and C ; the point D, where the two circumfe- 
rences intersect^ will evidently mark the statioii requked. 

Join AD,BD,CD^ draw the diameters BF,B6, and join 
AF,CG,DF and DG. 
The angles BDF and 
BDG, thus occupying 
semicircles, are right 
angles, and therefore 
DGF forms but one 
straight line. Hence 
the$e successive calcu- 
lations. 

1. AH the sides oi 
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the triangle BAC being given, the angle ABC is found by 
Case I. 

2. In the right angled triangles BAF, BC6, the sides 
AB,BC, and the angles AFB,BGC, which are equal 
(111. 20. El.) to ADB,BDC, being given, the hypotenuses 
BF,BG, or the diameters of the circles are thence found. 

3. In the triangle FBG the two sides BF,BG being now 
given, with the angle FBG=CBG— CBF=CBG— ABC+ 
ABF = BAC + BCA— ADC, the angle BFG is found by 
Case IL 

4. Lastly, in the right angled triangle BDF, the hypo- 
tenuse BF, and the angle BFD or BFG being given, the 
side BD is found ;'and since the angle FBD is also known, 
the position of the point D is assigned. 

Should the iwq circles have the same centre, their cir* 
cumferences must obviously coincide, and therefore every 
point in the containing arc will answer the conditions re*^ 
quired. When this porismatic or indeterminate case of 
the problem occurs, the distances AB and BC become 
chords of the corresponding observed angles, and are con- 
sequently, by Proposition 1, proportional to the sines of 
those angles. 

Scholium. The vertical angles employed in the mensu* 
ration of heights, being estimated from the varying di- 
rection of the level or the plummet, will evidently, when 
the stations are distant, require some correction. Let the 
points A and B represent two remote objects, and C theiir 
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centre of gravitation ; with the 
radius CA describe a circle^ 
draw CB cutting the circumfe- 
rence in D and E^ and join £A 
and AD. The converging lines 
AC and BC will indicate the di- 
rection of the plummet at A and 
B, the intercepted arc AD, will 
trace the contour of a quiescent £ 

fluid, and the tangent AZ, being applied at A, will mark 
the line of the horizon from that station. Wherefore 
the vertical angle observed at A is only ZAB^ which 
is less than the true angle DAB, by the exterior 
angle DAZ. But (III. £9, £1.) DAZ being equal to the 
angle AED in the alternate segment, is (III. 19* EL) equal 
to half the angle ACD at the centre. Hence the true ver. 
tical angle at any station will be founcj, by adding to the 
observed angle half the measure of the intercepted arc; 
^nd this measure depending on the curvature of the earth, 
which is neither unifoim nor quite regular, must be dedu- 
ced, for each particular place, from the length of the cor- 
responding degree of latitude. 

Such nicety, however, is very seldom required. It will 
be sufficiently accurate in practice to assume the mean 
quantities, and to consider the earth as a globe, whose cir- 
cumference is 24,856 miles, and diameter 7,912. The 
arc of a minute on the meridian being, therefore, equal to 
6076 feet, the correction to be added to the observed 
vertical angle must amount to one second, for every 69 
yards contained in the intervening distance. 

The quantity of depression ZD below the horizon i& 
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bence easily computed ; for (III. S6. El.) AZ*=EZ.ZD, or 
very nearly ED.ZD ; and consequentiy the depression of 
an object is proportional to the square of its distance AZ. 
In the space of one mile, this depression will amount to 
to 4|tt parts of a foot; and generally, therefore, it may be 
expressed in feet, by two-thirds of the square of the dis- 
tance in miles* 

But the effect of the earth's curvatnre is modified by an* 
other cause, arising from optical deception. An object is ne- 
ver seen by us in its true position, but in the direction of the 
ray of light which conveys the impression. Now the lu- 
minous particles, in traversing the atmosphere, are, by the 
force of superior attraction^ refracted or bent continually 
towards the perpendicular> as they penetrate the lower 
and denser strata ; and consequently they describe a cur- 
ved track, of which the last portion^ or its tangent^ indi- 
cates the apparent elevated situation of a remote point. 
This trajectory, suffering almost a regular inflexure^ may 
be considered as very nearly an arc of a circle,, which has 
for its radius six times the radius of our globe. Hence, ta 
correct the error occasioned by refraction,, it will only be 
requisite to diminish the effects of the esurth's corvatoreby 
one sixth part, or to deduct,, from the vertical angles,, the 
twelfth part of the measure of the intervening teriestxiat 
arc. The quantity of horizontal refraction however, a» ii 
depends on the density of the air at the surface, is ex- 
tremely variable^ especially in our unsteady climate.. 
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Note i.~ Pages 1, 2, and 3. 

X HE primary objects which Geometry contemplates are, from 
their nature, incapable of decomposition. No wonder that in- 
genuity has only wasted its efforts, to define such elementary no- 
tions. It appears more philosophical to invert the usual proce- 
dure, and endeavour to trace the successive steps by which the 
mind arrives at the principles of the science. Though no words 
can paint a simple sound, this may yet be rendered intelligible, by 
describing the mode of its articulation. 

The founders of mathematical learning among the Greeks were 
in general tinctured with a portion of mysticism, transmitted from 
Pythagoras, and cherished in the school of Plato. Geometry be- 
came thus infected at its source. By the later Platonists, who 
flourished in the Museum of Alexandria, it was regarded as a pure 
intellectual science, far sublimed above the grossness of material 
contact. Such visionary metaphysics could not impair the solidity 
of the superstructiu-e, but did contribute to perpetuate soxbe mis- 
conceptions, and to give a wrong turn to philosophical specula- 
tion. It is full time to restore the sobriety of reason. Geometry, 
like the other sciences which are not concerned about the opera- 
tions of mind, rests ultimately on external observation. But those 
ultimate facts are so few, so distinct, and obvious, that tne sub* 
sequent train of reasoning is safely pursued to^ unliii^te^ extent. 
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witboot ever J^Mdiag again to the endeoce of the tcBKi. The 
cdenoe of Geometry , therefore, owes its p e rfecti bn to the cxlr e ni e 
'siiiiplicit7 of its basis, and derives no visible advantage firom die 
artificial mode of its constmctioa. The axioms are nov r e j ec t e d 
as totaDf useless, and rather apt to pxodoce obscoritj. 

The term mrface^ in Latin tuperfiaeSf and in GredL flnfwm« 
conveys a very jost idea, as marking the mere expanskm irfaidi a 
body presents to oor sense of sight. Une^ or y^m^ifut^ sonifies a 
§troke; and, in reference to the operation of writing, it expresses 
the boundary or contour of a figure. A straight line has two ra- 
dical propertks, which are distinctly marked in different languages* 
It holds the same undeviating course^— and it traces the shortest 
distance between its extreme points. The first property is ex- 
pressed by the epithet recta in Latin, and droite in French ; and 
the last seems intimated by the English term ttraight, which is 
evidently derived from the verb, to stretch. Accordingly Produs 
defines a straight line as stretched between its extremities—^ 19' 

The word point in every language signifies a markf thus indica- 
ting its essential character, of denoting position. In Greek, the 
term rtyiA» was first used ; but, this being degraded in its applica- 
tion, the diminutive 0^1*^09^ formed from oviyM^ a signal^ came af- 
terwards to be preferred. The neatest and most comprehensive 
description of a point was given by Pythagoras, who defined it ** a 
monad having position.'' Plato represents the hypostasis f or con- 
stitution of a point, as adamantine ; finely alluding to the opinion 
which then prevailed, that the diamond is absolutely indivisible, 
the art of cutting this refractory substance being the discovery of 
modern ages. 

The conception of an angle is one of the most difficult perhaps 
in the whole compass of Geometry. The term corresponds, in 
fUQSt languagesi to corner^ and therefore exhibits a most imperfect 



f 



VOTES AND ILLUSTRATIONS. i55 



picture of the object. Apollonius defined it to be " the collection 
of spacenbout a point.^^ Euclid makes an angle to consist in '< the 
mutual inclination^ or xXicrKy of its containing lines,'' — a definition 
which is obscure and altogether defective* In strictness, it can 
apply only to acute angles, nor does it give any idea of angular 
magnitude ; though this really is as capable of augmentation a^ 
the magnitude of lines themselves. It is curious to observe the 
shifts to which the author of the Elements is hence obliged to have 
recourse* This remark is particularly exemplified in the 20th and 
21 st Propositions of his Third Book. Had Euclid been acquaint* 
cd with Trigonometry, which was only begun to be cultivated in 
his time, he would certainly have taken a more enlarged view of 
the nature of. an angle. 

In the definition of reverse angles I find that I have been anti- 
cipated by Stevin of Bruges. It is satisfactory to have the coun*^ 
tenance of such respectable authority. 



Note IT. — Pages 8 and 9. 

A square is comtnonly described as having aU its angles right. 
This definition errs however by excess, for it contains more 
than what is necessary. The original Greek, and even the Latin 
version, by employing the general terms o^yumv^ and rectangidunif 
dexterously, avoided that objection. The word rhombus comes 
from fsiA^m, to slings as the figure represents only a quadrangular 
frame disjointed. 

It scarcely deserves notice, but I will anticipate the objection 
which may be brought against me, for having changed the definition 
of trapezium. The fact is, that I have only restricted the word to 
its appropriate meaning, from which Euclid had, according to 
Proclus, taken the liberty to depart. In the original, it signifies 
n table ; and hence we learn the prevailing form of the tables used 
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among the Greeks. Indeed the ancients would appear to have 
had some predilection for the figure of the trapezium, -since the 
doors now «een in the ruins of the temples at Athens^ are not ez« 
actly ohlong, but wider below than above. 

Language is capable of more precision, in proportion as it be** 
conies copious. As I have confined the epithet rigikt to amgles, and 
straight to lines, I have likewise appropriated the word diagonal t9 
rectilineal figures, and diameter to the circle. In like manner, I 
have restricted the term arc to a portion of the circumference, its 
synonym arch being assigned to architecture. For the same rea- 
son, I have adopted the term eqwoalentj from the celebrated Le- 
gendre, whose Elements de Geometric is one of the ablest works 
that has appeared in our times. These distinctions evidently tend 
to promote perspicuity, which is the great object of an elemen- 
tary treatise* 



Note III.— Page 22. 

' The proposition here demonstrated is commonly assumed as aa 
axiom. It is indeed forced upon our earliest observation, being 
suggested by the stretching of a cord, and other familiar occur- 
rences in life. But thus to multiply principles, appears quite un- 
philosophical. The two radical properties of a straight hne— the 
congruity of its parts— and its shortness of trace— *are distinct, 
though connected. The latter is shown to be the necessary con- 
sequence of the former ; but it would be impossible, by any direct 
process, to infer the uniformity of straight lines, from their mark- 
ing out the nearest routes. 

In the demonstration, I could not avoid introducing the consi- 
deration of limits. This will occasion, I presume, no material 
difficulty, since the reasoning is the same as that by which our. 
most familiar conceptions are gradually expanded. 

5 
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Note IV.— Page 27. ' 

This propositioiiy which is of considerable utilityi was wanting 
to complete the relation of triangles. But^ to constitute the same 
affection, it is besides requisite that the characteristic angles should 
have a like position. 



Note v.— Page 28. 

The subject of parallel lines has exercised the ingenuity of mo- 
dern geometers ; for Euclid had only sought to evade the difficul- 
ty, by styling the fundamental proposition an axiom. The inves- 
tigation now given, seems the best adapted to the natural progress 
of discovery. It is almost ridiculous to scruple about the idea of 
motion, which I have employed for the sake of clearness. JBut 
even that futile objection might be obviated, by considering mere- 
ly the successive positions of the straight line extending through 
the given point. 

Note VI.— Page 34?. 

That invaluable instrument, Hadley's quadrant, is founded on 
the second corollary, annexed as an obvious consequence of the 
proportion. A ray of light S A, from 
the sun, impinging against the mirror at 
A, is reflected at an angle equal to its 
incidence ; and now striking the half- 
silvered glass at C, it is again reflected 
to E, where the eye likewise receives, 
through the transparent part of that 
glass, a direct ray from the boundary 
of the horizon. Hence the triangle 
A EC has its exterior angle ECD and 
one of its interior angles CAE, respec- 
tively double of the exterior angle BCD 
and the interior angle CAB, of the tri- 
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6* In Prop. S5« let the two lines be denoted by a and b ; then 

7* In Prop. 26. let the whole line be denominated by a, and its 
greater segment byx; then «*=:a(a — «), and «*-|-aa? = a% 

whence X :s ti=/ — — - =:=lra(i^J— i)^ Hence, if unit 

represent the whole line^ the greater segment is .61808396428^ 
ftc and the smaller segment •88196601572, &c. 

From Con 1* an extremely neat approximation is likewise ob- 
tsuned. Assuming the segments of the divided line as at first 
equal and denoted each by i> these successive mmibers will re- 
sult from their continued summation : 

1, 2, 8, 5, 8, IS, 21, 34, 53, 89, 144, &c. 

If the original line, therefore, contained 144 equal parts, its great- 
er segment would include 89^ and its smaller segment 55 of these 
parts very nearly* 



Note XI.— Page 68. 

This proposition will furnish another convenient method oi 
discovering the numbers which represent the sides of a triangle : 
For 8inceDE*=2AD X CE, it is evident that |DE»=:AD X CE ; 
amd consequently, expressing DEby a whole number, and resolving 
JDE* into the factors AD and CE, AD-f-DE and CE-f-DE 
will represent the two sides, and AD + CE -|-DE the hypotenuse, 
of a right-angled triangle. Thus, if 2 be taken, the factors of 
half its square are 1 and 2, which produce the numbers 3, 4, and 
5. Again, if 4 be assumed, the factors are 2 and 4, or 1 and 8 ; 
whence result these numbers, 6, 8 and 10, or 5, 12 and 13. In 
this way, a very great variety of numbers can be found, to express 
the sides of a right-angled triangle. 
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Note XIL— Page 97* 

The demonstration of this beautiful proposition may be 8ome« 
what simplified. Because the arcs BC and CD are equal to £F 
and FG9 the chords BE, CF, and DG are parallel ; and because 
the arcs BC and CD are equal to AE and EF, the chords BA^ 
CE and DF are likewise parallel. Wherefore HBEI and ICFD 
are rhomboids. 



Note XIII ^Page 98. 

This theorem is the result of one of the analyses which the an- 
cient geometers have given of the celebrated problem of the tri. 
section of an angle. If a straight line could be drawn through 
the point £, having its exterior portion AD equal to the radios 
of the circle, the arc AB would be the third part of FE. But 
to effect this construction, requires the higher geometry, and 
it gave occasion to the discovery of the Qonchoidy a curve first 
proposed by Nicomedes. Some very limited cases, being capable 
of an elementary solution, suggestefi to ApoUonius the problem 
f>f Inclinations. 



Note XIV.--.Page 143, 

jSuch are the only regular polygons known to the Greeks. 
The inscription of all the rest has for ages been supposed abso* 
lutely to transcend the powers of elementary geometry. But a 
curious and most unexpected discovery was lately made by Mr 
Gauss, who has demonstrated, in a work entitled Disquisiiiones 
jiritkmetica and published at Brunswic in ISOli that certain verj 
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peities themselves are extremely simple, and may be regarded as 
only the exposition of the same principle under difierent aspects* 
The Tarious transformations of which analogiea are susceptible^ 
exactly resemble the changes usually effected ia the reduction of 
equations* 

According to Euclid, ** The £rst of four magnitudes ia said ta 
have the same ratio to the second which the third has to the 
fourth, when any equimuhiples whatsoever of the first and third 
being taken, and any equimultiples whatsoever of the second and 
fourth ; if the multiple of the first be less than that of the se- 
cond, the muhiple of the third is also less than that of the fourth ; 
or, if the multiple of the first be equal to that of the second^ the 
multiple of the third is also equal to that of the fourth ; or, if the 
multiple of the first be greater than that of the second^ the mul* 
tiple of the third is also greater than that of the fourth/* This 
definition, however perplexed and verbose, is yet easily derived 
from that which appears to furnish the simplest and most natural 
criterion of proportionality* For, let A ; B :: C : D ; it was sla« 
ted as a fundamental principle, that, if the mth part of A be con-^ 
tained n times in B, the mth part of C will likewise be contained 
n times in D. Whence »A=rniB, and »C=:mD ; which is the 
basis of Euclid^s definition* But when the terms are inccnnmensu- 
rable, such equality cannot absoltUeltf subsist* la .this case, no 
single trial would be sufficient for ascertaining proportionaHty. It 
is required that, evert^ multiple whatever, mA, being greater or less 
than nB, the corresponding multiple, mC, shall likewise be con* 
stantly greater or less than nD* Actually to apply the definition 
is therefore impossible ; nor does it even assist us at all in direct- 
ing our search* In the natural mode of proceeding, by assiuning 
successively a smaller divisor, we are, at each time, brought nearer 
to the incommensurable limit. But Euclid's famous definition 
leaves us to grope at random after its object, and to seek our 
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escape, by having recourse to some auxiliary train of reasoning or 
induction. 

The author of the Elements has likewise given what Dr Bar- 
row calls a metaphysical definition of ratio : << Ratio is a mutual 
relation of two magnittides of the same kind to one another, in 
respect of qiuintUi/.** This sentence, as it now stands, appears 
either tautological, or altogether devoid of meaning ; and Dr Sim- 
son, anxious for the credit of Euclid, considers it, in his usual 
manner, as the interpolation of some unskilful editor. I am in- 
clined to think, however, that the passage will admit of a version 
which is not only intelligible, but conveys a most correct idea 
of the nature of ratio. The original runs thus : Aoyoc t^ri lv9 
^iyi6uy o/ULoytycjv 11 kolIol UfjKix.olyfloc ttooq olkkhkol woicl o"p^6(ric. 
Now the term 7ryj\iK0Cy on which the whole evidently hinges, though 
commonly rendered quantus^ may be translated quotuSy as expres- 
sing either magnitude or mtdtittide. In its primitive sense, it pro- 
bably denoted Humber, and came afterwards to signify quantity^ 
as this word itself has, in the French language, undergone the re- 
verse process. In confirmation of this opinion, it may be stated, 
that the relative term iiKtKia. properly denotes age, and thence sta* 
ture or size. According to this interpretation, therefore, <* Ra- 
tio is a certain mutual habitude of two homogeneous magnitudes 
with respect to quotiti/, or numerical composition/' 

Note XVII.— Page 182. 

It will be proper here to notice the several methods adopted in 
practice, for the minute subdivision of lines. The earliest of 
these — ^the diagonal 5ca/^— depending immediately on the propo- 
sition in the text, is of the most extensive use, and constituted 
the first improvement on astronomical instruments. 

Nunez, or Nonius, proposed one more complicated. He placed 
a number of parallel scales, differently divided, and forming a re- 

2g 
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gular descending gradation. An index laid any where acroat these 
scales wouldy therefore^ cut at least one of them at some dirision, 
and hence the intercepted space would be expressed by a corre- 
sponding fraction* 

But the method of subdirision afterwards introduced by Vernier^ 
is much simpler and far more ingenious. It is founded on the 
difference of two approximating scales^ one of whidi is moveable. 
Thusy if a space equal to » — » i parts on the limb of the instru- 
ment be divided into n parts, these evidently wijleach of them be 
smaller than the former, by the »th part of a division'. Wherefore^ 
on shifting forward this parasite scale, the quantity of aberratioa 
will diminish at each successive division, till a new coinddence ob- 
tains, and then the number of those divisions on that scale will 
mark the fractional value of the displacement* 

Note XVIIL— Pages 214-216. 

This scholium was added chiefly^ for the purpose of explaining 
the construction of that very useful instrument, the Paniagrofh. 

Note XIX.— Pages 221-223. 

The curious properties of the crescents^ or lunula^ were disco- 
vered by Hippocrates of Chios, in his attempts to square the 
circle. The second corollary iVhich I have annexed, contains 
a beautiful extension of the same principle, first suggested by 
Mr Lawson, and explained in Dr Hutton's Mathematical Tracts. 

Note XX— Page 224. 

This elegant theorem admits of an algebraical investigation' 
Put AC=:0, AB=i(; BCzc, and let s denote the semiperimetery 
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and A the area of the triangle; then, by Prop. 31. Book IT., 
2AC - CD := a* + c* — 5*, consequently 

CD = g*+g*— ^' and BD»=BC»— CD*= 
2a 



4^ — ( — JLL J , and therefore, by 



tfllllA LlAK^lEIXUIC-. IIV _^_____ 







Prop. 7. Book 11. A« = ^C* . BD' ^4^V-(a» +o»-i.) ; 
^ 4 i6 

But this expression, consisting of the difference 'of two squares, 
may be decomposed, by Prop. 23. Book II. ; whence A" =s 

4 ' 4 •" 4 •' 4 ^ 

and, decomposing these factors again, 

a^h-{-c a — &-f-c «+& — c — tf-f.J-f.c 

^ -— ■ ■ • ————— , ' ' • ■ ' 

2 2 2 2 • 

a+5+c a — b+c , a+b^^c 
Now ^^^ =^, j-i-=^— ^, -I^^j = f-.c, 

and "T- " t, -- 5 — a . wherefore we obtain, by substitution^ 

2 * V 

A = >/( *(5— a) {s^b) (*— c) ). 

This most useful proposition was known to the Arabians, but 
seems to have been re-invented in Europe, about the latter part of 
the fifteenth century. 



Note XXI.— Pages 226-228. 

This ingenious and concise approximation to the quadrature ef 
the circle was first published, at Padua, in the year 1668, by my 
illustrious predecessor James Gregory. It is the more deserving 
of attention, as it seems to have led that original author to the 
isvention of the method of series. 
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Note XXII Pages 230-256. 

The Appendix to the books of Geometry cannot fail, hy it 
novelty and singular beauty, to prove highly interesting, the 
first part is taken from a scarce tract of Schooten, who was Pro- 
fessor of Mathematics at Leyden, early in the seventeenth century. 
But the second and most important part is chiefly selected from a 
most ingenious work of Mascheroni, a celebrated Italian mathema- 
tician, which in 1798 was translated into French, under the title of 
Ceometrie du Compas* It will be perceived, however, that I have 
adapted the arrangement to my own views, and have demonstrated 
the propositions more strictly in the spirit of the ancient geome- 
try. 

Note XXIII Pages 259-398. 

These three books are designed to exhibit a distinct and com- 
prehensive view of the mode by which the Greek geometers con- 
ducted their Analysis. For that purpose, I have chosen a series 
of propositions, at first extremely simple, but gradually rising in 
difficulty as the train of investigation proceeds. The first book, 
being rather of a miscellaneous nature, is drawn from a variety of 
sources. The 2l8t and 22d Propositions contain the analyses of 
the two problems so famous in the Platonic school— ^Ae triseciion 
of an angle — and the duplication of the adfe-^-^which led immediate- 
ly to the cultivation of the higher geometry. The concluding 
theorem is the only one supplied by the Data of Euclid. 

In the second and third books, I have endeavoured to comprise 
all tb:A relates to the ancient analysis in its most improved state, 
as extended by the labours of ApoUonius and his illustrious con- 
temporaries. Without omitting any material proposition, I have 
yet avoided the prolixity of pursuing in detail their numerous 

5 



NOTEiS AND ILIDSTRATIONS. 469 

SLubdivisions. Our system of modern education, embracing such 
a wide range, would scarcely indeed afford leisure for indulging 
in those easy tasks. > 

The method of analysis, so deservedly valued in the ancient 
schools, was regularly studied after the Elements of Geometry. 
According to Pappus, it consisted of eight distinct treatises : 

1. The Data — Tnii tSv lilo/xi¥Ci>r — ^in a single book of con- 
siderable length, but containing propositions only of the very sim- 
plest kind. 

2. The Section of Ratio — '^H' ^h^ aTrolo^fic — in tw6 books, 
which Dr Halley, with much sagacity and incredible labour, re- 
stored, from a MS. in the Bodleian library. The object of thcf 
tract was the solution of this problem, branched out into a mul- 
titude of cases, and marked with various limitations : <* Through 
a given point to draw a straight line intercepting segments on two 
straight lines which are given in position, from given points and in 
a given ratio." It forms the first four propositions of the second 
book. 

3. The Section of Space -^Tr^i X^i^ aTrolofJuiq — in two 
books. Of these no vestige remained ; but Dr Halley, guided 
by a few hints from Pappus, very successfully exerted his inge- 
nuity in divining the original structure.It was proposed — ^** Thro* 
a given point, to draw a straight line cutting off segments from 
given points on two straight lines given in position, and which 
shall contain a rectangle equal to a given space.** This occupies 
the propositions from the 5th to the 10th inclusively of the second 
book. 

4. The Determinate Section — Tn^i ItafKr/xiptjc 7«/uJff— -in two 
books. These also were lost ; but Dr Simson, assisted b) . the 
attempts of Schooten, has restored them in the most luminous 
manner. They form Prop. 10 — 19. Book II. 

5. Inclinations^^TTi^i rlvo-eoir— in two books. It was proposed 
*— " To insert a straight line, of a given magnitude, and tending 
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to a given point, between two lines which are given in position/^ 
This problem was restored by Marinas Ghetaldus, a patrician of 
Ragusa ; and other investigations were given by Hugo de Ome- 
rique> in his ingenious treatise on Geometrical Analysis, printed 
at Cadiz in 1698. Two solutions of the case of the rhombus, 
remarkable for their elegance, appeared in the posthumous works 
of Huygens, who was imbued with the finest taste for the andent 
geometry. I have condensed the whole in Prop. 20 — 26. Book II. 

6. Tangencies — ttiO e^afWK— in two bopks. Of this tract 
only some lemmas were preserved, which enabled the celebrated 
Vieta in a great measure to restore it. Some of the cases which 
had escaped him were solved by Marinus Ghetaldus ; and farther 
improvements were made in 1612, by Alexander Andmon of 
Aberdeen, an ancestor of the Gregorys. The general probleni 
occupies the remainder of the second book. 

7. Plane Loci — Trit^t %7ru¥ iTriTrilar-^in two books. The ob- 
jc;ct wa&— « To find the conditions under which a point, varpngii 
its position, is yet confined to trace a straight line or a circle gi- 
ven in position." This beautiful train of investigation was partly 
restored by Schooten in 1650, though after a sort of algebraical 
form. The ingenious Fermat succeeded in bestowing greater simpli- 
city on the subject. But all these attempts have been eclipsed by 
Dr Simson, whose treatise De Locis Pianist published at Glasgow 
in 1749, is a model of geometrical strictness and elegance. Tke 
first 17 propositions of the third Book include all the principal 
theorems, which I have selected with additions. 

The six preceding branches of analysis were all the creatioi 
of ApoUonius of Perge, the most assiduous and inventive of tie 
Greek geometers. 

8. Porisms — Tn^i rur ^o^t(T/jLOilay^n three books, composed 
by Euclid. No trace of these now remains, except some Ascurc 
hints of Pappus, rendered still more perplexed by the corrupt aid 
mutilated state of his text, .The subject had long proved tf 
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sexugma which it baffled the efforts of the ablest and moat learn- 
ed mathematicians to unravel. Fermat advanced some steps ; 
hut the honour of completing the discovery was reserved for 
•ur counttyman Dr Simson, whose restoration of the Porismt 
was given to the scientific world in 1776, in a posthumous volume, 
printed at the expence of the Jate Earl Stanhope. From that work 
I have extracted what seemed the best suited to my purpose ; and 
I have likewise availed myself of the judicious remarks and illus- 
trations of my distinguished colleague, professor Playfair. These 
porisms, with some additions, are contamed in Prop. 18— -25* 
BooklJI. 

The remaining propositions of the third book relate to the sub* 
ject of Isoperimeters ,• which I have treated with the conciseness 
^ of the moderns, without departing, I hope, from the spirit of the 
?incient geometry. 

Note XXIV—Page 276. 

. .. An extension of this proposition, omitted inadvertently in the 
text, is here supplied. 

From ttoo given points f to irtfled straight lines to the drcumfem 
rtnce of a circle, such that the chord of their intercepted arc shall 
tend to a given point in the direction of thejbrmer* 

Let it be required, from the ppints A and B, to inflect AF* and 
SF, so that the chord DG produced shall meet the extension of 
AB ia the point C. 

Draw D£ paraUel to AC, join 
EG, and produce it to meet AB 
'nH. 

The angle BHG is equal to the 
alternate angle GED, which is 
equal (IIL 20. EL) to GFD, 
and consequently the angles BHG 
^nd BFA are equal, and the tri- 
angles BGH and BAF arc similar. 
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Wherefore GB : HB :: BA : BF and GB . BF = HB . BA j 
but the rectangle GB> BF is given, since it is equal to the square 
of a tangent drawn from B, and hence HB . BA is given, and the 
point H. The problem is thus reduced to Prop. 14. Book II. 
and only requires, from the points C and H, to inflect CD and 
H£» such that D£, the chord of their intercepted arc, may be 
parallel to HC. 



Note XXV.— Page 345. 

The first of these three cases admits of a solution immediatdf 
derived from other principles. Thus, Let it be required to describe 
m circle through the point C^ and touchiTig ttvo given circles tukm 
centres are A and £• 

ANALYSIS. 

Join AB, and produce it to meet, in D, the eKtension o£ the 
straight line which connects £, F, the points of contact; join 
OA and OB, AG and BH, draw CEI, and produce IGandDC 
to meet in K. 

The isosceles triangles EOF, EAG, and FBH, are evidently 
similar, and consequently AG is pa- 
rallel to BF and AE to BH. 
Whence (VI. 2. El.) AE : BH :: 
AD : BD ; and, this ratio l^ing 
therefore given, the point D is gi- 
ven. Again, AG : BF :: DG :DF, 
and DG : DF :: DK : DC, for 
(III. 33 El.) IG is parallel to FC; 
consequently, DC being given, DK, 

and the point K, are given. Where- ^^^ ^C ^ 

fore, by the preceding note, the straight line GE, included by the 
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reflected lines KI and Cl^and directed to the given point I, is given ; 
hence A£0 is given in position. Join OC, and the angle ECO, 
being equal (I. 8. El.) to CEO, is given; and consequently 
CO, and the centre O, are given. 

COMPOSITION. 

Make (VI. 3. El.) AE : BH :': AD : BD, join DC, make 
BH : AE :: DC : DK ; and, from the points K and C, inflect 
KI and CI, by Note XXIV. such that GE shall tend to D, pro- 
duce AE and CO*, making the angle ECO equal to CEO ; the 
intersection O is centre of the required circle. 

For join AG, CF, OB, and BH. Because AE, or AG : BH, 
or BF :: AD : BD, and the triangles ADG and BDF have a 
common angle at D, they are (VI. 15. El.^ similar ; consequent- 
ly AD : BD :: DG : DF :: DK : DC, and IG is parallel to 
FC; and therefore the circles touch at E. But the triangle, 
BFH, having its sides BF and BH parallel to AG and AE, the 
aides of the isosceles triangle GAE, must likewise be isosceles ; 
wherefore the circles meet at F : And, since BH is parallel to EO, 
they must touch at that point. Again, the angle ECO being 
equal to CEO, the side OE is equal to OC 5 and consequently the 
circle described from O, and which touches at E and F, must also 
pass through C. 

Note XXVI.— Page 404?. 

The French philosophers have, at the instance of Borda, lately 
proposed and adopted the centesimal division of the quadrant, as 
easier, more consistent, and better adapted to our scale of arithme- 
tic. On that basis, they have also constructed their ingenious sys- 
tem of measures. The distance of the Pole from the Equator was 
determined with the most scrupulous accuracy, by a chain of trian- 
gles extending from Calais to Barcelona, and since prolonged to the 
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— B for it in the last expression^ and S^A X Co8>B*-Co8,A X S3 
=zRxS,A— B. 



2. In art. 1., for A substitute its complement ; then S|A-(-B 
= S,90^— A + B = 8,90° + A— B= Cos,A— B, and hence 
Cos, A X Cos,B + S, A x S,B= R x Cos^— B. 



4. In art. 2. likewise, substitute for A its complement, and 
the result will become Cos, A X Cos,B^-S,A x S,B = 



R X Cos,A+B. 



5. In art. 1., let A=B, and 2S,AxCos,A= RxS,2A* 



6. In art. 4. let A=B, and Cos%A— S%Az=RxCos,2A. 



7- Suppose L=A — B, and M=N=B ; then the general ex- 
^ pression becomes S,A — B X S,B + S,B X S^A— B + 2B=: 
S, A — B + B X S,2B, or S,B (S,A + B + S,A— B) =: 
S,A X S,2B. 



8. Since, from art. 5., R X S,2B =z S,B X 2 Cos,B, therefore, 
by combining this with the last result, R(S,A + B + S,A — B)= 
S,A X 2Cos,B. 



9. In the preceding article, for A substitute its complement, 
and R(S,90°— A + B + S,90^— A— B) = Cos, A x 2Co8,B, 
or R(Co8,Arf B "= Cos,A— B) z= Cos,Ax2Cos,B. 

10. In art. 8. change A and B for their complements, and 
R(S,180°— AIITb + S, — A + B ) = Cos, A x 2S,B, or 
R(S,A+B— S,AllB) = Cos,Ax2S,B. 

11. In art. 9. likewise, change A and B for their complements ; 



t-im 
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tlienR(Cos,180^— A — B + Cos, — A + B=S,A+2S,B, or 
R(Co8,A3B— Cos,A+B) = S,A X 2 S,B. 

12, In art. 10. transform A and B into A + B and A — B, 
and consequently, for A + B and A — B, substitute 2 A and 
2B ; then R (S,2A — S,2B) = Cos, A + B + S,A— B, or 
|R (S,2A— S,2B)=Cos,A + B x S,A— B. 

13o Make the same transformation in article 11., and 



R(Cos,2B— Cos,2A) = S,A + B X 2S,A— B, or 
iR (Cos,2B— Cos,2A)=S,A + B X S,A— B- 

14. Lastly, suppose L=N=B, and M= A— B ; then the ge- 
neral expression becomes, S*,B + S, A — B X S, A -|- B = S*, A, 
or S,A + B X S,A— B = S»,A— S*,B. But, by the preced- 
ing article, |R (Cos,2B — Cos,2A) = S,A + B X S,A— B; 
whence i R ( Cos,2B— Cos,2A ) =z 8% A— S*,B. 



Note XXXI — Page 414. 

The general expression for the sine of the multiple arc was ob- 
tained by mere induction ; but this mode of inference, in most 
cases so convenient, is perhaps not quite satisfactory. A com- 
plete investigation may be derived from the Theory of Func- 
tions. 

On inspecting the successive formation of the sines of the mul- 
tiple arcs, it appears, 1. That the odd powers only of s occur ; 

2. That the coefficient of the first term is always «, and the 
other coefficients are its functions of third, £fth, &c. orders ; and 

3. That since, in the case when n=i, the rest of the coefficients 
evidently vanish, those coefficients in general, as affected by op- 
posite signs, must in each term produce a mutual balance. 
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nA = nS — «.!^l=:il55 + n..5l=I . ^ZZ2 S'—, &c. ani 

2.3 2.3 4.5 

2-3 2.3 4.5 

But, if n vanish from all the terms, the series will pass into a 
simpler form, 

2.3 2.3.4.5 ^ 2.3.4.5.6.7 ^ 

By a similar investigation, the series for the cosine of an arc if 
likewise found. 

Cos,i4 = I — — + — +, &c- 

1.2 2.3.4 2.3.4.5.6 

These series' are very commodious for the calculation of dnes^ 
since they converge with sufficient rapidity when the arc is not a 
large portion of the quadrant. Though the method explained ia 
the text is on the whole much simpler, yet as the errors of com- 
putation are thereby unavoidably accumulated, it would be pro- 
per at intervals to calculate certain of the sines by an independent 
process. 

The series' now given furnish also various modes for the rectifi- 
cation of the circle. Thus, assuming an arc equal to the radius^ 

its sine is, i 1— -I 1 &c. = .841471, and its co- 

2.3 2.3.4.5 

sine is, I — i -| 1 &c. = .440302. But that arc evident- 

2 2.3,4 

ly approaches to 60°, of which the sine is v^;|=z. 866025, and the 

cosine .500000. Wherefore (Pr. 2. T.) the sine of the difference 

of these two arcs is .866025 X .540302 841471 X .500000 

zr .04718, and consequently, by the series, that interval itself 

is .0472. Hence the length of the arc of 60° is 1.0472, and 

the circumference of a circle which has unit for its radius is 

3x 1.0472=3.1416 ; an approximation extremely commodious. 
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Note XXXII.-Page 419- 

The series f^r the taagent in tepx^s of the arc, is easily derived, 
^%y the theory of functignS} from the expression of the tangent of 

the double arc. Since T,2fl = -^ = 2^ + 2t^ + 2t^ + &c. 

Put ^ = a 4* Aa} 4- Ba^ 4- &c. and, by substitution, T,2a s 
2a + SAa^ + S2BaS + &c. = 2a + (2A ,+ 2) a^ + 
(2B + 6A + 9i)a^ +9 8cc. Equating, therefore, the corre- 
sponding terms, we obtain, 8A = 2A -}- 2, or A = -f, and 
32B = 2B + 6A + 2, or SOB = 4, and B = ^. Whence, in 
general, T,a = a -f -fa^ 4- •^^, &c. Again, revert this series 
and a as *~4^5 + ji^ — ^^ + &c. 

» 

The last series affords the ^ost expeditious mode for the reeti- 
fication of the circle* Assume an arc a, whose tangent t is one- 
fifth part of the radius, and (Sch.Prop.5.T.)T,4fl= Jlni?L= 

JH. ; consequently (Prop. 5. Trig.) T,4a — 45^ =: -i- = 
H9 239 

.004il84,100,418. Wherefore, computing the term&of the series, 
a = .197,395,559,850, and 4a = .789,582,239,400. In like man- 
ner, we find 4a — 45*^ = .004^184,076,000, and hence the diffe^ 
rence between these values, or .785,398,1634 exhibits the length 
of the octant J which number, multiplied by 4, gives 3,1415926536 
for the circumference of a circle whose diameter it 1. 



a n 



Mf 



drdeu Toe sne a£ 2 sbbbtc bem^ epi^ oa haM die dii»d^ ft* 
f&Aowi diac Che labo o£ azL arc ta ks caocd z *-^""yMf"'iwI of t^ 
«iccesK7e ratsoA of vat ratSna ca die mninr^ c£ die c o ntimie ii !d^ 
• ectiu i ui of half dieat arc A minii i n^ rhri^-iiii^ die arc of €Q^» 
Wficwg cocrd. ii ecpistt. to tne raifiiiif^ toe LjgjLiuiii of tne latao a£ 
die drcomferexBce of > drcie to ki f Baaiem viSbc t&os cumia ^ 



Aridi. coffip. leg. Cos, 15* = .015Q6G2319 

r 3Cy = .00873143^ 

Om,P 5? sot = .OO0S3238M 

Co^CP 56r IT zz .0000681395 

CosO 28r 7^" = .O00(M45»# 

One third of the hut ierm. = .O000OISU8 

LogandimofS. = .47712125^7 



.49714967S0I* trbkli 
exceeds only by 3 in die last place die logaridim of 3,141592634. 
At the mccessiTe terms come to form very nearly a progressioB 
that descends by quotients of 4, the third of the last one is, for 
the reason stated in page 422, considered as equal to the result of 
die continued addition. 



Note XXXIV.— Page 425. 

Ak elegant mode of forming the approximate sines correspond' 
i^ng to any division of the quadrant, may be derived frona die same 
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principles : For the successive differences of the sines of the arcs 
A— B, A, and A + B, are S,A— S,AII5, and S,A + B— S,A ; 
and consequently the difference between these again, or the second 
difference of the sines, is S, A + B + S, A— B— 2S,A= (Prop. 3. 
cor. 2. T. ) — 2 VS;B X S,A. The second differences of the pro- 
gressive sines are hence subtractivej arid always proportional to the 
^ines themselves. Wherefoi*e the sines iliay be deduced from their se- 
cond differences, by reversing the usual process, and n^compound- 
ing their separate elements. Thus^ the sines of A — B and A be- 
^ng already known^ their second and descending difference, as it 
is thus derived from the sine of A, will combine to form the sue- 
ceeding sine of A + B, which is -2 VS,B X S,A+ ( S,A- S,A-B) 
-J- S,A, It only remains then, to deterinine, in any trigonome- 
trical system, the constant multiplier of the sine, or twice the 
versed sine of the component arc. Suppose the quadrant to be 
divided into 24 equal parts, each containing S° 45', or 225'. 

The length of this arc is nearly — X ^= -ts* and Consequently 

■* • ' / I i \"* I ■ ' ' • 

twice its versed sme r: I— ?:r i zr — - in approximate terms. If 

\i68/ 253 

the successive sines, corresponding to the division of the quadrant 
into 24 equal parts, be therefore continually multiplied by the 

fraction — ^; or divided by the number 2SS, the quotients tkence 

iarising will represent their second differences^ But, since 233 id 
oeaf-ly equal to 225, or thfe length' in minutes of the primaiy or 
conlponent arc, and which differs not sensibly from its sine,-4-this 
last may be assumed as th^ divisor, the small aberration so pro- 
duced being corrected by deferring the integral quotients.' In 
this wa:y, the following Table is constructed : / 
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1. 

2 
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6 
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205 
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6 
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8 
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V 


9 
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8 
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10 
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2093 
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9 
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W 
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10 
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The number 225» which esqpresses the length of the compc% 
nent arc^ and consequently represents very nearly its sine, is here 
employed as the constant divisor* Thus^ 225> divided by 225> 
gives a quotient 1, and this, subtracted from 225, leaves 224^ 
which, being joined to 225, forms 449, the sine of the second 
arc. Again, 449 divided by 225, gives 2 for its integral quoti* 
ent, which taken from 224, leaves 222 ; and this, added to 449, 
makes 671, the sine of the third arc. In this way, the siiies are 
successively formed, till the quadrant is completed. The inte- 
gral quotients, however, are deferred ; that is, the nearest whole 
number in advance is not always taken. Thus the quotient of 

go 

1S15 by 225, is 5^, which approaches nearer to 6, and yet 5 

is still retained^ These efforts to redress the errors of computa- 
tion are marked with asterisks. 

It should be observed, that each of the 'three composite co^ 
'lumns really forms a recurring series. In the second quadrant, 
the first differences become subtractive, and the same numbers for 
the sines are repeated in an inverted order. By continuing the 
process, these sines are reproduced in the third and fourth qua- 
drants^ only on the opposite side. 

Such is the detailed explication of that very ingenious mode 
which, in certain cases, the IJindu astronomers employ, for con- 
structing the table of approxiniate sines. But^ ignorant totally of 
the principles of the operation, those humble calculators are content 
to follow blindly a slavish routine^ The Brahmins must, thereforcj 
have derived such inforpaation from people farther advanced than 
themselves in science, and of a bolder and more inventive genius. 
Whatever may be the pretensions of that passive race, their know- 
ledge of trigonometrical computation has no solid claim to any 
high antiquity. It was probably, before the revival of letters in 
Europe, carried to the East^ by the tide of victory. The na- 
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4ive$ of Hindustan might ^eiye instruction from the Persias 
astronomers, who were themselves taught by the Greeks of Con- 
stantinople, and stimulated to those scientific pursuits by the skill 
and liberality of their Arabian conqueror^. 

> 
The same principles lead to an elegant construction qf the ap- 
proximate sines, entirely adapted to the decimal scale of numera- 
tion, and the nautical division of the circle. Suppose a quadrant 
to cont^n 16 equal parts, or half points ; the length of each arc 

22 III 

is nearly — X — = > and consequently twice itft versed sine is 

^ 7 32 112 ^ ' 

f — i-V* or, in rovind numbers, • It will be sufficiently accur 

rate, therefore, to employ 100 for the constant divisor. The 
sine of the first arc being likewise expressed by 100, let the nearer 
integral quotients be always retained, and thfe sine of the whole 
quadrant, or the radius itself, will come out exactly 1000. The 
first term b^ng divided by 100 gives 1 for the second difference, 
which, subtracted from 100, leaves 99 for the first difference, and 
this joined to 100, forms the second term. Again, diViding 199 
by 100, the quotient 2 is the second difference, whiVh, taken 
from 99, leaves 97 for^ the first difference, and this, added to 199, 
gives the third term. In like manner, the rest of the terms ar^ 
found* 
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The errors occasioned by negkcting the fractions accumulate 
at first, but afterwards gradually diminish, from the effect of 
compensation. The greatest deviation takes place, as might be 
^xpected, at the middle arc, whose sine is 707 instead of 41 T. 

11 
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Reckonmg the error in excess as limited by It)* and dedimng 
uoifonaly on each side* the correct sines are finally deduced* 
The numbers thus obtained seldom ' differ, by the thousandth 
party From the truth, and aie hence far mone accurate than the 
practice of navigation ever requires* This nmple and expe- 
ditious mode of forming the sines is nat merely an objett of curi- 
osity, but may be deemed of very considerable importance, as it 
vnlll enable the mariner, altogether independent of the aid of 
books, to the loss of which he is often exposed by the hazards 
of the sea> to construct a table of departure and difference qfh^ 
tUvdCf sufficiently accurate for every real purpose. 



Note XXXV.— Page 444, near the bottom. 

This useful problem is commonly solved by the help of spheri- 
cal trigonon^etry. It admits, however, of a simple and degant 
general solution, derived from the arithmetic of sines. Let a and 
b denote the two vertical angles, or the acclivities of the diverging 
lines, A the oblique angle which these contain, and A' the reduced 
or horizontal angle. Since the magnitude of an angle depends 
«iot on the length of its sides, assume each of then! equal to the 
radius or unit, and it is evident that the base of the isosceles tri-* 
angle thus limited vrill be the chord of the oblique angle A, the 
perpendiculars from its extremities to the horizontal plane, the 
sines, — and the horizontal traces or projections, the cosines, of the 
vertical lines a aod b. The base of the isoceles triangle forms 
the hypotenuse of a right-angled vertical triangle, of which the 
perpendicular is the difference between the vertical lines. Conse* 
quently the square of the reduced base is equal to the excess of 
the square of the chord of A above the square of the difference 
of the sines of a and bf or 

(6def. T.) 2-^2Co6,A— XS,a — S,&)» = 



(S cor. def.T.) <iol»,a + Cps^fi + 2S,tt*6,6-^2CdJ,A^ ^ ^ 

Wherefore t^^^P* *!• Trig.) in the triangle nbw ttttc^ od t&e 
horizontal plane, 2Co8|a •Cosjfr • CooJL^ =: ^o'8,A — 2S,a • Sfi$ 
and multiplying by ^SeCta . Sec,^^ there results (i def. T.)> 

1. Cos^Al' = SeC|a.SeC}i.C08,A — T|flr.T,i. 

This ezpressibn appears concise sOid coiniliodioitey but k lAay ha 
still variously transformed. 

For VSyA'si— Co8,A'=i +%b/rfi-^Sec,ti.&ec,b.Co^pA. 
=r Sec^a . Sec,i (Cos^a • Cos,i -)" ^9^ * S,i-«- Cos^A) == 
(Prop. 2. Trig.) Secid •See^(Co89ak-« 6 iW*Co8|A); whence 



2. VS,A' =: Sectf • Sec,i (VS,A~ VS,a~i). 

Again> because (2 cor. 1* & 3 cor. 5. T.) VS,A = 2SS<|A, and 

vs^-vs,5i::j=2.sM^*>. s,^izl£±i},^ob. 

tain» by substitution^ 

3. SSjA a Sec,g\ Sec,i(s,^ + (^~^) . S,^H^+i}\ 

which expression is the best adapte^t on the whole^ for calculate 
ing with logarithms. 

Of these Jbrmulat the firsts I presume^ is new» and appear^ 
distinguished by its simplicity and elegance. The last one how- 
ever isi on the whole, the best adapted for logarithmic calcula- 
tion. 

When the vertical angles are smaD, the problem will admit of a 

very convenient approximation. For^ assuming the arcs a, i as 

14 
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equal to their Ungents, it follows^ by substitution, that Co8»A'ss 
Cos^A v^(i +a*) ^/{ i +i»)— ai5:Co8,A((i +4««)(i +ib*))^b 
sCo8,A( I +-x^*+-s^)— -?i> neaHy* Whence the dqcremeat of 
the cosine of that oblique angle is 

fl«_Co8,A(4«»4.i4«); but 

(11. 23. EL) abz: (^) -(^^^ «id 
wherefore the decrement of Cos^A' =: 

(^^)"-{^)"-o«^(C4^)'(^)") = 

J. 

(2±*y (i + Co.^) _ (f=i)* (i-Co.,A). 

Consequently the increment of the oblique angle itself i8> by Note 
XXVII, 

Such is the theorem that the celebrated Legendre has given, 
for reducing an oblique angle to its projection on the horizontal 
plane. It is very neat, and extremely useful in practice. But to 
connect it with our division of the quadrant, requires ^cMne adap» 
tation. Let a and b express the vertical angles in minutes ; then 

will -L^r(2±iy T,iA — (^)* Coti a) denote, liicewise 

in minutes, the quantity of reduction to be added to the oblique 
angle. 
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Note XXXVI. — Page 444, last paragraph. 

In computing very extensive surveys, it becomes necessary to 
allow for the minute derangements occasioned by the convexity of 
the surface. The sides of the triangles which connect the succes- 
sive stations, though reduced to the same horizontal plane, may be 
considered as formed by arcs of great circles, and their solution 
hence belongs to Spherical Trigonometry. But, avoiding such la- 
borious calculations, for which indeed our Tables are not fitted, it 
seems far better to estimate merely the deviation of those incurved 
triangles from triangles with rectilineal sides. For effecting that 
correction, two ingenious methods have lately been proposed on 
the Continent. The first is that employed by Delambre, who 
substitutes the chords for their arcs, and thus converts the small 
spherical, into a plane, triangle. This conversion requires two dis- 
tinct steps. 1. Each spherical angle, or that formed by tangents 
at the surface of the globe, is changed into its corresponding 
plane angle contained by the chprds. Let » and jS express the 
sides or arcs in miles ; and the angles of elevation, or those made 
by the tangents and the respective chords, will be (III. 29. El.) 

J ^ J , 21600 _ , 21600 ,^. . i^?o' 

denoted by ■ q ^ . ia and ^ - • IQ m mmutes, or -^ , • 
^ 24856 ^ 24856 ^ ' 3187 • 

and -|^ ^ g. Insert these, values, therefore, in place of a and b 

in tYiQformiiia of the preceding note, and the quantity of reduc" 
tion of the angle A, contained by the small. arcs a, and ^, will be 

£~-;((«+lS)* .T,iA— (a— g)».Cot,iA V in seconds. 2. Each 

arc is converted into its chord : But, by the Scholium to Pro- 
position VI. of the Trigonometry, an arc « is to its chord. 
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portional to S,A and S,B, } (S,A — B)=:S|A . S,B.- — rz 
^rS*,A — S%B j = r Proposition IIL con 5. Trigonometry, j 
^ f S,A+B.S,A— B \ or >=:^.S,A+B. But the sine of the sunn 



A 



of A and B is the same as that of their supplement 6, ogr of the an- 
gle coBtained by th« sidea m aad fi i and consequently i is the third 



• • 



part of -r-.S,C, the area of the triangle, or thd third part of the ex- 

cess of the angles of the spherical, above those of the plane, triangle/ 
Wherefore the sines of the sides, which, in the spherical triangle, are 
as the sines of their opposite angles, are likewise proportioned, in the 
plane triangle, to the sines of those angles^ increased each by the 
common excess. It is hence evident, that the angles of the plant 
trian/gle are obtained from those'of the spherical, by deducting from 
each the third part of the excess above two right angles, as indicat- 
ed by the area of the tuwgK "f' " 

l*he whole sar£suce of th^ globe being proportioned to 720% that of 

720* 1 

a square mile will correspond to ^, . ^ -, or the part of 

^ ^ 2'48r56x7512 73.88*^ 

a second. Hence each angle of the small spherical triangle requires 

. . 1 

to be diminished by ^ .«i^S,C in, seconds. 



It it convenient to reduce the solution of triangles to algebraic 
formulce* Let a, b and c denote the sides of any plane triangle, and 
A, B, and C their opposite angles. The various relations which 
connect Uiese quantities may all be derived from the application of 
Prop. II. 

1 . Cos A s — = -, ■ ■ . 

26c 

2K 
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2. But, since «ui^A*sr|(l — «wA), it follows, by substitution, that 

««XA. Zbe-b*-c*+ai _ a*-(b-cy _( a+^— c) ( a-b+c) 
««5A = ^ _ — _ ^ , 

and therefore, s denoting the semipcrimetery 

5/«JA*=: J- ^; which corresponds to Prop. 14. 

3. AgaiB, because, co5iA*=|(l-f.coiA, by substitution^ C98\k*::i 

abc+b*+c*'-^* _(b+cY—a*_ ((b+c)+a)((b+c)—a) 
4/»c "" 46c "" 46c ' 

consequently 

Co5|A*=-^ -; which agrees with Prop., 13. 

4. The second expression being now divided by the third, gLves 
Tfl»JA*=^ — 7"^ — f corresponding to Prop. 12. 

These are ihe/prmula: wanted for the solution of the first case of 
oblique angled triangles. To obtain the rest, another transformation 
is required. 



4^»c* f6*4'C*— ii*)* 

5. It is Manifest that ««iA*s=l — ro«A* = TTrr 'f 

Aire* 

4T* 2T 

and consequently, «inA*=:-^-5, or sin Arr— • For the same reason, 

9 2T ^2fiA ' o 

sinBzs — , and hence — r-^s-p; which corresponds to Prop. 9« 
ac stTiD o 

6. Again, by composition, - ■ . ^ s= — r, and therefore, 

7. Lastly, transforming the first expression, there results, 
fl= V(6*+c*— 26ccojA)z= V{(b — c)=+26ct?er*A ) 

= V( (6+c)*— 26c(l +CO.JA) ). 

The precedingyurmi/te will solve all the cases in plane trigonome- 
try ; but, by certain modifications, tbey may be sometimes better a- 
dapted fur logarithmic calculation. 

b^ 

8. Divide tlic terms af art* 6. by a and — f—r —=: 
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let i-= tan x, and *^!!^^~l^^= tan (45 W). ; Where . 

fore — = tan j?, and tan{45^ — x)z:ztan^C tan^(^\ — B)= 
ct 

ffl«iCco/(JC+B)=/anJC(— cot(4C+A) ). 

9, Again, from art. 7- ^^ V( (*5 — cy+2bcversA)z=: 

(5 — c)V ( l+7r~Ti' t'er^A); consequently find fa;i «:=: 
V' rer* A = 2 r «ni A, and a = (o — c) uc x = 



10. But the expression in art. X.,«by a different decomposition, 
gives fliz ^^((A+c)* — 26« 5Mrer5A))=(6+c)l/(l—T—- — jwrer^A) ; 

wherefore find sin a?c=-t V suversA =r 2-r-: — C05JA, and 

6+c 6+c 

a=:(6-f-c)ro;x. 

1 1. Other expressions are likewise occasionally used. Thus, by art, 1 , 
26c. cos A = 6* + c* — a*, or c* — 26c. cosA'=a^ — 6*, and, solving 
this quadratic, we. obtain czzb cosA:±zV (a* — 6*+6*co*A*)= % 
b CO* A:±r v'Ca'-ft^M/iA*), or cz=b cosAdtz \/ ( (a + 6 52» A) (a-6 «in A) ) . 
When two sides and an angle opposite to one of them are given, the 
third side is thus found by a direct process. 

12. From art. 5, c=;a— :— r ; but C being a supplementary angle, 

its sine is. the same as that of A 4t B, and consequently 

*inAc(wB4-co«A««B. «... ^ . 

c = fl( r~ ). By a similar transformation, 

sinC sinC . ^ g 

"^ «n(B+C) "" ^sinhcos(^'^'CosBsinCf'^cosB'r{'SinlicotC' 

13. Lastly, co^A+CQ^Css-^r—— r-^ss . /. =: — -rr-, and 

- .A * ^ b-^cosC ^ . asinC 
therefore cotAzn — r-p: — co/C = w=t— > or tanATZi 7r% 



If the an^le A be assumed equal to 9^, iVie pifect^vtv^formulx 
will become restricted to the solution of right-a»^G^ \.Y\^.t\i^^^» 

2 K 2 ' 
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14. From art, 1, cot A =0=7—1^7- ; whence, a*r=ft*+c*, 

which expresses the radical property of the right aogied triaogle* 

15. From art. 5, -r-rs—i and consequently «iiiBci — , which 

«« A a ^ "^ a 

corresponds with Prop. 7* 

16. Again, from the same ^rticle^ — s-tt^ss — 5, and thcrc- 

b 

fore ^difBs — szcotC, 
c 

For the convenience of computing with logarithms, other expres* 

sions may he produced. * 

17. Thus, from arti 14, 6*=c*— c*, and hence 

5s: i^( (a+c)(fl-— c) ). 

c* c ^ 
, 18. Since a^G:b^l l+-rr)> put -zs^mi Xi and a=r6(«rc2}= • 

c* <? 

19. Lastly, hecause 6*=:o*(l— — jj- ), put - :r:m jr, and h^fkcos jt. 



Another prohlem of great usf in the practice of delicate surveying 
is to reduce angles to the centre of the station. Instead of plantbg 
moveable signals at each point of observation, it will often be found 
more convenient to select the more notable spires, towers, or other 
prominent objects which occur interspersed over the face of tho 
country. In such cases, it is evidently impossible for the theodolite 
or circular instrument, although brought within the cover of the bnild- 
ing, to be placed ynmediately under the vane. The observer ap- 
proaches the centre of the station as near, therefore, as he can witb 
advantage, and calculates the quantity of error which the minute 
displacement may occasion. Thus, suppose it were required to de- 
termine the angle AOB which the remote objects A and B sub- 
tftid at O, the centre of a permairent station : The instrument is 
placed in the immediate vicinity at the point Cp and the distance 
COf with the angle oi dt\\atiou OCA, are noted, while the principal 
angle ACB is ob^evN^d. T\x^ t^nU^ ^^4 KS3^ \s!«.>3 Vjkbr.^ be 
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computed from the rules of trig<mometry ; but the calculation li 
effected by simpler and more 
expeditious methods. Since 
the exterior angle ADB is equal 
both to AOB with OAC^^ and to 
ACB with OBC ; it is evident that 
AOB = ACB + OBC — OAC. 
But the angles OBC and OAC, be- 
ing extremely small, maybexou« 
sidered as equal to their sines, and 

CO 
sin OBC = Qg «^ BCO^ and 

sin OAC = qT ^ ^^0 > wherefore the angle AOB at the centrty 
is nearly equal to ACB + CO (^^^~^^05^) = ACB + 




CO ( 



fMi(ACB+ACO) *wACO 



OR *""7Ta^)* ^^^ ^^® distances AC and 

SC of the point of observation, a and h^ the distances AO and 
BO of the centre u,' and U ; the displacement CO, and the « 
angle ACO of deviation m and ^, while the subtended angles 
ACB and AOB are denoted by C and C^, and the opposite angles 

ABO and OAB by A and B; then C^=C+»i ('<^+^^ ^^f) g438'. 

If the centre O lies on AC, the correction of the observed angle, 

expressed in minutes, will be merely ( -jrmC ) 3438* 

But the problem admits of a simpler approximation. Let 

a circle circumscribe the points A, O, and B, and cut AC 

in £. The angle AOB = A£B = ACB + CB£ ; but 

CE 
irtnCBEs: ,-^5^ smACB, and mOECsmAEO or ABO is 

CO 
equal to.^ mCOE or AEO — ACO, and hence by combination 

. ^^^ CO sin ACB sin (A BO — ACO) ^,. ,, . „ 
jfft.CBE ss «rR • A ' tto" " '^ Since, therefore, EB 

is nearly equal to OB, and the small angle CBE may b^ ic;^^<t\ . 
as equal to its sine, the correction to b% added to X\\^ o\i%^^^%^ «^' 
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gle is denoted io minutes by -jj- -^ 3438. This qoaDtlty, 

it is evident, will entirely vanish i;ihen ^ becooies equal to A, or the 
angle ABO equals ACO ; in which case, the point of observatioD C 
coincides with £, or lies in the circumference of a circle that passes 
through the two remote points A and B and centre of the station. 
To place the instrument at £ therefore, would only require to move 
it along CA, till the angle A£0 be equal to ABO. 

Both these methods for the reduction of an angle to the centre are 
given by Deiambre ; but, in his calculations, he generally preferred 
the last one, as being simpler and sufficiently accurate for practice. 
l*he investigation however will be found to be now considerably 
shortened. 



> M 



Uavivg in some of the preceding notes briefly pointed oot the se* 
vera! corrections employed in the more delicate geodesiacal opera- 
tions, I shall subjoin a few general remarks on the application of 
trigonometry to practice. The art of 6urve3nng consists in deter- 
mining the boundaries of an extruded surface. When performed in 
the completest manner, it ascertains the positions of all the promi- 
nent objects within the scope of observation, measures their mutual 
distances and relative heights, and consequently defines the vaiious 
contours which mark the surface. But the land-surveyor seldom 
aims- at such minute and scrupulous accuracy'; his main ob- 
ject is to trace expeditiously the chief boundaries, and to compute 
the superficial contents of each field. In hilly grounds, however, it 
is not the absolute surface that is measured, but the diminished 
quantity which would result, had the whole been reduced to a hori- 
zontal plane. This distinction is founded on the obvious principlei 
that, since plants shoot up vertically, the vegetable produce of a 
swelling eminence can never exceed what would have grown from 
its levelled base. All the sloping or hypotenusul distances are, 
therefore, reduced invariably to their horizontal lengths, before the 
calculation is begun, * 
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Land is surveyed either by means of the chain simply, or by com- 
bining it with a theodolite or some other angular instrument. The 
several fields are divided into large triangles, of which the sides are 
measured by the chain ; and if the exterior boundary happens to 
be irregular, the perpendicular distance or offset is taken at each 
bending. The surface of the component triangles is then com- 
pnted from Prop, 37« Book VI. of the Elements of Geometry, 
and that of the accrescent space by Prop. 13. Book> II. In 
this method the triangles should be chosen as nearly equilateral 
as possible ; for if they be very oblique, the^ smallest error in the 
length of their sides will occasion a wide difference in the estimate 
of the surface. The calculation is much simpler from the applica- 
tion of Prop. 7' Book II. of the Elements, the base and altitude of 
each triangle only being measured ; but that slovenly practice ap- 
pears liable to great inaccuracy. The perpendicular may indeed be 
traced by help of the surveying cross, or more correctly by the box 
sextant, or the optical square, which is only the same instrument in 
a reduced and limited form ; yet such repeated and unavoidable in- 
terruption to the progress of the work will probably more than coun- 
terbalance any advantage that might thence be gained. 

The usual mode of surveying a large estate, is to measure round it 
with the chain, and observe the angles at each turn by means of 
the theodolite. But these observations would require to be made 
with great care. If the boundaries of the estate be tolerably regu- 
lar, it may be considered as a polygon^ of which the angles, being 
necessarily very oblique, are therefore apt to affect the accuracy of 
the results. It would serve to rectify the conclusions, were such 
angles at each station conveniently divided, and the more distant 
signals observed. The best method of surveying, if not always the 
most expeditious, undoubtedly is to cover the ground with a series of 
connected triangles, planting the theodolite at each angular point, and 
computing from some base of considerable extent, which has been 
selected and measured with nice attention. The labour of transport- 
ing the instrument might also in many cases be abridged, by obser- 
ving at any station the bearings at once of several signals. Angles 
can be measured more accurately than lines, and it might therefore 
be desirable that surveyors would gencraWy eTtt\j\o3 V\\tQ^'^\\i^'i ^^ ' 
better construction, and trust less to the ai^ oi iVic e\ia^T\% 
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The quantity of surface marked out in this way, is easily computed 
from trigODometiy«* Adopting the general notation, the apea of m 
triangle which has two sides, and their indnded angle known, it is 

evident, will be denoted by —MnC, and the area of a triangle of 

which there are given all the angles And a side, is — . :— j- ■• 

The English chain is 22 yards, or 66 feet in length, and equivalent 
to four poles ; it is hence the tenth part of a furlong, or the eightieth 
part,of a mile. The chain is divided into a hundred links, each oc- 
cupying 7*92 inches. An acre contains ten square chsdns or 100,000 
links. A square mile, therefore, includes 640 acres ; and this large 
measure is deemed sufficient, in certain rude and savage countries, as 
the Back Settlements of America, where vast tracts of new land 
are allotted merely by running lines north and south, and intersecting 
these by perpendiculars, at each interval of a mile. 

The Scotch chain consists of 24 ells, each containing ^.OSp inches, 
and ought therefore to have 7'^*138 feet for its correct length. The 
English acre is hence to the Scotch, in round numbers, as 11 to 14, 
or very nearly as the circle to its circumscribing square. But this 
provincial measure is gradually wearing into disuse, and already ^t 
statute acre seems to be generally adopted in the counties south of 
the Forth, 



Levelling is a delicate and important branch of general survey* 
ing. It may be performed very expeditiously by help of a large 
theodolite, capable of measuring with precision the vertical angle 
subtended by a remote object, the distance being calculated, and al« 
lowance made for the effect of the earth's convexity and the influence 
of refraction. But . the more usual and preferable method is to em- 
ploy an instrument designed for the purpose, and termed aspirit4eeeli 
which is accompanied by a pair of Square staves, each composed of 
two parts that slide out '\tiU> a lo^ qI Viivl^^X. \w\^^^^ ^-"^^^ foot 



being divided centesimally. Levelling is distinguisbed into two 
kinds, the simple and the ooo^und ; the ^[mnery which rarel j «id« 
mlts of application, assigns the difference of altitude hj a single ob- 
servation' ; but the latter discovers it from a combined series of t>b- 
servadons carried along an irregular surface, the aggregate of the se- 
veral descents being deducted from ithat of the ascents. The staves 
are therefore placed successively along the line of survey, at miitable 
intervals according to the nature of the gronnd and not exceeding 
400 yards^ the levelling instrument being always planted nearly m 
the middle bitween them, and directed backwards to the -first sta0*, 
and then forwards to the second. The difference between the 
heights intercepted by the back and the fore observation, must evi- 
dently give at each station the quantity of ascent or descent, and 
the error occasioned by the curvature of the globe may be safely 
overlooked,^ as On such short distances it will not amount at each 
station to the hundredth part of a foot. To discover the final result 
of a series of operations, or the dififereuce of altitude between the ex* 
treme stations, the measures of the back and fore observations are 
all collected severally, and the excessi of the latter above the foxsner 
indicates the entire quantity of descent. 

As an example of levelling, I shall take the concluding part of a 
survey which my friend Mr Jardine, civil engineer, has recently 
xpade for the TownXouncil 0r'Ediid}urgh, witb a degree of accuracy 
seldom attempted, in tracing the descent from the Black and Craw- 
ley springs, near -the summits -of the Pentland;chain,ito the Reservoir 
on the Castlehin, with a view to the conducting of a fresh supply of 
water from those heights* To -avoid mmecessaiy complication, 
however, I shall only notice the principal stations. The figure an- 
nexed represents a profile or vertical section of the ground, LV is 
the levdl of the Black spring, and the several |wrpendicdlars from it 
denote the varying deptiic^ the surface, referred to the base Assumed 
700 feet below. The staitions marked are as follpw: 
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Clieviot £^ov( Wisp Hill. But refractioD gave the mouutain a tnor« 
toweiipg elevatiou than it really had ; aud the ipeasiire being re- 
cced in the former ratio of 38' 33'^7 to 33 19'^ is hence brought 
down to 70s feet. 

ikgaio, the distance 292012.7 feet, or 55.3054 mile^, of Cross 
fell from Cheviot, corresponds to an arc of 47' 54^'^, which, re- 
dnced bv the effect of refraction, would leave 41' 23''.8 for the sqm 
of the depressions at both stations. Consequently, Cheviot had, 
^om Cross Fell, a true de[Nression of only 23' 44/'^— 20^ 41".9 w 
d'.2'M, and is therefore lower than that mountain by 258 feet. 

These results agree very ueaily with each other. The height of 
Cross Fell above the level of the sea being 2901, that of Wisp Hill 
is 1934, and that of Cheviot 2642 or 2643. In the Tng9iiQme.tripal 
Survey, the latter heights are stated at 1940 and 2658 ; a difierenee 
of snuill moment, owing to a balance c^ errors, or perhaps to the 
adoption of some other d^a with respect to horizoiUal refiraclioD, 
and which do not appear on record. 

From the same valuable work, I am tempte'd to borrow another 
example, which has more loqal intenest From Lamndane Hill, the 
north top of Largo Law, at the distance of 18924Qiil feet, or 35.8i4 
miles, appeared sunk 9^ 32'' below the horizon. Here the intercept- 
ed arc is 31' 3" and the efifect of the earth's curvature, modified 
by refractidb, is 13' 24".8; whence the tru^ elevation, of Largo Lnw 
was 13' 24".8--9' 32", or 3' 52".8, which makes it 213 feet higher 
than Lumsdane Hill, or 938 feet above the level of the'Bea. .In the 
Trigonometrical Survey, this height is stated at 952 ; but I am ia* 
clined to prefer the former nqmber, having once found it by a ba* 
rometrical measurement, in weather not indeed the most favourahbi 
to be only 935 feet. 



Maritime Surveying is of a mixed nature : It not only deter- 
mines the positions of the remarkable headlands, and other conspi- 
cuous objects that present themselves along the vicinity of a coast, 
but likewise ascertains the situation of the various inlets, rocks,^ shal' 
tows and soundings w\vvc\i Q^f:\xi vci ^^ycoi^^biii^ the shore. To suT' 
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vey a new or inaccessible coast, two boats are moored at a proper 
interval, which 'is carefblly nieasured' on the surface of the watery 
and from each boat the bearings of all the prominent points of land 
9jft taken by means of an azimuth compass, or the angles subtended 
b;^ these pointb and the other boat are measured by a Hadle/s serx- 
tant Having now on paper drawn the base^ to any scale, straight 
Hues Radiating from each end at the observed angles, as in Prop* 21 . 
•f the Trigonometfy, will by their intersections give the positions of 
the several points from which the coast may be sketched. — But a 
* chart ie more accurately constructed, by combining a survey made 
on land, with observations taken on the water. A smooth level piece of 
ground is chosen, on which a base of considerable length is measured 
out, and station staves are fixed at its extremities. If no such place 
can be iound, the mutual distance and position of two points con- 
treniently situate for planting the staves, though divided by a broken 
8iirfiBu;e, are determined from one or more triangles, which connect 
with a shorter and temporary base assumed near the beach. A boat 
tben explores the offing, and at every rock, shallow, or remarkable 
sounding, the bearings of the station staves are noticed. These ob» 
nervations fbiliisb so many triangles, from which the situation of 
the several points are easily ascerteuned.-^When a correct map of 
the coast can be procured, the labour of executing a maritime survey 
k materially shortened. From each notable point of the suiface of 
the water, the bearings of two known objects on the land are taken, 
or thd intermediate angles subtended by three such objects are ob- 
served. In the first case, those various points have their situations 
ascertained by Prop. ^0. and the second case by Prop. 21. of the 
Trigonometiy. To facilitate the last construction, an instrument 
called the Siation'Poinicr I^as been invented, consisting of three brass 
rulers, which open and set at the given angles. 



The nice art of observing has in its progress kept pace with the 
improved skill displayed in the construction of instruments. Sis'* 
veys on a vast scale have lately been performed in Europe, with that 
refined accuracy which seems to mark the perfection of science. AC- 
.ter the conclusion of the American war, a memovc oi CqxssiX. ^«sk> 
jiini de lihnry was transmitted by the rrene\k ^on*tw«v^vi\. Va «^^ 
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Court, stating the important advantages which would accrue to 
astronomy and navigation, if the difference between thd meri- 
dians of the observations of Greenwich and Paris were ascertain- 
ed -by actual measurement. A spirit of accomnoodation and con- 
cert fortunately then prevailed. Orders were speedily given for 
carrying the plan into execation; and General Roy, who was 
charged with the conduct of the business on this side of the Chan- 
Bel, proceeded with activity and zeal. In the ^mmer of 1784^ 
a fundamental base, rather more than Ave miles in length, was traced 
on Uounslow Heath, about 54 feet above the level of the sea, and 
measured with every precaution, by means of deal rods, glass tubes, 
and a steel chain, allowance being made for the effects of the vari- 
able heat of the atmosphere in expanding those materials* The 
same line was, seven years afterwards, remeasured with an im- 
proved chain, which yet gave a difference on the whole of only 
three inches. The mean result, or 27404«2 f<^t, at the tempera- 
tore of 6Q? by Fahrenheit's scale, is therefore assumed as the true 
length of the base. Connected with this line, and commencing from 
Windsor Castle, a series of thirty-two primary triangles was, in 1787 
and 1788, extended to Dover and Hastings, on the coast of Kent and 
Sussex. Two triangles more stretched across the Channel. The 
horizontal and vertical angles at each station were taken with singu- 
lar accuracy by a theodolite, which the celebrated artist Ramsden 
had, after much delay, constructed, of the largest dimensions and the 
most exquisite workmanship. At the same period, a new base of veri- 
fication was measured on Romney Marsh, 1 5| feet above the sea,.and 
found, after various reductions, to be 28535.6773 feet in length. This 
base, computed from the nearest chain of triangle^ dependent on that 
of Hounslow Heath, ought to have been 28533.3 ; differing scarcely 
more than two feet on a distance of eighty miles. The mean, or 
28534.5, is adopted for calculating the adjacent and subsequent 
triangles. These triangles near the coast were unavoidably confined and 
oblique ; but their sides are generally deduced from larger and mors 
regular triangles, expanding over the interior of the country. The 
annexed figure exhibits the most interesting portion of this memor- 
able survey, and represents the various combination of triangles. At- 
tached t6 it is a scale o£ Et\^\v%lv miles. 
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the distance of 3Q8231 feet or 62.165 miles, from Greenwich 

atory. On their part, the French astronomers,- under the di* 

of Cassini, carried forward the trigonometrical operations 

Junkirk to Paris ; employing Borda's repeating circle, an in- 

nt much smaller and less perfect than Ramsden's theodolite, 

rmed on a principle which always procures th^ ohseiTer a near 

inflation of errors. From a comparison of the whole, it follows 

-he meridian of the Observatory of Paris lies 2® 19' 51'^ east 

that of Greenwich, differing only nine seconds in defect from 

the late Dr Maskelyne had previously determined from combin- 

strondmical observations. 

lie success with which that great survey was attended, §ave oc- 
JD both in France and England to still more extensive projects. 
National Assembly, amidst other essential improvements which 
leditated, having resolved to adopt a general and consistent sys- 
L'of measures, the length of a degree of the meridian at the mid- 
point between the pole and the equator was proposed as a per- 
nent basis. But to secure greater accuracy in determiuing the 
ndard, it had been decided to prolong the observations on both 
les of the mean latitude, and trace a Chain of triangles over the 
tiole extent from Dunkirk' to Barcelona. This bold plan was ex- 
jutcd in the course of the 'years 1792, 1793, 1794 and 1795, with 
|ual sagacity and resolii'tion, by MM. Delambre and Mechain, who, 
.uring all the horrors of revolutionary commotion, yet pressed for- 
, yard their operations in spite of obstacles and dangers of the most 
'iickening kind. After the various triangles, amouhtiiM |^ n total to 
115, had been observed, jth^y were connected, in the miPibourhood 
of Paris, with a base of more than seven miles in length, and 
measuring, at the temperature of l6J° on jthe centigrade scale, or 
6l J® by Fahrenheit, 6075*9 toises from Melun to Lieursaint. A base 
of verification was likewise traced near the southern extremity of the 
line of survey, extending 6006.25 toises along the road from Perpignan 
to Narbonne. This base appeared not to differ one foot from the 
calculation founded on the other, though separated by a distance of 400 
miles, — a convincing proof of the accuracy with which the observa- 
tions had been made. A specimen of the French triangulation is 
given in the figure below, where the vertical line represents tK^ tjw 
ridian of Dunkirk, with the distances exptts^^^ Xi:^ \\\X^v\iSa» ^S^ 

10,000 toises, 

2 L 
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Calculation of the sides of the Triangles, 
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LMN 
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Through the whole process of their survey, the French astrond- 
mers have certainly displayed superior science. In deducing the 
correct results, they seem to exhaust all the refinements of calcula- 
"tion. The angles measured hy the repeating circle, it was necessa- 
ry to reduce, not only to the horizontal plane, but generally besides 
to the centre of observation. This would have required much nice 
and tedious computation ; the labour of achieving such reductions 
was however greatly simplified and abridged, by help of concise ybr- 
mulce, and the application of auxiliary tables. There is even room 
to suspect that those ingenious philosophers have carried the fond- 
'vness for numerical /Operations to an excess, and often pushed the de- 
cimal places to a much greater length in their estimates than the 
nature of the observations themselves could safely warrant. 

In the spring of 1799» the registers of all these operations were 
referred to a commission, consisting of the ablest members of the 
Institute, and some other learned men deputed from the countries 
then at peace with France. The various calculations were carefully 
examined and repeated ; and a comparison of the celestial arc with 

that which had been measured in Peru having given for the ob« 

lateness of the earth, the length of the quadrant of the meridian, or 
the distance of the pole from the equator, was finally determined at 
5130740 toises, the ten millionth part of which, or the space of 
443.295936 lines forms the met re ^ This standard was afterwards 
definitively decreed by the Legislative Body* 

2 L 2 
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Mechain, however, still anxious to realize bis early project of ex- 
tending the meridian as far as the Balearic Isles, again repaired 
to Spain, and conducted with incredible exertions a cbain of tri- 
angles over tbe savage beights from Barcelona to Tortosa, and was 
about to observe tbe altitude of tbe stars, and measure tbe base of 
Oropesa, wben^ worn put by continued fatigue, he caught an cpide« 
mic fever, wbicb fatally closed bis meritorious labours, at Castellou 
de la Plana, in tbe kingdom of Valentia, about tbe latter part of Sep- 
tember 1 805. — Tbe prosecution of the plan was subsequently com- 
mitted to Biot, who has brought it to a fortunate conclusion. This 
ardent philosopher, dtiring bis stay on the rocky island of Formen- 
tera, had likewise an opportunity of making observations and ex- 
periments interesting to physical science. In the winter of 1806 and 
the spring of 1807, he continued the series of triangles from Barceloin 
to tbe kmgdom of Valentia, and joined that coast ^ith the Balearic 
Isles, by an immense trianglej of which one of the sides exceeded an 
hundred miles in length. At such prodigious distances, the statioosy 
however elevated, and notwithstanding the fineness of the climate, 
could not be seen during the day ; but they were rendered visible at 
night, by combining Argand lamps with powerful rellectors. These 
observations give a result which agrees almost exactly with what 
had been already 'found by Delambre and Mechain. If the meaii 
were adopted, it would yet scarcely aflfect the length of the metre by 
tbe diminution of a four millionth part. The meridional arc extending 
from Dunkirk to Fonnentera, measures 12* 22' 13".3i)5 ; and from 
this ample basis, tbe circumference of the earth is computed to be 
218 5 5.42. English miles. 

In England, tbe prosecution of tbe trigonometrical survey, without 
aiming at such splendid views, has, suitably to tbe genius of the 
people, been directed to objects of more domestic interest, and 
perhaps real utility and importance. Tlie perplexing inaccuiacy of 
our best maps and charts had long been tbe subject of most serious 
complaint. It was in consequence resolved to extend the series of con- 
nected triangles over tbe whole surface of tbe island. But the dcatli 
of General Roy, happening so early as 1790, threatened to prove fatal 
to tbe completion of bis favourite scheme, and for which the talents 
and experience he possessed bad so eminently fitted him. After some 
intenuption, however, av\ o\N\iO\\.wmV^ 'v^&^xc^:i\^^^<\QC resuming that 



lfOT£S AND ILLUSTRATIONS. 513 

Doble plan ;,and it was, under the direction of the Board of Ord- 
nance, committed to the care of Colonel^ Mudge, who, with equal 
ability and undiminished ardour, has, during the space of now almost 
twenty years, been engaged in carrying on the most extensive and 
varied system of operations ever attempted, and m a style of execu- 
lion which reflects on him the highest credit. In 1793 and 1794, 
the chain of primary triangles was continued from Shooter's Hill to 
Dunnose in the Isle of Wight, including a great part of Surrey, Sus- 
sex, Hants, Wiltshire and Dorsetshire, and connecting with a new' 
base of verification measured on Salisbury Plain. This base had, after 
correction, a length of 36574.4 feet, or 6.92697 miles, having lost al- 
most a whole foot in being reduced from an elevation of 588 feet to 
the level of the sea. It differed scarcely an inch from the computation 
founded on the base of Hounslow Heath. In 1 79^9 ^^^ triangles were 
carried into Devonshire ; and they were continued in 179^ through 
Cornwall to the Scilly Islands. The West of England became the scene 
of repeated operations. In 1798, a third base was measured on King's 
Sedgemoor near Somerton, and found, after various corrections, to 
be 2768O feet, or 5,24242-5 miles, differing only about a foot from 
the result of the calculation dependent on that of Salisbury Plain. 
The survey now advanced to the centre of England, and was extended 
in 1803 to Clifton in Yorkshire ; another base of verification, 26342. 7 
feet in length, having been measured at Misterton Carr, on the north 
©f Lincolnshire. "The triangles were next carried towards Wales, 
and made to rest on a base of 24514.26 feet, stretching from the 
western borders of Flintshire to Llandulas in Denbighshire. From 
this last base, numerous triangles have been extended in different di- 
rections ; one series bending, through Anglesea and by Cardigan Day, 
to the Bristol Channel; another penetrating into the central parts of 
England ; while a third series stretches northwards, through Lanca- 
shire, Cumberland and Westmoreland, into Scotland, andjiniting with 
the collateral chain of Misterton Carr from Yorkshire and Northum* 
berland, is prolonged to the heights immediately beyond the Firth of 
Forth. We look forward with anxiety to the conclusion of this ar« 
duous undertaking. The mountains and islands near the western 
coast of Scotland will furnish triangles of vast extent. Colonel 
Mudge will not'omit, we are confident, the op\>ot\.\\u\\A^^ \)a."aX ^vs^Oft. 
siSLtions may afford to cJetermine th« (iuautityrf\xgnxwvV8li^lx^^'C\^^ 
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. dM densities with the heights in the atmosphere, it is only requisite, 
ifaereforf , to apply the fact which experiment has established,— ^that 
^ the elasticity .counterbalancing the pressure is exactly proportioned 
to the density. The elasticity of the air at any point of elevation, is 
lience measured by a column possessing the same uniform density, 
with a certain constant altitude. Let AB denote the height 
^ this equiponderant column, and the perpendicular BI its densi- 
ty; and suppose the mass of air below to be distinguished into 
numerous strata^ having each the same thickness BC« It is evident 
that the weight of the minute stratum at B will be expressed by 
BC ; whence AB is to AC, or BI to CK, as the pressure at B to 
the augmented pressure at C, anil therefore the density at C is de- 
noted by CK. ^ 
Again, having Tti^li^L* ^ 
joined IC and 
ilrawn KD pa- 
rallel, BI : CK : : 

^BC: CD; and consequently CD will, on the same scale of den- 
' sity, express the weight of the stratum at C. Hence, AC is to 
CD, as CK to DL, or as the density at C is to that at D. It thus 
appears, that, repeating this process, the densities BI, CK, DL, &c. 
of the successive strata form a continued geometrical progression. 
But the same relation will evidently obtain at equal though sensible in- 
tervals. Thus, the density of the atmosphere is reduced nearly to 
tmt half, for every 3 J miles of perpendicular ascent. At 7 miles in 
height, the corresponding density is one-fourth ; at 10j| miles, one* 
•ighth; and at 14 miles, one-sixteenth. 

The difference of altitude between two points in the atmosphere, 
is hence proportional to the difference of the logarithms of the cor- 
responding densities or vertical pressures. But the heights of 
mountains may be computed from barometrical measurement 
to any degree of exactness, by a simple numerical approximation. 
Since AB, AC, AD, &c« are continued proportionals, it fol- 
lows that AB : BC : : AB+ AC+ AD, &c. ; BC + CD + DE, &c. 
or BH« Let n denote the number of sections or strata contain- , 

ed in the mass of jur, and - (AB + AH) will li^axVj ^^^\«9a ^^ 
sum of the progression AB, AC, AD, &c. •, vi\\%t^fex^'j K^ -V ^*^*'' 
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BH : : 2A6 : fiBC» or the absolute difference of altitude. The height 
AB of the equiponderant column, reduced to the temperature of 
freezing vrater, is nearly 26,000 feet ; and hence this general rule, — 
jis the sum of the mercurial columns u to their differencCf so is the 
constant number 52,000 to the approximate height. This number is 
the more easily remembered, from the division of the year into 
weeks. / 

Two corrections depending on the variation of temperature are be- 
sides required. Mercury expands about the 5,000th part of its bulk, 
for each degree of the centigrade scale ; and hence the small addi- 
tion to the upper column will be found, by removing the decimal 
point four places to the left, and multiplying by twice the difference 
of the attached thermometers. But the correction afterwards ap- 
plied to the principal computation is of more consequence. Air has 
its volume increased by one 250th part, for each degree of heat (m 
the same scale. If therefore the approximate height, having its 
decimal point shifted back three places, be multiplied by twice the 
sntii of the degrees on the detached thermometers, the product wiU 
give the addition to be made. 

An example will elucidate the whole pfocess. In August- 1775, 
General Roy observed the barometer on Caernarvon Quay at 30.091 
inches, the attached thermometer being 15^.7y and the detached 
15^.6 centigrade, while on the Peak of Snowdon the barometer stood 
at 26.4f09) the attached thermometer marking 10^.0, and the detach- 
ed 8^.8. Here, twice the difference of the attached thermometers is 
11^.4, which multiplied into <00264 gives .030, for the correction of 
tho^ upper barometer. Next, 30.091 + 26.439 : 30.091 — 26.439, 
Of 56.530 : i3.652 : : 52000 : 3359* Again, twice the sum of the 
degrees marked on the detached thermometers is 48.8, which mul- 
tiplied into 3.359 gives l64 ; wherefore, the true height of Snowdoa 
above the Quay of Caernarvon is 3359 + 164, or 3533 feet. 

This mode of approximation may be deemed sufHcientl}' near, for 
any heights which occur in this island ; but greater accuracy is at- 
tained by assuming intermediate measures. To illustrate this, I 
shall select another example. At the very period when General 
Roy was making his barometrical observations at home* Sir George 
Shuck burgh Evelyn found \.V\ft barometer to stand at 24.167 on the 
summit of the Mol^, auiu^vAgX^dmoxwvVaMiii^^ 
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ed and detached thermometers indicating 14^4 and 13^.4, while 
they marked l6°.3 and 17^.4 at a cabin below and only 672 feet 
above the lake, the altitude of the barometer at this station being 
28.132. Now, 3.8 X -0024 = .009, and 24.167 + 009 =s 24,176; 
the arithmetical mean between which and 28.132 is 26.154; 
and hence, separately, 50.330 : 1-978 : : 52000 : 2044, and 
54.286 : 1.978 : : 52000 : 1895. Wherefore, joining these two parts, 
<2044 + 1395, or 3939 expresses the approximate height. The final 
correction is 61.6x3.939 = 243, and consequently the Mole has its 
summit elevated 4854 feet above the lake of Geneva, and 6082 
above the level of the sea. 

In general, let A and A4>-n6 denote the correct lengths of the 
columns of mercury at the upper and the lower stations ; the ap<* 
proximate height of the mountain will be expressed by 

/—- 1 1 L — ...J ") 52000. 

\2A+b ^2A+3b^2A + 5it ^ 2A+2«-1.6 ^ 

If. A were assumed a {arge number, the result would approach to 
the accuracy of a logarithmic computation, though such an extreme 
degree of precision will be scarcely ever wanted. 

To expedite the calculation of heights from barometrical observa- 
tions, I have now caused Mr Cary, optician in L^idon, to make for 
aale a sliding-rule, of an easy and commodious construction. That 
small instrument, which should be accompanied with a barometer 
of the lightest and most portable kind, will be found very useful to 
mineralogical travellers who have occasion to explore mountainous 
tracts. Nothing could tend more to correct pur ideas of physical 
geography, than to have the principal heights in all countries mea- 
sured, at- least with some tolerable deg;ree of precision. But the 
elevation of any place above the sea may be ascertained very nearly, 
from the comparison of c^ven very distant barometrical observations, 
especially during the steadiness of the fine season in the happier 
climates. In this way, it traced a profile or vertical section, which 
exhibits at one glance the great features of a country. As a -speci* 
men, I have combined and reduced the sections which the celebrated 
philosophic traveller Humboldt has given of the continent- of Ameri- 
ca, running in a twisted direction from Acapulco to Vera Cruz, and 
ccinnecting the Pacific with the Atlantic Oce%cv* 
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A AcAPUixoi 

M Peregrino. 

B CitiLPAniRso. 

b Meteala. 

« Ttpecuactalco. 

d Fuentt de iHla. 

C Cdebmataca. 

e La crui del Marqaa. 

D M£xico- 



fVtiaadtCluaco. 

g St Martim. 

£ La Pusbla db lob AaaxLix. 

i Peroie. 
k Cnxblmea. 
F Xalapa. 
G Vbra Cftra. 




The divided scale expresses Uie borizontBl disUnce in miles, while 
the parallels, on a. much larger scale, mark the elevation in feet. Thii 
prolile is really composed of fuur successive sections, which are dis- 
tinguished by opposite shadings. The survey proceeded first aloif 
the road from Acupulco to Mexico, thence to Puehia de los Angeles, 
next to Cruz Blanca, and finally to Vera Croz. These several direc- 
tions and distances are expressed in the ground plan. 

An attempt is likewise made in this profile, to convey some idea of 
the geological structure of the entemal crust: 
Limtstonr, is represented by straight lines slightly inclined from tht 

horizontal position. 
Basalt, by straight lines slightly reclined from the perpcndicnlai. 
Porphyry, by waved \iwjb wmfw^iaX x«d\vi«^ 
Granite, by confused batttea. 
Amygdaloid, by soM«w4 v^mte. 
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But tlie easiest way of estimating vithia moderate limits tlie* 
elevation of a country, is founded on the difference betneen the 
Btandaid and the actual mean temperature aa indicated by deep 
wells'or copious and shaded springs. Professor Mayer of Gottbgen, 
from a comparison of distant observations on tbe suriace of the 
gbbe, proposed afontula, which, with a slight modification, appears 
to exhibit correctly the temperature of any place at the level 
of the sea. Let 9 denote the ktitade ; aiiA29coi^*, or 14-1 mvers 39, 
will express, in degrees of the centigrade scale, the medium beat oa 
the coast. But the gradations of climate are more easily concelr* 
ed by help of a geome- 
trical diagram. From 
the centre C, draw 
straight lines to the se- 
veral degrees of the 
quadrant, and cutting 
the inlerior semicircle; 
then, the radius CA de- 
noting 29°, the perpen- 
diculars from the points 
of section will intercept 
segments proportional to 
the mean temperature 
expressed on DE. 

The higher regions are invariably polder than the plains ; and I 
bave been able, after a delicate and patient research, to fix the 
law which connects the decrease of temperature with the altitude. 
If B and 6 denote the barometric pressure at the lower and upper 
stations; then will (y — -g-) as express, on the centigrade scale, 

the diminution of heat in ascent. Hence, for aoy given latitude, 
that precise point of elevation may be found, at which eternal frost 




prevails. Put s =: — , 



; = the standard temperature ; then 



(_~ 1)25 = /, ora:»+.04/j!=l, which quadratic 

ing resolved, gives the relative elasticity of tlie tw o.\.V,\ife\KMft.«S. wk«^ 
geiatwn, whence the corresponding be\g)it w itXatmawi. f,T«» 
these data tbe following table Las been celcuXaAtd. 
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tiide. 


Mca» teo^entsrc at the 
ICTCl oftlie Scm. 


Bolcht of' Carve 
of CoageUtioa 
Feet 


Lad. 
tudc. 


level oftJ 


atom at tba 
be Sea. 

Fahicmlteit. 


Bd^oTConc 
noet. 




Ccaticndc 


{ruucnhcH. 


Ceatignde. 




0° 


29°.00 


84».2 


1520Z 


4i>' 


i3r99 


0/^c 


7402 




1 


28.99 


84.2 


15203 


47 


13.49 


56.3 


7133 




o 


28. 96 • 


84.1 


15189 


48 


12.98 


55.4 


6H65 




3 


28.92 


84.0 


15167 


49 


12.48 


54.5 


6599 


/ 


4 
5 

6 


28.86 
28.78 
28 68 


8S.9 
83.8 
83.6 


15135 
15095 
15047 


50 
51 


11.98 
11.49 


53.6 
52 7 


6334 
6070 




7 

8 

9 


28.57 
28.44 

28.29 


83.4 

83.2 
82.9 


14989 

149^3 
14S48 


52 
53 
54 
55 


10.99 
10.50 

10 02 

9.54 


51.8 

50.9 
50.O 
49.2 


5808 
5548 
5290 
5034 




10 


28.13 


82.6 


14764 


56 


907 


48.3 


4782 




11 


27 94 


82.3 


14672 


57 


8.60 


47.5 


4534 




12 


2775 


82.0 


14571 


58 


8.14 


46.6 


4291 




IS 


27-53 


81.6 


14463 


59 


7S9 


45.8 


4052 




14 
15 
16 

17 
18 

19 


27-30 
27.06 
26.30 
26.52 
26.23 
25.93 


81.1 
8O.7 
80.2 

79.7 
79-2 

78.7 


14345 
14220 

14087 
13947 

13798 

13642 


60 

61. 

62 

63 

64 

65. 


7-25 
6.82 

6.39 
5.98 

5.57 
5.18 


45.0 
44.3 
43.5 
42.S 
42 
41.3 


3^18 

3589 

3365 
3145 
2930 
2:22 




20 


25.61 


78.1 


13478 


66 


^.80 


40.6 


2520 




21 


25.28 


77.5 


'13308 


67 


4.43 


40.(' 


2325 




22 


2493 


76.9 


13131 


68 


4.07 


39.3 


2136 




23 


24.57 


76.2 


12946 


69 


3.72 


38.7 


1953 




24 
25 
26 


24.20 
23.82 
23. 43 


75,6 
74.9 

74.2 


12755 

12557 
12354 


70 
71 


3.39 
307 


38.1 
37.5 


1778 
1611 




27 
28 

^9 


23.02 
22.61 
32.18 


73.6 

72.7 
71.9 


12145 
11930 
11710 


i 72 

;73 
74 
75 


2.77 
2.48 
2.20 
194 


37.0 

36.5 
36.0 
35.5 


1451 
1298 
1153 
1016 




30 


21.75 


71.1 


11484 


76 


1.70 


35.1 


887 




31 


21.31 


70.3 


11253 


77 


1.47 


34.6 


767 




32 


20.86 


69.5 


11018 


78 


1.25 


34.2 


656 




33 


20.40 


6s. 7 


10778 


! 79 


1.06 


33.9 


552 




34 
35 


19-93 
19.46 


67^9 
67.0 


10534 
10287 


! SO 

1 rt « 


.87 


3 3.6 


457 




36 

S7 
38 

39 


18.98 
18.50 
18.01 
17.51 


66.2 
65.3 
64.4 
63.5 


10036 
9781 
9523 
9'^63 


: 81 
82 

1 83 
: 84 
: 8a 


.71 

.56 

.43 

.32 
.22 


33.3 
33.1 
32.8 
32.6 
32.4 


371 
294 
226 
167 
117 




40 


17.02 


62.6 


9001 


86 


.14 


32.3 


76 




41 


16.52 


61.7 


8738 


: 87 


.08 


32 2 


44 




42 


1 6.02 


60.8 


8473 


' 88 


.04 


32,1 


20 




43 


15.51 


59-9 


8206 


i 89 


.01 


32.0 


5 


144 15.01 


69.0 


\ 79^9 


l^ 


y ,00 


32.0 





J 45 14.60 


I 58.1 


\ 767 \ 
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Tbis table will facilitate ibe approximatiwi to the altitud* of any 
place, which is inferred either from its mean temperatuYe or its 
depth below the boundary of perpetual congelation. The decrements 
of heat at equal ascents are not-' altogether uniform, but advance 
more rapidly in the higher regions of the atmosphere* At moderate 
elevations, however, it will be sufficiently near the truth, to assume 
be law of equable progression, allowing in this climate one degree 
of cold by Fahrenheit's scale for every ninety yards of ascent. 
Thus, the temperatures of the Crawley and JBlack springs on the 
ridge of the Pentland hills, were observed by Mr Jardine, where 
they first issue from the ground, to. be 46*^.2 and 45^; which, com- 
pared with the standard temperature at the same parallel of latitude, 
would give 567 and 891 feet of elevation above the isea. The real 
heights found by levelling were respectively 564t and 882 ; a coin- 
cidence most surprising and satisfactory. — This ready mode of esti- 
mation claims especially the attention of agriculturists. 

The rule stated above for computing the measurements by the ba- 

^rometer, seems to give results somewhat less, on the whole, than 

those which are obtained from geometrical observations. It would 

' ensure greater accuracy, perhaps, to view the approximate height as 

I 

answering to a temperature one degree under the point of cougela* 
tion ; and consequently, in applying the last correction, to add unit to 
the indications oi the detached thermometers. But the whole subject 
demands a more thorough investigation. The elasticity of air is affect- 
ed by moisture as well as heat, although the want of an exact in- 
strument for measuring the former has hitherto prevented its in- 
fluence from being distinctly noticed. 

When the hygrometer which I have invented shall become better 
known to the public, it may not seem presumptuous to expect, in due 
time, more correct data concerning the modifications of the atmos- 
phere. Yet, after all, in ascertaining the volume of a fluid subject 
to incessant fluctuation, it would be preposterous to look for that 
consummate harmony which belongs exclusively to astronomical sci- 
ence ; nor can I help regarding the introduction of some late re* 
finements into the formula for measuring heights by the barometer, 
and which would embrace the minutest anomalies of atmospheric 
pressure, — arising from tlie influence of centrifugal fotc^^ ^we^svsnr^ 
with the diminution of gravity in rccedijig tiotu X\v^ t^x>C>c^^ <:.«^\x'itr" 

•9 

as an utter wasTeof (be powers of cak\\\alWTi. 
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I shall now subjoin a concise table of the most mnarioible lirights 
10 di.Terent parts of the world, expressed in Englisb feeU The al« 
tjtades measured by tbe Iwrometer are marked B, wUle those de- 
rived from geometrical operationSy and taken chiefly fironi the lart 
work of Colonel Mudge, are distingnished by the letter 6. 
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Snae Fiall Jokul, on the nortk^'xeti poimi aflceiand^ 

Hekia, vofcanic mountain im Iceland, 

Pap of Caithness, - - - 

Ben Nevis, Invtmess'shire^ 

Cairngorm, Invtrncssshirc^ 

Ben Lawers, Perthshire^ - - _ 

Ben More, Perthshire, 

Schiballien, Perthtkirr, 

Ben Ledi, Perthshire, 

Ben Lomond, Stirlingshirey 

Lomond Hills, east and west, Fifnhire, 

Sontra Hill, on the ridge of hammer mmir, 

Camethy, highest point of the Penthnd ridge, 

Tintoc, Lanarkshire, .... 

Leadhills, the house of the Director of the mines, 

Qneensbery Hill, Dum/rieS'thire, 

Dnnrigs, Roxburghshire, - - - 

£lden Hills, near Melrose, Roxburghshire, 

Crif Fell, Titer Acs: Abbey in the Stewartry of Kirkcudbright, 

Goat Fell, in the Isle of Arran, 

Paps of Jura, south and north, in Argyllshire, 2359 and 

Snca Fell, in the Isle of Man, 

BIacgiilicuddy*s Reeks, county of Kerry, 

^locme Mountains, count u ui Do'xn, 

Helvellyn, Cumberland, - - 

Skiddaw, Cumberland, • . . 

Saddleback, Cumberland, ... 

Wbemside, Yorkikire, ... 

Ingleborough, Yorkshire, 

Shonnor Fell, Yorkshire, ... 

Snowdon, Caernarconskire^ 

Cuder Idris, Caemarcontliirf , 



4558 G 
3950 G 

1929 
4380 B 
4080 B 
4015 B 
3870 B 
3281 G 
30Q9B 
3240 B 
1721 G 
1716 G 
1700 
1720 B 
1564 
2259 G 
240SG 
IS64G 
1831 G 
2950 B 
2470 
C004G 
S404 
2500 
0O55 G 

sr:c G 

::7srG 

25S4G 
1:361 G 

c::9G 
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Beacons of Breckiu)ck) - • - 

:"• Plynlimmon, Cardiganshire^ - - ' - 

Penmaen Mftwr, Caertiarvonshiref >. 
Malvern Hills, JVorctsterskiref 
Cawsand Beacon, Devonshire^ 

Rippin Tor, Devonshire, - , - • 

«rocken, in the HartZ'foresty Hanover ^ . • . 

' Ichneekopf, ifk JSilesia, - • . 

Priel, in Austria, • ' - 

Peak of Lomnitz, in the Carpathian ridge^ 
Mont Blanc, Switzerland, 
VilLige of Chamouni, below Mont Blanc, 
Jungfraubom, Switzerland, 

St Gothard, Switzerland, - - * 

Hospice of the Great St Bernard, on the passage to Italy, 
Village of St Pierre, on the road to Great St Bernard, 
Passage of Mont Cenis, - - , . 

Qrtler Spitze, in the Tyrol, . - - 

Iligiberg, above the lake of Lucerne, 
Dole, the highest point of the chain of Jura, 
Mont Perdu, in the Pyrenees, - - - 

Loneira, in the department of the high Alps, 
Peak of Arbizon, in the department of the high Pyrenees, 
Puy de Dome, in Auvergne, 
Summit of Vaucluse, near Avignon, 
Soracte, near Rome, - - - - 

Monte Velino, in the kingdom, of Naples, 
Mount Vesuvius, volcanic mountain beside Naples, 
2EtBSL, volcanic mountain in Sicily, 
St Angelo, in the Lipari Islands, 
Top of the Rock of Gibraltar, 
Mount Atbos, in Rumelia, 
Diana's Peak, in the Island of St Helena, 
Peak of Teneriffe, one of the Canary Islands, 
lluivo Peak, the highest point in the Island of Madeira, 
Table Mountain, near the Cape of Good Hope, 
Chain of Mount Ida, beyond the plain of Troy^ 
Chain of Mount 01jmpu5, in Anatolia, 



2862 G 
2463 G ' 
1540 G 
1444 G 
1792 G 
1549© 
3690 
4950 
656s 
8640 

15646G 
3367 G 

13730 
9075 

; 8040 B 
5338 B 
6778 B 

15430 
5408 
5412 B 

11283 

14451 
8344 

5197 
2150 

2271 o 

8397 G 

10963 B' 

5260 

1439 B 

3353 

2692 
12358 B 

5162 

3520 
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Italitzkoi, in the Altaic chain ^ 

Awatsha, rolcanic mountain in Kamtchatka^ 

Taganai, in the Uralian chain ^ 

The Volcano, in the Isle of Bourbon^ 

Ophir, in the centre of the Island of Sumatra, 

St Elias, on the ucstern coast of North America, 

Chimborazo, highest summit of the Andes, 

Atitisana, volcanic mountain in the kingdom of Quito, 

Cotopaxiy volcanic mountain in the kingdom of Quito, 

Tongiiragua, volcanic mountain, near Riobomba, in Quito, 

Rucu de Picbincha, in the kingdom of Quito, 

Heights of Assuay, the ancient Peruvian road. 

Peak of Orizaba, volcanic' mountain east from Mexico, 

Jjake of Toluca, in the kingdom of Mexico, 

City of Quito, . - - - 

City of Mexico, - ' - 

Silla de Caraccas, part of the chain of Venezuela, 

Blue Mountains, in the Island of Jamaica, 

Pel^, in the Island of Martinique, 

^forue Garou, in the Island of 'St Vinceni*s, 

Mount Misery, in the Island of St Christopher's, 



10735 

9600 

4912 

768O 
13842 
12672 
21440 B 
19150 B 
I889OB 

16579 B 
1 5940 B 
1 5540 B 
1 7390 G 
12195 B 

9560 B 

7476 B 

8640 B 

7431 

5100 

5050 

3711 



I sball conclude with briefly stating the French measures. TLt 
Parisian foot was to the English, or the toise to the futhom, us 
-I.O65777 to 1, or nearly as 16 to 15. The metre, or base of the 
new system, and equal to 39-371 English inches, ascends decimally, 
forming the decametre or perch, the hectometre, the kilometre or mikj 
and the myriametre or league, equivalent to 6.213856 of our mik: ; 
and descending by the same scale, it forms successively the dccimitiC 
or palm, the centimetre or digit, and the millimetre or strohr. Tht- 
square of the decametre constitutes the are, and that of the htctuihi* 
ire, the hectare or acre, and equal to 2.47117 English acref. i i.o 
cube of a metre, or 35.3171 feet, forms the uuit of solid measu-c 
or the stere, that of a decimetre, or 6 1.028 inches formintr the Liic 
or pint; and the weight of this Milk of water at its greatest C(uUnic- 
tioa makes the kilogramme or pound, equivalent to 2.1133 poumU 
"^roj, the gramme ansv:eni\^\A \b.AA^ ^^va^» 
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